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ELECTROMAGNETIC  SHIELDING  BY 
ADVANCED  COMPOSITE  MATERIALS 


ABSTRACT 

The  transmission  of  electromagnetic  waves  through  planar  sheets  and 
cylindrical  shells  of  advanced  composite  laminates  is  considered  in  both 
the  frequency  and  time  domains.  Attention  is  concentrated  on  the  fre- 
quency range  characteristic  of  the  nuclear  electromagnetic  pulse.  The 
composite  laminates  are  modeled  for  the  purposes  of  this  study  by  iso- 
tropic dielectric  or  conducting  materials. 

A new  "boundary  connection  operator"  is  developed  to  describe  the  con- 
nection between  the  tangential  electric  and  magnetic  fields  on  either  side 
of  a general  multilayer  shield.  An  equivalent  sheet  impedance  operator  is 
developed  to  describe  the  bonded  wire-mesh  screen  which  is  often  incorpor- 
ated in  boron-epoxy  composite  laminates  to  improve  their  shielding  effec- 
tiveness. These  analyses  are  used  to  study  the  transmission  of  EMP  signals 
through  planar  composite  sheets  and  into  cylindrical  composite  shells  in 
the  frequency  and  time  domains.  Both  graphite-epoxy  and  "screened"  boron- 
epocy  laminates  are  considered.  Numerical  results  are  presented  to 
illustrate  the  analytical  formulas  which  are  derived. 

It  is  found  that  the  shielding  effect  of  a screened  boron-epoxy  composite 
laminte  is  essentially  that  of  the  screen  itself.  The  laminate  only  has  an 
effect  on  the  equivalent  sheet  impedance  of  the  screen  for  parallel-polarized 
fields,  and  this  effect  is  relatively  minor  over  the  EMP  frequency  spectrum. 

The  temporal  behavior  of  the  fields  transmitted  through  a planar  layer 
or  penetrating  a cylindrical  shell  of  composite  material  is  interpreted  of 
the  basis  of  the  "low-pass"  behavior  of  the  graphite  composite  and  the 
"high-pass"  behavior  of  wire-mesh  screens.  Comparisons  are  made  between 
the  shielding  effectiveness  of  the  two  types  of  composite  materials  which 
are  discussed  in  the  report,  and  it  is  noted  that  the  screened  boron-epoxy 
composites  can  be  decidedly  superior  to  graphite  composites  insofar  as  their 
shielding  effectiveness  with  respect  to  EMP  waveforms  is  concerned. 
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1.  COMPOSITE  MATERIALS 

Advanced  composite  materials  have  become  increasingly  important  in 
recent  years  because  of  their  great  strength  and  relatively  light  weight. 

In  fact,  it  is  estimated  that  the  F-18  aircraft  will  use  advanced  com- 
posites to  the  extent  of  nearly  40%  by  weight  and  80%  outer  surface 
coverage  [1]. 

Advanced  composite  materials  are  laminates,  or  multilayer  "layups", 
of  many  individual  laminae.  A single  lamina  consists  of  a planar  array 
of  fibers  (of  boron/boron  tungstate,  graphite^,  etc.)  in  an  epoxy  matrix. 
Typical  lamina  thicknesses  are  around  0.2  mm,  and  a typical  aircraft  skin 
panel  comprises  seven  layers.  The  arrangement  of  the  layers  can  be  varied 
to  suit  the  strength  requirements  of  the  liminate  in  given  directions. 
Typically,  however,  a 0°-90°  or  0°-45‘’  -90°  layup  will  be  used,  so  that 
the  laminate  is  nearly  isotropic  in  its  mechanical  characteristics  in 
directions  parallel  to  its  surfaces. 

A review  of  the  literature  has  shown  that  the  basic  electrical  para- 
meters (e.g.,  permittivity  and  conductivity)  of  advanced  composites  are 
only  now  beginning  to  be  studied  [1,2].  However,  it  seems  generally  to 
be  agreed  that  graphite  composites  behave  as  good  conductors  (in  the  sense 

that  conduction  currents  dominate  displacement  currents  in  the  material) 

4 

with  conductivity  roughly  one-fourth  that  of  pure  graphite  (7.14  x 10 

mho  m ^) , and  that  boron-epoxy  composites  behave  as  mildly  lossy  dielectrics. 

+i.e.,  a pyrolyzed  organic  fiber  such  as  polyacrilonitrile. 
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In  this  Note  we  shall  assume  that  these  materials  are  isotropic. 

It  is  clear  from  consideration  of  the  physical  structure  of  composite 
laminates  that  they  are  probably  anisotropic,  but  for  simplicity  we  shall 
for  the  present  ignore  this  aspect  of  these  materials.  In  a related  study 

[3]  it  has  been  shown  that  the  anisotropic  conductivity  of  graphite  com- 

(j 

posites  is  not  of  prime  importance  in  characterizing  the  material,  the 
transverse  conductivity  (i.e.,  that  in  the  directions  parallel  to  the 
laminate  surface)  being  the  descriptive  parameter  of  principal  interest. 
Furthermore,  the  anisotropy  of  boron-epoxy  laminates  appears  to  be  weak. 

Since  boron-epoxy  composite  is  such  a poor  conductor,  it  provides 
negligible  shielding  against  penetration  by  electromagnetic  fields.  To 
improve  the  shielding  effectiveness  of  a boron-epoxy  composite  laminate, 
a conducting  screen  may  be  embedded  in  one  of  its  surfaces.  In  this 
study  we  shall  assume  that  the  wires  in  the  screen  are  bonded  at  the 
junctions  and  develop  an  extension  of  the  now  classic  theory  of  Kontorovich 

[4]  in  order  to  take  into  account  the  effect  of  the  presence  of  a dielectric 
layer  on  the  behavior  of  the  screen. 

The  advanced  composite  materials  we  shall  consider,  therefore,  are 

of  two  types:  graphite  composites,  which  are  modeled  as  homogeneous, 

isotropic,  conducting  materials;  and  screened  boron-epoxy  composites, 

modeled  as  dielectric  layers  with  a bonded  wire-mesh  screen  in  one  surface. 

The  conductivity  of  the  graphite  composites  will  be  taken  to  be  around 
4 -1 

1.5  x 10  mho  m (roughly  one-fourth  the  conductivity  of  pure  graphite) 
and  the  relative  permittivity  of  the  boron-epoxy  composites  will  be 
assumed  to  be  in  the  range  4-5  [3].  Typical  laminate  thicknesses  are 
in  the  range  1-3  mm  and  typical  wire-mesh  screen  parameters  are: 


> 
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mesh  size: 


wire  radius: 


20  x 20  to  200  x 200  (per  inch) 
0.05  to  0.15  mm 


wire  conductivity:  1.1  x 10^  mho  m 1 (stainless  steel) 

to  3.7  x 10 ^ mho  m * (aluminum) 


2.  ELECTROMAGNETIC  SHIELDING  CONSIDERATIONS 

We  shall  concentrate  in  this  study  on  the  nuclear  electromagnetic 
pulse  (EMP)  shielding  characteristics  of  graphite  and  screened  boron- 
epoxy  composites.  This  restricts  the  frequency  range  of  interest  to 

g 

f < 10  Hz.  It  should  be  noted  that  characterizations  of  advanced  com- 
posite materials  which  are  valid  in  this  frequency  range  may  not  be 
useful,  say,  for  studying  the  interactions  of  advanced  composites  with 
radar  signals.  The  inhomogeneity  and  anisotropy  of  the  materials,  which 
may  be  neglected  for  EMP  studies,  may  become  critically  important  in 
dealing  with  higher-frequency  interactions. 

The  standard  EMP  waveform  which  we  shall  use  in  this  study  is  [5] 


E(t)  =*  EpA  (e‘ 


- e 


■) 


(1-1) 


in  which  Ep  denotes  the  peak  amplitude  of  the  electric  field,  and 

( -at  -St)  -1 
e - e j - 1.1373  ... 

Jin  - - 2.104  x 10~9  sec  . 

8-a  a 


8 


4.80  x 10^  sec  ^ 


1.76  x 109  sec-1 


(1.2a) 

(1.2b) 

(1.2c) 


(1.2d) 


A plot  of  E(t)/Ep  vs.  t is  shown  in  Fig.  1.1*.  The  magnitude  and  phase 


The  logarithmic  time  plot  will  be  used  throughout  this  report,  in  order 
best  to  display  the  detailed  time  history  of  the  transient  signals 
considered. 
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spectra  of  this  EMP  signal  are  shown  in  Fig.  1.2.  The  function  E(t) 
describes  the  electric  field  time  history  of  an  incident  electromagnetic 
wave,  which  is  assumed  to  be  plane.  The  associated  magnetic  field  H( t) 


* E(t)/nQ,  in  which  nQ  denotes  the  intrinsic  impedance  of  free  space. 

Two  geometrical  forms,  the  infinite  sheet  and  the  infinitely  long 
cylindrical  shell,  are  of  principal  interest  to  us.  We  shall  address 
the  problems  of  electromagnetic  wave  transmission  through  an  infinite 
sheet  of  advanced  composite  and  of  electromagnetic  wave  penetration 
into  the  interior  of  a cylindrical  shell  of  advanced  composite.  Both 
types  of  composites  (graphite  and  screened  boron-epoxy)  will  be  considered 
and  both  frequency  and  time-domain  calculations  of  the  transmitted  or 
penetrated  field  will  be  made,  under  the  assumption  that  the  incident 
field  is  as  given  above  in  (1.1)  and  (1.2). 

3.  OVERVIEW  OF  THE  WORK 

In  Section  II  we  shall  develop  a "boundary  connection  supermatrix" 
which  relates  the  electromagnetic  fields  on  either  side  of  a multilayer 
shield  of  more  or  less  arbitrary  shape.  In  addition  to  its  utility  in 
non-separable  geometries,  it  simplifies  the  analysis  of  separable 
problems  in  that  the  number  of  regions  to  be  explicitly  considered  is 
reduced.  This  supermatrix  is  used  in  the  problem  formulations  in 

Sections  III-VI. 

The  interaction  of  plane  electromagnetic  waves  with  planar  graphite 
composite  laminates  is  discussed  in  Section  III  and  the  interaction  with 
cylindrical  graphite  composite  shells  in  Section  IV.  Both  the  frequency 
and  the  time  domains  are  investigated  (the  latter  via  inverse  Laplace 
transformation) . 
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Screened  boron-epoxy  laminates  and  their  interactions  with  plane 
electromagnetic  waves  are  considered  in  sections  V and  VI,  the  planar 
case  in  V and  the  cylindrical  case  in  VI.  Again,  both  frequency  and 
time  domains  are  discussed. 

The  work  is  summarized  and  the  results  are  discussed  in  Section 
VII.  We  also  suggest  some  extensions  of  the  problems  considered  in 
this  report,  as  well  as  some  logical  next  steps  to  be  taken  in  studies 
dealing  with  electromagnetic  applications  of  advanced  composite  materials. 
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BOUNDARY  CONNECTION  SUPERMATRICES 

1 . INTRODUCTION 

In  order  to  assess  the  degree  of  electromagnetic  shielding  provided 
by  a layer  of  a given  material  of  specified  shape,  one  must  determine  the 
relationship  between  the  electromagnetic  field  on  one  side  of  the  layer 
and  that  on  the  other.  This  fundamental  mathematical  problem  is  often 
complicated  by  the  fact  that  the  geometry  of  the  shielding  layer  does 
not  correspond  to  one  in  which  the  vector  wave  equation  is  separable. 
Therefore,  in  order  to  determine  the  relation  desired,  one  must  either 
develop  exact  solutions  of  such  complexity  and  generality  as  to  be  of 
little  use  for  practical  purposes,  or  take  advantage  of  whatever  special 
circumstances  exist  in  order  to  develop  useful,  albeit  approximate, 
solutions  to  the  problem. 

Fortunately,  such  special  circumstances  occur  in  the  type  of  problem 
in  which  we  are  primarily  interested.  They  are  that 

(a)  the  thickness  of  the  material  layer  is  usually  much  smaller 
than  either  of  its  two  principal  radii  of  curvature, 

(b)  the  wavelength  in  the  material  is  usually  much  smaller  than 
the  wavelength  outside,  and 

(c)  the  shield  is  usually  made  of  a lossy  material. 

We  conclude  from  the  second  and  third  conditions  above  that  the  electro- 
magnetic behavior  of  a shield  is  largely  a local  phenomenon,  in  that  the 
fields  at  points  » C3) + and  + ^2*^3^  are  not  c^ose^Y 

+C1,  ?2 » and  are  coordinates  of  a system  whose  origin  lies  in  one 
surface  of  the  layer,  the  other  surface  being  at  • d.  5^  and  ^ 
are  therefore  coordinates  locally  parallel  to  the  shield  surfaces. 
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2 2 1/2 

coupled  when  [ (AS^)  + (A$2)  ] » d,  the  thickness  of  the  layer. 

Therefore,  the  development  of  the  "transfer  characteristic"  of  the 
shield  layer  requires  consideration  not  of  the  whole  shield,  but  only 
of  local  portions  of  it.  By  virtue  of  the  first  condition  listed  above, 
we  may  consider  these  portions  to  be  planar  and  utilize  a planar  model 
to  determine  the  shield  transfer  characteristic.  Having  developed  this 
characteristic,  we  may  then  apply  the  results  to  geometrical  configurations 
which  are  nonplanar  and  for  which  the  shield  characteristics  may  even 
change  with  position,  provided  that  these  changes  are  sufficiently  gradual. 

The  planar  geometry  which  we  shall  consider  in  this  chapter  is  shown 
in  Fig.  2.1.  The  region  0 z dg  contains  the  shield  material.  This 

material  may  be  arranged  in  layers  of  different  thicknesses  and  electrical 
properties,  and  the  layers  may  be  separated  by  admittance  sheets.  We 
shall  assume  that  the  individual  layers  and  admittance  sheets  are  homo- 
geneous, linear,  and  isotropic.  In  the  following  paragraphs,  we  shall 
develop  a matrix  of  dyadics  M (the  Boundary  Connection  Supermatrix  or  BCS) 
which  expresses  the  relation  between  the  tangential  components  of  the 
electromagnetic  fields  on  either  side  of  the  layer^.  The  BCS's  for  single 
layers  and  admittance  sheets  are  derived  in  section  B,  and  simplified 
forms  of  these  BCS's  applicable  in  special  circumstances  are  discussed  in 
paragraph  3. 

3.  SINGLE  LAYERS  AND  ADMITTANCE  SHEETS 

We  consider  first  the  derivation  of  the  single- layer  supermatrix  M £, 
which  relates  the  tangential  components  of  the  electromagnetic  field  at 
2 m to  those  at  z ■ z^  in  a homogeneous  medium  of  permittivity 

*The  relations  to  be  developed  constitute  an  extension  and  modification 
of  the  ABCD  matrix  approach  to  the  problem  [6]. 
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e;+  and  permeability  The  time  dependence  exp(jwt)  is  assumed. 

The  relations  which  we  seek  are  most  conveniently  developed  in  terms 
of  the  Fourier  spectra  of  the  electric  and  magnetic  fields.  Let  us  write 
the  fields  as  follows: 


E(x,y,z) 


H(x,y,z> 


J —co  J .a 


E(k  , z) 


H(kt,z) 


2- 

> d\ 


(2.1) 


in  which  1 and  H denote  the  Fourier  spectra  of  E and  H,  az  • k£  - 0,  and 
r is  the  position  vector.  E and  H are  expressible  in  terms  of  two  functions 
4>(z)  and  ’P(z)  as 


kt  d'v  . i f,  2 . d2 


E - -jk  xa  * - + -r*-  k + ^ fa 

J t z me  dz  jwe  1 " 1 


2 )* 


H = -jk  x a y + — ^ - -t— — (k2  + 4>a 

J t z a.wo  dz  jmuQ  { dz2j  z 


(2.2a) 


(2.2b) 


2 2 ~ 

k = to  uoe,  and  $ and  V satisfy  the  equation 

2 

i-|  + (k2  - kt-kt)f  - 0 
dzZ 


(2.3) 


Solving  eq.  (2.3)  for  <&  and  V and  inserting  the  solutions  in  eq.  (2.2) 
yields  expressions  for  the  tangential  field  components  (denoted  by  subscript 
t)  as  functions  of  z'  = z - z^: 


i (z*)  * -jk_  x i (A.  sin  k z'  + B cos  k z') 
t t z <p  z 9 z 

k 

- k (A.  cos  k z'  - B sin  k z') 

we  t f z 1 1>  z 


(2.4a) 


+If  the  medium  has  finite  conductivity  a,  e should  be  replaced  by  e + jw/o. 
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0^(2')  * -jk..  x a (A,  sin  k z'  + B,  cos  k z') 

t J t Z l 1)  Z 1 1)  z 


+ — 1 — k (A,  cos  k z'  - B,  sin  k z') 

U>Uo  t Z (j>  z 


C2.4b) 


The  constants  A^,  B^,  A^,  and  B^,  which  are  the  arbitrary  constants 


associated  with  the  solutions  of  eq.  (2.3),  are  to  be  evaluated  in  terms 
of  the  tangential  field  components  at  z'  = 0,  and 


2 2 - - 
k - k - k -k 
z t t 


We  have,  setting  z'  = 0 in  eq.  (2.4), 


E (0)  - -jk  x a B - — k A. 
t Jt  z <t>  metij) 


H (0)  - -jk  x I B,  + — k A . 
t t z \l>  u>y  t 4 

o 


from  which  we  obtain 


% " 772  \ * it(0) 


k k‘ 
z t 


wy 


4*  ■ r? ' ^<0) 

z t 


\-TTS-  [V5t(0» 


Jk 


Jk: 


2 - - 

where  k£  = kt*kc. 
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(2.6a) 


(2.6b) 


(2.7a) 


(2.7b) 


(2.7c) 


(2.7d) 
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Now  substitute  eq.  (2.7)  into  eq.  (2.4)  and  set  z'  - d (z  ■ z + d ). 

X 1 


We  find,  after  some  simple  manipulations,  the  compact  relation 


W 


I cos  k d. 

Z X 


U sin  k d. 

z £ 


-U  sin  k d. 

z l 


I cos  k d 

Z X* 


Et(0) 


nHt(0) 


(2.8) 


where  n * /uq/e  denotes  the  characteristic  impedance  of  the  medium,  I is 


the  identity  operator,  and 


" ■ * jir  s * <EtEt + k?> 


(2.9) 


Eq.  (2.8)  is  the  relation  which  has  been  sought.  We  define  the  single- 
layer connection  supermatrix  FT.  as  follows; 


M£(z1;k;z2) 


I cos  kz(zx  - z2)  U sin  k (zx  - z 2) 


- U sin  kz(z^  - z2)  I cos  kz(z^  - 


(2.10) 


so  that  in  general, 


Et<2l> 


n5t (zx) 


MA(z1;k;z2)  • 


it(z2) 


nflt(z2^ 


(2.11) 


The  notation  chosen  for  the  arguments  of  makes  equations  of  the  form 


of  (2.11)  read  naturally  from  left  to  right.  Note  also  that  M^(z^;k;z2)  * 


MA(z2;k;z1). 

We  now  consider  the  connection  between  tangential  field  components 
across  an  interface.  Such  an  interface  may  consist  of  a boundary  between 
two  different  media,  or  of  a sheet  impedance,  or  both.  We  shall  construct 
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the  connection  super-matrix  for  the  general  case;  then,  if  the  media  on  either 
side  of  the  boundary  are  identical  or  if  the  admittance  sheet  is  absent, 
the  connection  supermatrix  will  reduce  to  a simpler  form. 


Let  the  boundary  be  located  at  z * z . Then  we  require  that 

s 


Et(z  = 2g+)  * Et(z  = V)  =*  Et(z  = zg) 


(2.12a) 


az  X lSt(z  = zs  +)  • VZ  “ V)]  * Ys 


Et(z  “ O 


(2.12b) 


Y is  an  admittance  operator  which  relates  the  surface  current  density 


J at  z * z to  the  tangential  electric  field  there: 
s s 


yq  * MO 

s t s 


(2.13) 


It  follows  immediately  from  eq.  (2.12)  that  if  the  characteristic  impedance 


of  the  medium  on  the  "z  +"  side  of  the  sheet  is  tk  and  that  on  the  "z  -" 

s + s 


side  is  n , then 


Et<V> 


n-  Mzs_) 


a x q Y — I 

. 2 ‘ * n+  J 


VZ3+> 


n+fit(zs+) 


(2.14) 


Eq.  (2.14)  is  the  relation  which  has  been  sought.  We  define  the  2x2 
matrix  in  eq.  (2.14)  to  be  the  admittance-sheet  connection  supermatrix 


M and  write 
s 


MsCn— ;Ys;V  * 


a x n Y — I 

Z - s n+ 


(2.15) 


so  that 
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8t(V> 


".Vv1 


V'-'W  • 


*.<*.♦> 


(2.16) 


The  notation  chosen  for  the  arguments  of  Mg  makes  equations  of  the  form 

of  (2.16)  read  naturally  from  left  to  right.  Note  also  that  ;Y  ;n.)  * 

s * s • 

Vv-VO* 

Now  as  an  illustrative  example,  let  us  construct  the  boundary  connection 
supermatrix  for  the  configuration  shown  in  Fig.  (2.2).  This  is  a material 
layer  of  parameters  n and  k in  the  region  0 <_  z <_  d^,  having  an  admittance 
sheet  on  the  surface  z * 0.  The  medium  outside  the  structure  is  free 


space,  and  we  wish  to  connect  the  free-space  fields  at  z ■ 0-  to  the  free- 
space  fields  at  z * dg+.  We  have  the  following  relations: 


Et(0-) 


"oV0-’ 


M (n  ;Y  ,n)  • 
S O s ' 


Et(0+) 


n Ht(0+) 


(2.17a) 


E t«H-) 


nHt((H-) 


M^COjkjd^)  • 


gt(dr> 


nHt(dA-) 


(2.17b) 


gt<V> 


nVV> 


- Mg(n;0;no)  • 


"oVV> 


(2.17c) 


from  which  it  is  apparent  that 
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Mt  " Ms(VYs;n)  * V0;k;V  * Ms(n;0;no)  (2.19) 

One  will  note  that  the  arguments  in  eq.  (2.19)  read  naturally  from  left 
to  right,  and  correspond  to  the  physical  features  of  the  shield  structure, 
as  is  shown  in  Fig.  2.2.  Furthermore,  note  that 

K1  x Vno;°;n)  * »*t(dt;k;0)  • Ms(n;-Yg;no)  (2.20) 

Generalizations  to  arbitrarily  complicated  shield  structures  are  obvious. 

In  many  practical  problems,  the  connection  supermatrices  which  have  been 
developed  in  this  section  can  be  simplified  under  certain  conditions.  We 
consider  this  problem  in  the  next  section. 

3.  SPECIAL-CASE  FORMS 

In  this  section  we  consider  the  forms  taken  by  the  connection  supermatrices 

when 

(a)  the  electromagnetic  field  is  either  parallel-polarized  or 
perpendicular-polarized 

(b)  the  (effective)  permittivity  of  the  shield  material  is  large 
compared  to  that  of  the  surrounding  medium  (usually  free  space) 

We  also  consider  the  conditions  which  must  hold  for  an  electrically  thin 
layer  to  be  modeled  as  an  equivalent  admittance  sheet. 
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The  tangential  fields  E£  and  Ht  can  be  resolved  into  components 
parallel  and  perpendicular  to  kt  as  follows:  denoting  either  It  or  §t 


by  Ft>  we  have 


F a F ' + §" 
t t t 


f;  ■ i1  - -x)  • Ft 


f't  ■ h EtEt  • ft 

kt 


(2.21a) 


(2.21b) 


(2.21c) 


2 S*  s 

in  which  F£  denotes  the  perpendicularly  polarized  part  of  Ft  and  denotes 
the  parallel  polarized  part.  Substituting  representations  for  Et  and 

SS 

of  this  form  into  eq.  (2.11),  we  find  that  the  resulting  equations 


decouple  into  two  sets: 


E^(Zi) 


nH^(Zl) 


gt<zl> 


nH^^) 


M^(z1;k;z2)  • 


M'J^(z1;k;z2)  • 


gt(z2) 


nH'^(z2) 


gt(z2> 


nH^(z2) 


(2.22a) 


(2.22b) 


where 


I cos  k (^  - z2) 


P S x ' sl”  V*1  - *2> 

z 


(Lz1’,k.;z2) 


a2  x i sin  ^(Zj^  - z2>  I cos  k^Zj^  - z2) 


(2.23a) 
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M^'Zl;k;z2) 


I COS  - z2) 


- 4—  a x I sin  k (z. 

k z z 1 

z 


Jk, 


z2> 


rv1  sin  k2(zi  - z2} 


I cos  k (z,  - z0) 
Z 1 L 


(2.23b) 


The  supermatrices  and  M"  are  substantially  simpler  than  M. . 


We  also  consider  the  supermatrix  M in  those  cases  in  which  the  admittance 

s 

operator  Yg  diagonalizes  for  perpendicularly-polarized  and  parallel-polarized 
fields: 


Y<  <it  m y'  *"  i 

s s 


For  such  cases,  the  connection  supermatrices  Mg  are 


(2.24) 


M,,,,(n-.Y,,,,.n+) 


n Y'  ’"a  xi  — I 
- s z n+ 


(2.25) 


When  the  effective  permittivity  of  the  shield  material  is  large 
compared  to  that  of  the  surrounding  medium  (which  is  usually  free  space) , 
the  condition  k£  « |k|  is  valid  for  values  of  k£  corresponding  to  real 
angles  of  incidence.  In  such  cases,  the  approximation  » k holds  and 
may  be  used  to  simplify  M^,  , and  M£.  We  find  that 


M * M!  * M"  * 
III 


I cos  k(z^  - z2)  ja^  x I sin  k(z^ 


z2) 


-ja  x I sin  k(z. 

Z 1 


z2> 


I cos  k(z^  - z2) 


(2.26) 
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We  conclude  this  section  by  considering  the  conditions  under  which  an 
electrically  thin  layer  may  be  modeled  as  an  equivalent  sheet  admittance. 
The  connection  supermatrix  for  a layer  in  free  space  is 


Mt  * Ms(V0;n)  * Mj^0;k;<V  * Ms^n;0;no^ 


(2.27) 


We  define  the  equivalent  sheet  admittance  Y by  the  relation 

seq 


VvWV ' "t  <°= W • Mt 


(2.28) 


The  factor  (0;ko;d^)  is  inserted  to  account  for  the  physical  distance 
d^  occupied  by  the  layer.  Expanding  the  product  in  eq.  (2.27)  and  sub- 
stituting in  eq.  (2.28)  yields  the  following  four  equations  expressing  the 
equivalence: 


I = C C.I  + — S S„  U • U„ 
o t n o t o t 


(2.29a) 


0 - C.S  U - — S„C  U. 

too  n tot 
o 


(2.29b) 


a x n Y = — C S U -SCO 
z o seq  n oil  o t o 


(2.29c) 


I ’ C C I + — s s.u  • u 
o t n o t o t 
o 


(2. 29d) 


in  which 


C ■ cos  k d„ 
o zo  t 


(2.30a) 


C.  - cos  k ,d. 
t zd  t 


S » sin  k d„ 
o zo  t 


(2.30b) 


(2.30c) 


S.  * sin  k ,d. 
t zd  t 


(2. 30d) 


as  they  stand;  eq.  (2.29c)  yields  the  well-known  result  [7,8] 


n Y = jk  d.(e  -1)1 
o seq  J o i r 


as  we  expect;  but  eq.  (2.29b)  reduces  to 


(2.31) 


0 " Jkodi 


r e 

1 - 

1 - f 

a x 1 

e J 

1 z [ 

-LI-JT 

k2  k2  J 
o o 


(2.32) 


which  is  not  true  in  general.  It  is  obviously  true  if  kt  = 0,  i.e.,  at 
normal  incidence. 

The  condition  (2.32)  is  also  true  when  the  electromagnetic  field  is 
polarized  perpendicular  to  the  plane  of  incidence.  This  is  so  because 
(cf.  eq.  (2.21c)) 


(ktkt  - ktI)  • ktkt  • Ht  « 0 


(2.33) 


as  is  apparent  by  inspection.  We  now  inquire  under  what  conditions  the 
expression  (2.31)  is  valid  for  parallel-polarized  fields.  We  consider 
the  problem  of  reflection  and  transmission  of  a parallel-polarized  plane 
electromagnetic  wave  by  an  electrically  thin  dielectric  layer  and  by  a 
sheet  admittance  in  free  space.  We  readily  obtain  the  following  results: 

jk  d jk2d 

thin  layer:  R"  - [—p  (er~ l)cos9  - Sec6(l  - f-)  ] T"  (2.34a) 

o r 
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jkd  Jk*d  -1 

T"  - [1  + -^5-  (e  -l)cos9  + ~~  sec9(l  - 7-)] 


admittance  sheet:  R" 


~ Y"  cos9  T" 
z s 


T"  « (1  + -f  Y"  cos9)" 
i s 
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(2.34b) 


(2.34c) 


(2. 34d) 


2 2 2 

where  k£  * kQsin  ®*  It  is  apparent  upon  comparison  of  (2.34a)  and  (2.34b) 
with  (2.34c)  and  (2.34d)  that  if  Y^'  is  given  by  eq.  (2.31),  then  we  must 
require  that  for  the  approximation  of  a thin  layer  by  an  admittance  sheet 
to  be  valid. 


where,  in  general. 


2 

tan  9 <<  ] | 


(2.35) 


(2.36) 


We  therefore  conclude  that  the  characterization  of  an  electrically  thin 
layer  as  an  equivalent  sheet  admittance  is  valid  for  perpendicular- 
polarized  fields  generally,  and  for  parallel-polarized  fields  in  which 


.2.,2 

k/k 

to  1 1 

2,  2 <<:  I £r  ^ 

1 - Vko 

2 2 

where  kQ  denotes  in  h0eout»  eQut  being  the  permittivity  of  the  medium 
outside  the  sheet  admittance. 


(2.37) 
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SECTION  III 

PLANAR  GRAPHITE  COMPOSITE  SHIELDS 


1.  INTRODUCTION 

In  this  section  we  shall  consider  '"he  problem  of  electromagnetic  wave 
transmission  through  a planar  layer  of  graphite  composite  in  the  fre- 
quency and  time  domains.  A brief  description  of  graphite  composite 
materials  has  already  been  given  in  Section  I of  this  report;  we  summarize 
here  certain  facts  pertaining  to  these  materials  which  are  relevant  to 
our  electromagnetic  analysis. 

(a)  A layer  of  graphite  composite  is  a layup  of  anisotropic  laminae 
assembled  into  a "cross-ply"  configuration.  Therefore,  the  layer 
is  itself  probably  anisotropic  in  behavior.  However,  some 
limited  experimental  data  which  has  been  previously  mentioned 

[2]  indicates  that  the  anisotropy  is  weak.  Therefore,  we  shall 
model  the  graphite  composite  as  an  isotropic  material. 

(b)  The  conductivity  of  graphite  composites  appears  to  be  roughly 

one-fourth  that  of  pure  graphite  [1].  This  value  is  7.14  x 10^ 

mho  m we  shall  use  a value  of  conductivity  equal  to  1.5  x 
4 -1 

10  mho  m for  the  composite  material  in  our  numerical  work. 

(c)  Graphite  composite  is  nonmagnetic  and  we  shall  use  a value  for 
permeability  equal  to  that  of  free  space  in  our  numerical  work. 

In  the  next  section,  we  develop  the  boundary  connection  operator  for 
a planar  graphite  composite  layer  in  free  space.  Then  in  paragraph  3, 
the  problem  of  electromagnetic  wave  reflection  and  transmission  by  such 
a layer  is  solved  in  the  frequency  domain.  The  transmission  of  a transient 
EMP  signal  through  the  layer  is  considered  in  paragraph  4. 
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2.  THE  BOUNDARY  CONNECTION  SUPERMATRIX  FOR  A PLANAR  GRAPHITE  COMPOSITE 
LAYER  IN  FREE  SPACE 

The  conductivity  of  a graphite  composite  is  sufficiently  high  that 
the  material  may  be  considered  to  be  a good  conductor  for  frequencies 
throughout  and  beyond  the  EMP  spectrum.  Consequently,  displacement 
currents  may  he  neglected  in  comparison  to  conduction  currents  in  the 


material,  so  that 


2 2 

k = in  p e - jup  a = -jup  a 
g 8 g g g g 


(3.1) 


in  which  p , e , and  a denote  respectively  the  permeability,  permittivity, 
g 8 8 

and  conductivity  of  graphite  composite.  Furthermore,  since  » u£q  we 

2 2 2 
neglect  kt  in  comparison  to  k in  forming  k^:  thus 


kzd  * kd  = (1-j )d/6 


(3.2) 


where  d is  the  thickness  of  the  layer  and  6 = (2/up  a ) is  the  skin  depth 

g g 

of  the  material.  The  boundary  connection  supermatrix  for  the  graphite  com- 
posite layer  in  free  space  is  thus  given  by  eq.  (.2.27),  with  given 
by  eq.  (2.26)  and  k = (l-j)d/6 


I cos(l-j)d/6 


-j  ~~  a^  x i sin(l-j)d/6 
o 


n = 

j — a x I sin(l-j)d/6 
n z 


(3.3) 


I cos(l-j)d/6 


in  which  n = /jup^/a^  is  the  characteristic  impedance  of  the  graphite 
composite. 


In  the  low-frequency  limit  (d/6  <<  1) 


r r 


-jk  da  x i 
J o z 


n o d a x i 
o g z 


(3.4) 


M =Iea+j)d/6 
“t  1 


— a x I 
n z 


Additionally,  we  note  that 


(3.5) 


nod 


k d 
o 


k d 
o 


1/2 


nod 
o 8 


1/2 


(3.6a) 

(3.6b) 


3.  PLANE-WAVE  REFLECTION  AND  TRANSMISSION  BY  A PLANAR  GRAPHITE  COMPOSITE 
LAYER 

The  geometry  of  the  problem  to  be  considered  in  this  section  is  shown 
in  Fig.  (3.1).  A plane  electromagnetic  wave  of  frequency  id  is  incident 
upon  a planar  graphite  composite  layer  of  thickness  d,  from  the  region 
z < 0;  the  angle  of  incidence  is  0.  The  medium  outside  the  layer  is 
free  space.  The  reflected  and  transmitted  fields  are  to  be  determined 
as  functions  of  the  wave  frequency. 

The  incident  wave  in  the  region  z < 0 is  given  by 

-jk  (xsin0  + zcos0) 

ginc  = [E0*y  + Ea(-*xcos0  " azsin0)]e  0 (3.7a) 

-jk  (xsinS  + zcos0) 

no  5inc  ‘ [EO(Vin0  - axcos0)  + EjjSy]E  0 (3.7b) 

in  which  Eq  and  Eq  denote  the  amplitudes  of  the  perpendicular-polarized 
and  parallel-polarized  components  of  the  incident-wave  electric  field. 

The  reflected  wave  in  the  region  z < 0 is 
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Figure 


X 


3.1.  Reflection  and  transmission  of  a plane  wave  by  a planar 
graphite  composite  layer:  geometry  of  the  problem 
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-jk  (xsin0  - zcos0) 

E , - [R'Ela  - R"E"(.a  cos9  + a sin0)]e  ° 
ref  “ 0 y Ox  z 


(3.8a) 


-jk  (xsin0  - zcos0) 

n H - - [R'E'(a  cos0  + a sin0)  + R"E"a  ]E  0 (3.8b) 

o ref  O x z Oy 

and  the  transmitted  wave  in  the  region  z > d is 

-jk  fxsin0  + (z-d)cos0] 

E - [T'Ela  + T"E"(a  cos0  - a sin0)]e  0 

trans  0 y Q x z 


(3.9a) 


-jk  [xsin0  + (z-d)cos0] 

n Hk  = [T'El(a  sin0  - a cos0)  + T"E"a  ]e  0 
o trans  1 0 z x 0 yJ 


(3.9b) 

in  which  R',  R",  T',  and  T"  are  the  reflection  and  transmission  coefficients 
for  the  perpendicular-polarized  and  parallel-polarized  parts  of  the  field. 
The  tangential  components  of  the  fields  at  z * 0 and  z ■ d are 


I;(0)  * (1  + R')Eq  Iy 
nQ  H^’CQ)  - — cos0  (1  - R'  )Eq  5x 
l't’C0)  = cos0  (1  - R")Eq  ix 
nQ  H^CO)  - (l  + r")Eq  Iy 

(3.10) 

E^Cd)  - t'Eq  Sy 

nQ  H’t'(d)  - -cos0  t'Eq  £x 

l"(d)  - cos0T"E"  a 
t Q x 

«o  HJCd)  - I"EJ  ly 
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Connecting  these  fields  across  the  graphite  composite  layer  using  the 
boundary  connection  supermatrix  given  in  eq.  (3.3)  yields  two  sets  of 
equations  which  may  be  solved  for  the  reflection  and  transmission 
coefficients.  We  have 


-C  - j — cos©  S 1 R'  C - j — cos6  S 
n J n 

o o 

n n 

cosS  C + j — S cos0  T'  cos©  C - j — S 
J n J n 


(3.11a) 


COS0  C + j — S COS0  R"  cose  C - i — s 

no  no 

n 

C + j — cose  S -1  T"  -C  + i — cose  s 

n J n 


(3.11b) 


in  which  C = cos(l-j)d/6,  S = sin(l-j)d/6.  Solving  eqs.  (3.11),  we  obtain 
expressions  for  R',  T',  R",  and  T"  as  follows: 


in  which 


. l HSfn_  2a  no] 

k V jS  TT  cos  9 - — J 


T'  - |t  cose 


R»  . ,,  Co  2 

R D"  jS  n cos  9 * n J 


T"  • pr  cose 


D'  - 2cos6  C + jS  f—  cos20  + — ] 

lno  n J 

D"  - 2cos0  C + jS  ^ cos20  + ~j 


(3.12a) 


(3.12b) 


(3.12c) 


(3.12d) 


(3.13a) 


(3.13b) 
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Now,  |n/n. 
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ko/nQOg  <<  1.  Neglecting  this  quantity  with  respect 


to  unity,  which  is  consistent  with  neglecting  the  displacement  currents 
with  respect  to  the  conduction  currents  in  the  graphite  composite,  we 
obtain  the  following  expressions  for  the  transmission  coefficients: 


T' 


ipll 


(C  + ^ — seed  S) 


-1 


(3.14a) 


j ' O 1 

(C  + j-  -jp  cos0  S) 


(3.14b) 


Further  approximations  to  the  transmission  coefficients  are  useful.  In 
particular,  it  is  easy  to  show  that  for  the  graphite  composite,  the 
condition  d/ 5 « q^a^d  will  hold  for  frequencies  throughout  and  beyond 
the  EMP  spectrum.  As  a consequence,  the  approximation 

T' 


_ 2cos0  ,,  d d 

“ (1-j)  T csc(l-j)  j 


nod 
° g 


6 — 

is  valid  for  all  angles  of  incidence  0,  and  the  approximation 


(3.15) 


T"  ■ rrJ  <i-j)  | esed-j)  | 

O g 


(3.16) 


is  valid  for  angles  of  incidence  up  to  a point  only  a few  hundredths  of  a 

degree  from  90°.  Eqs.  (.3.15)  and  (3.16)  show  that  the  effect  on  the 

transmission  coefficients  of  changing  the  wave  frequency  (and  thus  d/6) 

is  almost  completely  separable  from  the  effects  of  changing  pad  and  0. 

° g 

Therefore,  we  may  express  T'  and  T"  in  terms  of  their  values  at  d/6  * 0 
approximately,  as  follows: 


~ ■ 

■ ■ 

T' 

as 

•pit 

mil 

Q 

• • 

» ■ 

(1-j)  J esc (1-j)  I 


(3.17) 


in  which 
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2 

nod 


(3.18) 


Numerical  results  pertinent  to  the  analysis  carried  out  in  this 

section  are  presented  in  Figs.  3.2  and  3.3.  In  Fig.  3.2,  Tq  and 

Tq  are  plotted  as  functions  of  0 for  various  values  of  the  conductivity- 

4 -1 

thickness  product  a d (note  that  if  a = 1.5  x 10  mho  m , o d ■ 15d  , 

g g g mm 

where  d is  the  layer  thickness  in  millimeters).  A plot  of  the  magnitude 

and  phase  of  (l-j)x  csc(l-j)x  as  a function  of  x * d/6  is  given  in  Fig. 

3.3.  Since  the  data  in  Figs.  3.2  and  3.3a  are  presented  in  logarithmic 
form,  the  curves  may  be  used  to  evaluate  T'  and  T"  for  various  combinations 
of  values  of  o^d,  9,  and  d/6  simply  by  adding  the  appropriate  quantities. 

It  should  be  noted  that  since  the  magnitudes  of  T'  and  T"  decrease  as  the 
frequency  is  increased,  the  graphite  composite  layer  acts  as  a low-pass 
filter.  This  point  is  important  for  understanding  the  transient  behavior 
of  a transmitted  EMP  signal,  which  is  considered  in  the  next  paragraph. 


4.  EMP  TRANSIENT  PROPAGATION  THROUGH  A PLANAR  GRAPHITE  COMPOSITE  LAYER 
By  using  the  approximate  formulas  for  the  transmission  coefficients 
in  the  frequency  domain  which  were  developed  in  the  previous  section  and 
given  in  eqs.  (3.15)  and  (3.16),  we  may  readily  evaluate  the  temporal 
behavior  of  the  transmitted  wave.  Making  the  formal  substitution  s ■ jw 
in  T'  and  T",  we  construct  a Laplace  integral  for  the  transmitted  field 
as  follows: 


E (t) 

trans 


Jr. 


- fCOS0-\  /ST  , 

E (*)  — ~~T  — 

B ° Vg  (sec0-'  sinh  /srd 


sx  , 
e ds 


(3.19) 
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In  which  r_  denotes  the  usual  Bromwich  contour,  t . Is  the  shield  diffusion 
D a 


time,  defined  by 


and 


t , * u a d 
d g g 


T » t - — [xsin0  + (z-d)cose] 


(3.20) 


(3.21) 


c * l//uQtQ,  the  vacuum  speed  of  light.  In  eq.  (3.19),  "cos0"  is  to  be 
used  when  the  incident  wave  is  polarized  perpendicular  to  the  plane  of 
incidence,  and  "sec0"  is  to  be  used  for  parallel  polarization.  Eq(s) 
denotes  the  Laplace  transform  of  the  EMP  signal  discussed  in  Section  I; 

. it  is 


Eo(s>  ’ Ali£r  * ssJ 


(3.22) 


in  which 


-at 


-8t 


(e 

1 


- e 


V1 


1.1373. . 


t * - — in  — 
o B-a  a 


4.80  x 10 


(3.23a) 

(3.23b) 

(3.23c) 

(3.23d) 


B - 1.76  x 10' 

The  integral  in  eq.  (3.19)  is  readily  evaluated  using  the  Cauchy 
residue  theorem.  The  poles  of  the  integrand  occur  at  s * -a,  s = -6,  and 


s - s 


2 2 
n tt 


(n  > 1) 


(3.24) 


Furthermore,  it  is  easy  to  show  that  may  be  closed  at  infinity  in  the 
right  half  plane  for  t < 0,  yielding  a null  result  for  E(t),  in  accordance 
with  causality;  and  for  t > 0,  may  be  closed  in  the  left  half  plane  at 
infinity  to  yield  for  E(t): 
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2 |'cos0>  f 

E<T)  - nod  JU<T>  {' 

o g '-secS-'  v 


vfrT 


esc  mr,  e 
Cl 


-ax 


- v'Bt  esc  /FT  e 
a a 


00  (-l)n  (mr)2(ax.  - 0T  ) -n2TT2t/x  1 

+ 2 y e dl 


n*l  (n2ir2  - ax.)(n2ir2  - gx.) 

a a 


(3.25) 


U(x)  is  the  unit  step  function.  The  result  in  eq.  (3.25)  is  based  upon  the 
assumption  that  all  the  poles  of  the  integrand  in  eq.  (3.19)  are  simple, 
i.e.,  that 


(axd  or  gxd)  # n2TT2 


(3.26) 


for  any  n ^ 0.  If  this  condition  is  violated,  the  appropriate  limit  of 
eq.  (3.25)  can  be  taken  to  yield  the  correct  result. 


Plots  of  E(x)  vs.  X,  normalized  by  (2/n  o d) , are  given  for  the  case 

o § 


9*0  in  Fig.  3.4,  for  three  values  of  x,.  The  values  chosen  correspond 


if  is  chosen  equal  to  the  free-space  value  4tt  x 10  henry  m and 


4 -1 

CJ  * 1.5  x 10  mho  m , to  thicknesses  d of  1,  2,  and  3 mm.  A non- 


normalized  curve  of  the  incident  EMP  signal  is  included  for  comparison. 
One  will  note  the  increasing  attenuation  of  the  peak  value  of  the  trans- 
mitted signal,  the  increasing  time  delay  before  the  main  buildup  of  the 
transmitted  signal,  and  the  increasing  pulse  width  of  the  transmitted 
signal  as  d is  increased.  All  these  features  are  in  keeping  with  the 
low-pass  filter  characteristic  of  the  graphite  composite  layer  which  has 
been  mentioned  previously. 
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CYLINDRICAL  GRAPHITE  COMPOSITE  SHIELDS 

1.  INTRODUCTION 

In  this  chapter  we  shall  consider  the  problem  of  electromagnetic 
field  penetration  into  the  interior  of  an  infinitely  long  hollow  cylindri- 
cal shell  of  graphite  composite.  A similar  problem  has  been  recently 
addressed  by  Schieber  [9-12],  who  considered  only  cylindrical  shells  which 
were  electrically  thin  (i.e.,  the  thickness  of  the  shell  was  much  less 
than  the  skin  depth  of  the  shield  material).  He  found  that  the  axial 
electric  field  at  the  center  of  the  cylinder  exhibited  strong  peaks  as 
the  frequency  of  the  incident  wave  was  varied,  these  peaks  occurring  at 
the  transverse  resonance  frequencies  of  the  cylinder.  At  these  resonant 
peaks,  the  axial  field  strength  was  equal  to  that  of  the  incident  wave, 
so  that  the  shielding  effect  of  the  cylinder  was  nil. 

The  shielding  behavior  of  a thick  cylindrical  conducting  shell  was 

studied  by  Wu  and  Tsai  [5,13,14].  They  found  that  when  the  cylindrical 

shell  thickness  was  at  least  equal  to  the  skin  depth  of  the  shield 

material  at  the  resonant  frequencies  of  the  cylinder,  the  resonant  peaks 

in  the  axial  field  were  significantly  reduced.  Resonance  effects, 

however,  were  still  evident.  To  assess  the  importance  of  these  resonances, 

Wu  and  Tsai  considered  the  temporal  behavior  of  the  axial  electric  field 

when  the  cylindrical  shell  was  illuminated  by  a normally  incident  TM  - 

z 

polarized  plane  wave  whose  time  dependence  was  that  of  the  standard  EMP 
signal  which  has  already  been  discussed.  They  found  that  the^temporal 
behavior  of  the  axial  field  was  only  slightly  affected  by  the  cylindrical 
resonances  in  a "worst  case"  analysis.  In  their  example,  the  radius  of 
the  cylinder  was  10  m and  the  product  of  the  conductivity  and  shell 
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thickness  was  0.1  mho.  The  reason  for  this  behavior  is,  of  course,  that  \ 


for  cylinders  of  this  size  the  lowest-order  resonances  occur  for  fre- 
quencies far  out  in  the  "tail"  of  the  EMP  spectrum,  and  so  are  only 
weakly  excited.  As  the  radius  of  the  cylinder  is  decreased,  the  resonant 
frequencies  are  increased  and  their  excitation  becomes  even  weaker. 

The  cylindrical  shells  to  be  considered  in  this  section  have  radii 
of  2 m or  less  (typical  aircraft-fuselage  sizes)  and  conductivity- 
thickness  products  of  the  order  of  30  mhos.  We  therefore  expect  the 
resonance  effects  on  the  transient  behavior  of  the  internal  fields 
induced  by  an  EMP  signal  to  be  negligible.  We  introduce  a new  frequency- 
domain  measure  of  shielding  effectiveness  for  hollow  bodies  of  resonant 
size  or  less  which  takes  the  entire  internal  field  into  account.  This 
measure,  based  on  a ratio  of  stored  energies  in  the  interior  of  the 
body,  represents  the  space  averages  of  the  internal  fields. 

In  the  next  paragraph,  the  problem  of  plane-wave  scattering  from  a 
cylindrical  shell  of  graphite  composite  is  formulated  in  the  frequency 
domain,  using  the  ECS  developed  in  the  previous  chapter  for  this  material. 
We  present  results  illustrating  the  energy  shielding  ratio  as  a function 
of  frequency  for  several  representative  cases.  Some  time-domain  con- 
siderations are  discussed  in  paragraph  3 of  this  section. 


2.  FORMULATION  OF  THE  PROBLEM:  FREQUENCY-DOMAIN  RESULTS 


The  geometry  of  the  problem  is  shown  in  Fig.  4.1.  An  infinitely 
long  cylindrical  shell  of  graphite  composite,  whose  inner  and  outer 
radii  are  a and  b,  respectively,  is  illuminated  by  a plane  electromagnetic 
wave.  The  shell  thickness  d = b-a  is  small  in  comparison  to  the  mean 
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radius  p «*  /ab.  The  medium  outside  and  inside  the  shell  is  free  space, 
o 

For  simplicity  we  consider  only  the  case  in  which  the  propagation  vector 
of  the  incident  wave  has  no  axial  component  and  we  shall  investigate  the 
two  possible  wave  polarizations  separately.  The  total  fields  may  then 
be  obtained  by  superposition. 

Consider  first  the  case  in  which  the  incident  wave  is  polarized  TM 
with  respect  to  z.  The  field  components  present  are  E , H , and  H , 


where 


Ez  = -juHJ0  ¥ 

H .-|I 
4>  3p 


H -ill 

p P 3<f> 


13  ( 33*}  ^ 1 323-  ^ , 2 

FSl’iF  *in  + Vs0 

P dtp 


(4.1a) 


(4.1b) 


(4.1c) 


(4.2) 


in  the  free-space  regions.  In  the  interior  and  exterior  regions  of  the 
problem,  appropriate  expressions  for  V are 


0 < p < a : ¥ - t-2-  £ A J (k  p)eJn<^') 

J':,Uo  n--  n n 0 


(4.3a) 


b < P F fJn(kop)  + BnHi2)(kop)JejnW"r) 

o n*-«> 


(4.3b) 


where  Ar  and  are  to  be  determined,  Eq  is  the  amplitude  of  the  incident 
electric  field,  and 


<J>  + TT  / 2 

o 


(4.4) 


is  the  angle  of  incidence  shown  in  Fig.  4.1. 
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In  order  to  evaluate  the  coefficients  A^  and  Bn,  the  tangential  field 


components  are  connected  across  the  graphite  composite  shell  using  the 
appropriate  connection  supermatrix,  which  is  that  given  in  eq.  (3.3),  modified 


for  the  change  in  the  coordinate  system  (a  is  replaced  by  a ) : 

z p 


M 


I cos(.l-j)d/6 


-jj-ap  *1  sin(l-j)d/6 
o 


j x 1 sin(l-j)d/6  I cos(l-j)d/6 


(4.5) 


The  spectra  of  the  tangential  field  components  at  p*a  and  p»b  are 


E (p»a)  = E A J (k  a)e  a 

t o n n o z 


n H (p=a)  = -JE  A J'(k  a)e“3n*'  a. 
ot  onno  <t 


,(2) 


,-jnr  - 


(4.6a) 

(4.6b) 

(4.6c) 


Et<»-b>  ’ E„tVkob)  + Vn  (kob>1* 

"o  “t(p‘b)  ' '3EotJn(kob>  + BX2)'(kob>Ie'J“*'  % (4'6d> 

in  which  the  primes  (')  denote  differentiation  with  respect  to  the  argument. 

For  this  problem,  the  spectral  variable  k - (n/p)a  . Connecting  these 

t $ 


spectral  components  using  as  given  in  eq.  (4.5)  yields  a pair  of 


equations  for  A and  B : 

n n 


J (k  a)C  + — J'  (k  a)S  -HU)  (k  b) 
n o qn  o no' 

o 


J'(ka)C  - ~ J (k  a)S 
no  n n o 


-H^2) ' (kb) 


A 

J (kb) 

n 

no 

B 

J*  (k  b) 

J 

n 

n o 

(4.7) 


Solving  eq.  (4.7)  for  A and  B , we  obtain 

n n 

A - i-  UU 

“ Dn  KbJ 


(4.8a) 


54 


-rw*, ^ ~ 
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B - )-  (c[J  (k  a)J'(k  b)  - J'(k  a)J(k  b) ] 
n Dl  n o no  no  no 

n ' 


1 


+ SF-  J'(k  a)J’(k  b)  + J (k  a)J  (k  b)  ] 
n n o no  h no  no  } 


(4.8b) 


where 


) * C[J'(k  a)H(2) (kb)  - J(ka)H*2)'(kb)] 

n n on  o non  o 


- St13—  J ' (k  a)H(2) ' (k  b)  + -2.  J (k  a)H^2)  (k  b)  ] 
n n o n o nnon  o 
o 


(4.9) 


C and  S denote  cos(l-j)d/6  and  sin(l-j)d/6  respectively.  and  may 


be  simplified  if  we  assume  that  kQd  « 1 and  | n/nQ | <<  1.  These  condi- 


tions hold  throughout  the  EMP  spectrum  in  the  cases  we  consider;  so  we 
obtain 


nod 


A = [C  + (irk  p )J  (k  p )H(2)(k  p ) 

n 2 o o n o o n o o (l-j)d/5J 


,-l 


(4.10a) 


nod  , 

B * -A  -,s-  (rrk  p )J^(k  p ) 
n n 2 oonoo  (l-j)d/6 


(4.10b) 


A useful  frequency-domain  measure  of  the  shielding  effectiveness  of 
the  graphite  shell  is  the  ratio  of  the  time-average  stored  energy  per  unit 
length  inside  the  shell  (0<p<a)  to  the  time-average  stored  energy  per  unit 
length  in  the  same  region  with  the  shell  removed.  Since  this  ratio  is 
obtained  by  integrating  the  stored  energy  density  throughout  the  cylindrical 
volume,  it  represents  an  "averaged"  shielding  effect,  and  so  may  be  more 
useful  than,  say,  the  axial  field  strength,  as  a shielding  effectiveness 
measure  for  a closed  surface.  It  is  easy  to  show  that  the  time-average 
stored  energy  per  unit  length  inside  the  cylinder  is 
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ire  E 00 

o o r 


I l*„l2  r + rf-aj  + ■>;(V>2l‘>d0 

m-m  o ' k P ' 


(4.11) 


In  the  absence  of  the  cylinder,  the  time-average  stored  energy  in  the 

2 2 

same  volume  is  simply  eQira  Eq/ 2 ; so  performing  the  integrations  in  eq. 
(4.11)  and  normalizing  the  result  yields  the  "energy  shielding  ratio"  rw: 

r * l | A | 2 [J'(k  a)2  + J (k  a)2[l  - 

w - 1 n‘  no  no(_  .2 


+ 1T7  Jn(kna)Jn(koa)] 
k a n o no 

o 


(4.12) 


12  2 

When  ka  <<  1,  r « •=■  ( I A 1+  lA,  I ),  and  we  obtain  an  approximate  low- 
o w 2 1 o 1 '1' 


frequency  expression  for  rw  as  follows: 


‘k  a«l 
o 


1 ||C  - in  a d k p t - — ,-/T  in  k P | 

2 l 1 o g o o (1— j ) d/o  o o' 


+ IC  + J ^ Vo  (T^fd7sl 


(4.13) 


Curves  of  rw  as  a function  of  frequency  are  given  in  Figs.  4. 2-4. 4 for 

various  values  of  p , d,  and  a . The  values  of  p chosen  correspond  to 
o g o 

typical  aircraft;  d » 1,  2,  and  3 mm;  and  a varies  around  the  base  value 

8 

4 -1 

1.5  x 10  mho  m 

The  analysis  for  the  case  in  which  the  incident  wave  is  polarized  TE 

to  z is  similarly  carried  out.  The  field  components  present  are  H . E 

z 

and  E , where 
P 


Hz  * jujeo  4 

E * _ — 

4 3p 


(4.14a) 


(4.14b) 


I 


e - A ii 

P P 3$ 


(4.14c) 


4 -1 

a = 1.5  x 10  mho  m 
8 


0.5  m 


1.0m 
2.0  m 


FREQUENCY  (HZ) 


Figure  4.2.  Energy  shielding  ratio  r vs.  frequency  with  a as 

W 4-1 

parameter;  d - 2 mm,  o ■ 1.5  x 10  mho  m 


EMP  3-38 


341-55 


i a_  f a*)  i_ 

p 3p  lp  3pj  + 2 


ijq  + k?*-o 

P 9<)> 


(4.15) 


in  the  free-space  regions.  $ is  given  in  the  interior  and  exterior  regions 


E OO 

0 < p < a:  $ « tt—  l A'J  (k  p)e^n^  ^ ^ 
— jk  nn  o 

o n*-*» 


(4.16a) 


h<p<»:  £Jn(kop)  + B;HiJ2)(kop)]e;in(4,"<>,)  (4.16b) 

J o n«-«> 


in  which  and  B^  are  to  be  determined.  Applying  the  connection  operator 

Mt  given  in  eq.  (4.5)  to  the  field  representations  obtained  from  eqs. 

(4.14)-(4.16) , we  solve  for  a'  and  B' , obtaining 

n n 


^ - K MM 

n D I irk  b 

n v n 


K ■ r {C1Jn<koa)j;(kob>  - W'W'1 


where 


d;  • cij;*oa)^2)'kob)  - j„v)Hi2>,<kob>' 


(4.17a) 


+ j;(koa)j;<kob)  + T W’W”}  <‘-17b> 

o * 


- SI-*  J'(k  a)H(2)'(k  b)  + J-  J (k  a)H(2)(k  b)] 
n n o n o n n o n o 

o 


(4.18) 


•y 

Approximate  expressions  for  A’  and  B',  valid  if  k d « 1 and  I r»/n  |«  1 

n n o o 


as  we  assume,  are 


341-56 


A,  , [c  + 'I'JL-  (^0P0)j;(k0Po)Hi2),(k0Po)  (l-jJd/S1’1 

n 0 d 2 q 

B’  - -A'  -2=8-  («kp„)j:(kp„)  n ,?H77 
n n 2 oonoo  (1— j)d/o 

The  energy  shielding  ratio  for  this  polarization,  r^,  is  given  by 
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(4.19a) 


(4.19b) 


r '•  l |A'|2  [J'(k  a)2  + J (k  a): 
w **  n no  no 


1 - 


n 


k2a2i 

o 


+ t— — J (k  a) J ' (k  a)] 
k a n o n o 
o 


(4.20) 


12  2 

In  the  case  k a <<  1,  r'  “ (|A'|  + |A' | ),  and  we  obtain  an  approximate 

O W l.  O J. 

low-frequency  expression  for  r'  as 


i / nod 

= ± |c  + j -V-  v 


-2 


o (1-j )d/ 6 


k a<<l 
o 


nod 
+ |C  - j -2-8 


2kQPo  (1-j )d/6 


n 


(4.21) 


Curves  of  r^  as  a function  of  frequency  are  given  in  Figs.  4. 5-4. 7 for 

the  same  values  of  a,  d,  and  a used  in  the  curves  for  r calculated 

g w 

previously. 

It  will  be  noted  that  when  d/6  <<  1,  r + 1 as  k p 0 but  r'  -►  4 

w o o w 2 


as  k p 
o o 


0.  This  is  so  because  the  TE  electric  field  (which  is  normal 

to  the  cylinder  axis)  terminates  on  surface  charges  on  the  cylinder 

surface.  Thus  r^  contains  only  a contribution  from  the  internal 

magnetic  field,  while  both  electric  and  magnetic  fields  contribute  to 

rw>  One  will  also  note  from  eqs.  (4.13)  and  (4.21)  and  Figs.  4. 2-4. 7 

that  the  principal  "break  frequency"  for  both  and  r^  is  approximately 

l/ifu  p o d. 
o o g 
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3.  TIME-DOMAIN  SHIELDING 

In  the  frequency  domain  the  ratio  of  the  internal  magnetic  field 

H.  to  the  incident  magnetic  field  H.  is  readilv  shown  at  low 
int  ° me 

frequencies  to  be 


H.  . 
int 

H. 

me 


= [C  + j 


n a d 
-°  S 


k p 


o o (l-j)d/6 


-1 


(4.22) 


for  either  polarization.  We  now  construct  a Laplace  integral  for  the 
internal  field  as  follows  (the  incident  waveform  is  the  standard  EMP 
double  exponential) : 


H.  (t)  = yk  , 
int  n P 2ttj 

o o J 


<■  (JL 1_  est  ds 

r s+n  s+6  j—  g.nh  j—  + 2d  cogh  y— 

B d d p d 


(4.23) 


in  which  all  quantities  have  been  previously  defined.  Now  2d/pQ  <<  1 in 

the  cases  which  we  consider,  so  that  the  poles  of  the  integrand,  in 

addition  to  those  at  s = -a  and  s = -S,  are  approximately  located  at 
2 2 

s = -2d/p  r,  and  -n  n /r,  (n  > 1).  Thus  we  obtain  for  the  internal 
o d d — 

magnetic  field  the  approximate  expression 

-St 


H.  (t)  a [ 

int  Dono  /St , sin  /Si 


-at 


+ 2 (6-a)  t l 


^ax,  sm  vax, 
a a 

2 2./ 

n -n  " t/Td 


'd  , 2 2W,  2 2, 

n=l  (at,  - n it  )(8t,  - n tt  ) 
d d 


-(2d/p  r )t 

r # 1 c<t) 


(4.24) 


in  which  we  have  made  use  of  the  assumption  ax  , >>  2d/p  . This  assump- 

d o 

tion  is  easily  satisfied  in  the  cases  we  consider. 
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For  late  times,  the  dominant  contribution  to  H.  (t)  is  the  last 

int 

term  in  (4.24)  (cf.  ref.  [15]): 


H.  ft) 
int 


2Ad 

no 

o o 


1 

at . 


SV 


e-(2d/P0Td)t 


(4.25) 


A plot  of  vs-  c f°r  three  values  of  x^  is  shown  in  Fig.  4.8  . 

The  three  values  of  x^  chosen  correspond  to  thicknesses  d of  1,  2,  and  3 
4 -1 

mm  if  a = 1.5  x 10  mho  m and  u = y . The  radius  p is  taken  to  be 
g goo 

1 m in  each  case.  The  contribution  of  the  expression  in  (4.25)  at  late 
times  is  readily  apparent. 

Comparing  Fig.  4.8  with  Fig.  3.4,  one  will  observe  the  "integrating" 
or  "low-pass"  character  of  the  cylindrical  geometry  itself.  Thus  an 
incident  signal  is,  in  a sense,  doubly  low-pass  filtered  in  passing  into 
the  interior  of  a cylindrical  region  shielded  by  a conducting  shell. 
Contrasting  behavior  is  evidenced  by  screened  composite  structures,  which 
we  shall  consider  in  the  next  two  sections. 


The  reader  is  reminded  that  in  Cal  Comp  plots  such  as  Fig.  4.8,  the 
axis  labeling  is  such  that  the  exponential  factor  (in  this  case  10-2) 
is  to  be  associated  with  the  ordinate  values,  not  with  the  axis  label. 
Thus  the  maximum  ordinate  in  Fig.  4.8  is  0.0025. 
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The  screens  which  have  been  used  to  shield  boron-epoxy  composites 
are  not  generally  fine  enough  to  allow  the  unconcerned  use  of  the  thin- 
wire  approximation  which  is  basic  to  the  present  theory  of  wire-mesh 
screens.  We  shall,  therefore,  compare  the  results  of  our  main  analysis 
(which  is  based  upon  the  thin-wire  approximation)  with  the  results 
obtained  by  considering  the  limit  in  which  the  screen  is  replaced  by 
a conductor  with  a periodic  distribution  of  small  rectangular  apertures 
in  it.  Using  this  comparison  procedure,  we  can  then  establish  bounds 
on  the  behavior  of  "thick-wire"  mesh  screens. 

In  paragraphs  2 and  3 of  this  section,  we  formulate  the  problem  of 
plane-wave  scattering  by  a fine  wire-mesh  screen  in  the  surface  of  a 
dielectric  layer  of  finite  thickness.  An  equivalent  sheet  impedance  for 
the  screen  is  derived  in  paragraph  4,  and  the  fields  transmitted  through 
the  wire-mesh  composite  layer  are  considered  in  paragraph  5.  The  "per- 
forated screen"  model  is  discussed  in  paragraph  6 and  comparisons  drawn 
between  the  two  models. 

2.  FORMULATION  OF  THE  PROBLEM 


The  geometry  of  the  problem  is  shown  in  Fig.  5.1.  A dielectric 
layer  of  relative  permittivity  (which  may  be  complex)  and  relative 
permeability  1 is  located  in  the  region  0 <_  z <_  d.  A rectangular  grid 
of  conducting  wires  is  embedded  in  the  upper  (z=0)  surface  of  the  layer: 
wires  parallel  to  the  y-axis  are  located  at  x=pa  (p  « 0,+l,...)  and  wires 
parallel  to  the  x-axis  are  located  at  y * qb  (q  * 0,+l,...).  The  wire 
junctions  are  assumed  to  be  bonded.  The  wire  radius  r is  assumed  to  be 
small  in  comparison  to  the  spacings  a and  b and  to  the  wavelengths  in 
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Incident  Wave 


Z 


Figure  5.1.  Reflection  and  transmission  of  a plane  wave  by  a dielectric 
layer  with  embedded  wire-mesh  screen:  geometry  of  the 
problem 
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free  space  and  in  the  layer  material;  thus  the  wire  currents  are  purely 
axial  and  the  thin-wire  approximations  are  valid.  The  wire  impedance 
per  unit  length  is  given  by 


n I (t  r) 
7 . w o w 

w 2irr  I,  (t  r) 
1 w 


(5.1) 


in  which 


nw  = (J«ww/ow)' 


(5.2a) 


T * (join  O )J 
W W W 


(5.2b) 


and  Ow  denote  respectively  the  wire  permeability  and  conductivity,  and 

I (•)  denotes  the  modified  Bessel  function  of  the  first  kind.  The  time 
n 

dependence  is  assumed  to  be  exp (jut). 


The  region  outside  the  layer  is  free  space.  A plane  electromagnetic 
wave  is  incident  upon  the  layer  from  the  region  z<0.  The  incident  electric 
field  is  given  by 


E,  » E e 
inc  o 


, -Jko*r 


(5.3) 


in  which  r is  the  position  vector,  and 


k * k (a  sin0  cos$  + a sin0  sin$  + a cos0) 
oo  x y z 


(5.4) 


E * E a(a  cos0  cos<(>  + a cos0  sin$  - a sin0) 
o 00  x y z 

+ EQ(J((-ax  sin^  + ay  cos<(.)  (5.5) 

Eo0  and  Eq^  denote  respectively  the  amplitudes  of  the  0-polarized  and 
^-polarized  components  of  the  incident  electric  field,  0 and  <)>  are  the 


Incidence  angles  in  spherical  coordinates,  and  k * u/u  e , 

o o o 
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series  as  follows: 


The  wire  currents  I and  I are  expressed  in  terms  of  space-harmonic 
x y 
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Ix(y  - qb)  - e 


-jk  qb  ® . -jk  x 

y°  y i e 

m«-«  5011 


Iy(x  =*  pa)  = e 


-Ik  pa  “ 
J xor 


-jk  y 

l I e yn 
L yn 


(5.6a) 


(5.6b) 


I and  I denote  the  space-harmonic  components  of  the  currents  I and  I 
xm  yn  r x y 

respectively,  and 


k * k sin0  cos<}>  + 2wm/a 
xm  o 


k ■ k sin6  sin<f>  + 2irn/b 
yn  o 


(5.7a) 

(5.7b) 


The  electromagnetic  field  is  expressed  in  terms  of  a vector  function  *P 
as  follows: 

H - 7 x ? 


E = [77  + k2I]  • ? 


where  V * T a + ¥ a and 
xx  y y 


2-  2- 
71  + k.  f * 0 


(5.8a) 


(5.8b) 


(5.9) 


2 2 2 2 
with  k * k e and  t * e e for  0 < z < d;  and  k * k , e * e elsewhere, 
or  or  — — o o 

The  periodic  nature  of  the  wire  grid  indicates  that  the  various  field 
quantities  will  be  most  conveniently  expressed  in  terms  of  two-dimensional 
space  harmonic  series  as 

-jk  x -jk  y 

J vm  J im' 


CO  CO  _ 

F(x,y,z)  • l l Fmn(z)e 

id*-®  na~® 


xm  e yn' 


(5.10) 


We  thus  obtain  for  the  tangential  (x  and  y)  space-harmonic  components  of 
E and  H the  following  expressions: 
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E * -7-i-  P • ? 
tmn  j(*ie  mn  mn 


H * (a  x | ) 

tmn  dz  z mn 


(5.11a) 

(5.11b) 


in  which 


mn 


k2-k2 

xm 


-k  k 
xm  yn 


-k  k 
xm  yn 


i 2 >2 

k - k 

yn 


(5.12) 


= = 2 2 

In  the  dielectric  layer,  P * P,  , k = k e , and  e = e e ; elsewhere 

mn  dmn  or  or 

= = 2 2 

P » P , k = k , and  e = e . The  space-harmonic  components  of  the 
ran  oran  o o 

surface  current  density  due  to  the  currents  in  the  grid  wires  are 


smn 


-SI  +-21I 

b x ay 


(5.13) 


We  now  construct  appropriate  solutions  for  ¥ in  each  of  the  three 

mn 

regions  of  the  problem.  We  have 


1 k z -j  k z 

. „ g t zomn  , - J zomn 

-oo<z<0:  y = A e +7re 

mn  mn  mn 


0<z<d:  =B  cos  k , z + C sin  k , z 

mn  mn  zdran  mn  zdmn 


d<z<<»:  f *D  e 
mm  mn 


-jk  (z-d) 
J zomn 


(5.14a) 


(5.14b) 


(5.14c) 


2 222  2 2 22-- 
where  k * k - k - k and  k.  *ke-k  -k;A  -D  are 
zomn  o xm  yn  zdran  or  xm  yn  mn  mn 

vector  functions  of  m and  n to  be  determined;  and  if  represents  the 

mn 


incident  wave: 


it  ■ ju>e  6 S P ♦ E 
mn  J o m n omn  ot 


(5.15) 


6,  denotes  the  Kronecker  delta-function  and  E *(I-aa)*E 
k ot  z z o 

[cf.  eq.  (5.5)]. 
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We  are  now  in  a position  to  construct  the  boundary-condition  equations 

from  which  the  unknowns  A - D may  be  determined  in  terms  of  it  and 

mn  mn  mn 

S _ 

Jgmn . By  ensuring  continuity  of  tangential  E at  z = 0 and  z = d,  continuity 
of  tangential  H at  2 = d,  and  the  appropriate  discontinuity  of  tangential 
H at  z * 0,  we  obtain  the  following  system  of  equations: 


P • A - — P . • B - -P  • it 
o er  d 0 


~ cos  k d P . • B + — sin  k ,d  P.  • C - P • 5 = 0 
zd  d zd  d o 


kzd  Sin  k2dd  1 ‘ k cos  k,ad  C - jkM  D = 0 


zd  zd 


(5.16a) 


(5.16b) 


(5.16c) 


(5. 16d) 


We  have  dropped  the  (m,n)  subscripts  in  eq.  (5.16)  and  in  the  following, 
for  simplicity  of  notation.  They  will  be  reinserted  where  necessary  for 
clarity. 

It  is  sufficient  for  our  purposes  to  solve  eq.  (5.16)  for  A and  5. 
We  obtain,  after  some  tedious  but  straightforward  manipulations. 


A » F • (A  * it  + 


2jk  ^ * ds^ 
zo 


in  which 


D ■ F • (it  + ■=— — J )sec  k ,d 
2jkzo  s zd 


[”  + | t52  F1  * P,  + k2  e F1  • P )]-1 
2 (e  o d zd  r d oj 1 


(5.17a) 


(5.17b) 


A -f 


fr52-  F1  • P . - k2  e FT1  - P ] 
le  o d zd  r d oj 


(5.18a) 


(5.18b) 


r 
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Tt  <er  * » 

(5. 22d) 

r 

2 

1 + C k 

zo 

(5.22e) 

— Ce  - 1) 
e r 

(5.22f ) 

In  order  to  determine  the  still  unknown  wire  currents  and  thereby 
complete  the  solution  to  the  problem,  we  apply  the  boundary  condition  at 
the  wire  surfaces  that  the  component  of  E parallel  to  a wire  axis  is 
equal  to  the  wire  current  times  its  impedance  per  unit  length.  Since  the 
wires  have  been  assumed  to  be  thin,  it  suffices  to  apply  this  condition 
at  the  tops  of  the  wires,  i.e., 

Ex(x,qb,-r)  - zwxx(y  = qb)  (q  = 0,+l,...)  (5.23a) 

Ey(pa,y,-r)  - zwxy(x  * Pa)  (p  = 0,+l,...)  (5.23b) 

The  conditions  (5.23)  lead  directly  to  the  following  coupled  set  of 
equations ; 


-L-  y 

jwe  £ 


-jk  r 
J zomn 


2jk 

o n=-"  J zomn 


a • a * J -ZI 
x mn  smn  w xm 


- a • b • E „ 6 
x ot  m 


(m  ■ 0,+l, . . . ) 


(5.24a) 


-jk  r 
J zomn 


— . y ' 

jwe  L 21 k 
o m*-«  J zomn 


a • a • J - Z I 
y mn  smn  w yn 


-a  • b • E 6 
y ot  n 


(n  = 0,+l, . . . ) 


(5.24b) 


in  which 


a = P • F • r 
mn  omn  mn  mn 


(5.25a) 
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_ -jk  r _ jk  r 

f “ "f  zooo  , — zooo  x if_i 

b * P • (F  • A e +le  ) • P 

ooo  oo  oo  ooo 


Since  k r = k rcos0  < k r « 1,  we  have 
zooo  o — o 


EMP  3-38 


(5.25b) 


b = P • (F  • A + I)  • P_1 
ooo  oo  oo  ooo 


(5.26) 


Equations  (5.24)  can  now  be  solved  for  the  wire  currents,  and  the  solution 
to  the  problem  is  formally  complete.  We  address  the  problem  of  solving 


eq.  (5.24)  in  the  next  paragraph. 


3.  GRID  CURRENTS 


Equations  (5.24)  may  be  rewritten  as  follows: 


U I +7  VI  = R 5 (m  = 0,±1, , 

m xm  u mn  yn  o m 

n=-oo  } 


(5.27a) 


HI  +1  XI  = S 6 (n  = 0,±1,.. 

n yn  u mn  xra  on 

m=-°° 


(5.27b) 


in  which 


00 

U = Z - — J 

m w iwe  c 

o n=-» 


-jk  r 

jd.l)  e 2°mn 

mn  2 i k b 
zomn 


(5.28a) 


-jk  r 

, n . zomn 

V « _ -i a(1,2)  - 

mn  jue  . mn  2jk  a 
o'  J zomn 


i 00 

W - Z - -7= — I a 
n w jwe  L 


(2,2)  e 


r 


L mn  2jk  a 
o m*-“  zomn 


(5.28b) 


(5.28c) 


-jk  r 

X i a (2, 1)  e 

mn  ju>e  mn  2jk  b 
o J zomn 


(5. 28d) 
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R = E (b^*  ^cos0cos<)>  + b^’  2^cos0sini]>) 
o oo 


-r  E A(-b(1,1)sin4i  + b(1,2)cos<|>) 
o<p 


(5. 28e) 


S = E Q (b^2*^cos0cos<t>  + b^2,2^cos0sin<)>) 

O O0 


+ E (-b(2,1)sin4.  + b(2,2)cos<{.) 
o<p 


(5.28f ) 


i(1,1)  = af  [k2(l  + C k2  ) - k2  (1  + ? _zomn)] 
ran  fmn  o ran  zomn  xm  mn 


2 2 2 
+ bp  k k (1  + 5 k ) 
fmn  o yn  ran  zomn 


(5.29a) 


a(l,2)  _ a<2>1>  = _a  k k (1  + ? ZOm-n) 
mn  mn  fmn  xm  yn  mn  e 

r 


- b,  k2k  k (1  + 5 k2  ) 
fmn  o xm  yn  mn  zomn 


(5.29b) 


l(2,2)  - a [k2 (1  + 5 k2  ) - k2  (1  + £ --—)  ] 

mn  fmn  o mn  zomn  yn  mn  e 

r 


2 2 2 
+ b,  k k (1  + £ kz  ) 
fmn  o xra  mn  zomn 


(5.29c) 


b(lfl)  * i + a a,  + a,  b.  k2  + a.  b,  k2 
Xoo  foo  foo  Xoo  xo  Xoo  foo  yo 

bd,2)  = b(2,l)  = k k (a  b + a b ) 
xo  yo  foo  Xoo  Xoo  foo 


(5.29d) 


(5.29e) 


>(2, 2)  - 1 + a a + a b k2  + a b k2 
Xoo  foo  Xoo  foo  xo  foo  Xoo  yo 


(5.29f ) 


Equations  (5.24)  can  be  solved  numerically  for  I and  I ; however, 

xm  yn  ’ 

Hill  and  Wait  [19]  have  shown  that  in  the  case  where  the  dielectric  layer 
is  absent  (i.e.,  the  wire  grid  is  in  free  space),  convergence  of  these 
equations  can  be  extremely  slow.  They  found  that  by  incorporating  a 
Kirchhof f ' s-law  junction  condition  into  the  solution,  the  convergence 
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was  radically  improved.  Anticipating  a similar  difficulty  in  the  present 
situation,  we  shall  modify  eq.  (5.24)  by  incorporating  junction  conditions 
which  should  speed  the  solution. 

Consider  the  functions^ 


a 2tti  u n 

n=“0° 


g_  (x)  = 


00 

-a  r'  1_  -2jnwx/a 

2 L 2 e 

(2ir)  n—  n 


(5.30a) 


(5.30b) 


which  are  shown  in  Fig.  5.2.  f (x)  has  a unit  jump  discontinuity  at 

a 

x=0,  +a,...;  g (x)  has  a unit  discontinuity  in  slope  at  x=0,  +a, . . . 
a 

us  write  for  I (x,y  = qb)  and  I (x  = pa,y): 
x y 


Ix(x,y  = qb)  = e 


"jk  qb  -jkx 


[Af  (x)  + s g (x) 
ci  x a 


+ ? r e“2jm1Tx/a] 

^ VTT1 


(5.31a) 


-ik  pa  -ik  y 

t t \ xo  y° 

I (x  = pa,y)  = e e 


[-Afb(y)  + sygb(y) 


+ l V e~2*iny/h] 
L yn 
n=-<» 


(5.31b) 


The  parameters  A,  s , and  s are  still  to  be  determined;  it  will  be  noted, 
x y 

however,  that  Kirchhoff's  current  law  is  automatically  satisfied  at  the 
wire  junctions.  The  expressions  given  in  eq.  (5.31)  are  equivalent  to 


I - I"  - ^ (1  - 6 ) 

xm  xm  2njm  (2™) 2 m 


(5.32a) 


The  primes  on  the  summation  signs  in  eq.  (5.30)  and  elsewhere  indicate 
that  the  term  n*0  is  deleted. 
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I = V + 

yn  yn 


bs  1 

v 


2irjn  (2wn)2 


( 1 -6n) 


(5.32b) 


It  is  now  required  that  the  charge  density  on  each  wire  be  continuous 
at  the  junctions,  i.e., 


31 


3x 


31 


x=pa- 


3x 


(5.33a) 


x=pa+ 


31 

3y 


y=qb- 


31 

3y 


(5.33b) 


y=qb+ 


for  all  p,q.  The  conditions  of  (5.33)  are  obtained  from  the  continuity 


equation.  Imposing  these  conditions  yields  expressions  for  s and  s in 

x y 


terms  of  A: 


s = jk  A 
x J xo 


s = -jk  A 

y yo 


(5.34a) 

(5.34b) 


If  these  expressions  are  introduced  into  eq.  (5.32),  we  obtain 

r) 


. jk  a 

i = r - a (i-6  )hrT~  + xo 
xm  xm  m 2irjm  , ^ N2 


(5.35a) 


(2irm)’ 
jk  b 


I = I'  + A (1-6  ) ^ „ 

yn  yn  n l2irjn  ,0__^2 


(5.35b) 


(2irn) 


The  final  condition  to  be  imposed  is  that  the  charge  density  on  the 
"x-wires"  be  equal  to  that  on  the  "y-wires"  at  the  junctions.  This 
requirement  leads  to  the  condition 


31 


3x 


x=pa 

y*qb 


31 

3y 


(5.36) 


x=pa 

y=qb 


which  yields  the  equation  for  A: 


| 
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,2  u2  .2  2 n 

i kb  , k a , 

A (i  + . r.°-  > + I (i  + x°.  ) -1 

b U 12  ' a u 12  ; 


j J k V - } k I' 

*■  yn  yn  xm  xm 

n=-°°  m*-00- 


(5.37) 


This  last  condition  may  be  interpreted  physically  by  noting  that  it  implies 
no  potential  difference  between  the  wires  at  a junction.  Kontorovich  [4] 
used  a more  general  condition  than  (5.36)  to  include  the  effect  of  a 
finite  junction  impedance.  Inclusion  of  this  effect  in  our  analysis  can 
be  shown  to  modify  eq.  (5.37)  by  an  additive  term  c in  the  first  square 
brackets;  and 


Q = jwKZj 


(5.38) 


where  is  the  junction  impedance  and  K is  a proportionality  constant 
given  by 


K = - — (qx(x=pa,y=qb)  - q (x=pa,y=qb)] 

pq  y 


(5.39) 


is  the  junction  potential  difference  and  q^  and  q^  denote  respectively 

the  linear  charge  densities  on  the  "x-wires"  and  the  "y~wires."  It  is 

tempting  to  proceed  with  incorporating  this  junction  condition  in  our 

present  analysis.  However,  we  recognize  that  by  initially  formulating 

our  problem  with  the  x-wires  and  y-wires  coplanar,  the  solution  for  the 

currents  will  converge  to  the  result  for  which  no  matter  what  value 

of  ? is  initially  assigned.  Therefore,  we  shall  consider  only  the  bonded- 

junction  limit  in  the  present  work,  and  reserve  the  case  of  finite 

junction  impedance  for  further  study. 

Incorporating  eqs.  (5.35)  into  eq.  (5.27)  and  simplifying,  we  obtain 

a new  set  of  coupled  equations  for  the  "modified"  space  harmonics  I' 

xm 

and  I'  as  follows'*  together  with  eq.  (5.37),  we  have 
yn 
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u I"  + l V I'  - P A = R 6 (m  = 0, ±1, . . . ) 

m xm  u mn  yn  m o m 
n=-°° 


OO 

WI^+Txi'+QA=S6  (n  = 0,±1,...) 

n yn  u mn  xm  n on 
m=*-°° 


in  which 


i jk  a 

P - U -= + x°-5  (1  - 6 ) 

m ra  Zirim  .2  m 

(2mir) 

1 jk  b 

- y v -L_  + y° 

n=-°°  mn|_2lljn  (2mr)2_ 


jk  b 


Q = W -j^r-  + y9--?  (1  - 6 ) 

(2nir) 

°°'  f 1 jk  a 

_ V X -i—  + xo 

L mn  2Trjm  .2 

m=-°°  J (2rair) 


The  various  summations  required  in  the  evaluation  of  the  currents  can  l 
put  into  rapidly  convergent  form  by  adding  to  and  subtracting  from  eacl 
summand  its  dominant  behavior  for  large  values  of  the  summation  index, 
and  then  performing  the  sum  over  the  added  dominant  terms  in  closed 
form.  We  readily  obtain 


(5.40a) 


(5.40b) 


(5.41a) 


(5.41b) 


in  the  evaluation  of  the  currents 


U =z - — 

m w 2njuie 

o 


a 2„r/h  . a<2lU  -Jkzomor 

- *nU  - e-2"'*1)-1  - -?2 

2njwe  juie  2jk  b 

o o zomo 
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We  are  now  in  a position  to  calculate  the  wire  currents  in  a 
relatively  efficient  manner,  and  from  the  currents  to  construct  all 
the  field  quantities  of  interest  in  the  problem.  Our  principal  interest, 
however,  is  in  developing  a relatively  simple  characterization  of  the 
screen  embedded  in  the  surface  of  the  composite,  in  the  form  of  an 
equivalent  sheet  impedance.  This  problem  is  addressed  in  the  next 
paragraph. 


4.  EQUIVALENT  SHEET  IMPEDANCE  OF  THE  GRID 

In  this  paragraph  we  derive  an  equivalent  sheet  impedance  for  the 
wire  grid  embedded  in  the  surface  of  the  dielectric  layer.  The  relation 
which  we  seek  is 


Ek  = Z • J = Y • J 
too  s soo  s soo 


(5.44) 


which  relates  the  space-averaged  tangential  electric  field  at  the  grid 
to  the  space-averaged  surface  current  density  [cf.  eq.  (2.16)]. 

From  eqs.  (5.11a),  (5.14a),  and  (5.17a)  we  obtain 


E (z=0)  = P • (A  + 7T  ) 

too  jwe  ooo  oo  oo 

J o 


(P  • F • A + P ) • tt 

ooo  oo  oo  ooo  oo 


-r  secQ  P • F • T • J 
i.  ooo  oo  oo  soo 


(5.45) 


and  using  eqs.  (5.15)  and  (5.25), 


I (z*0)  = b • E sec9  a • J 

too  ot  2k2  00  so° 

o 


(5.46) 
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Now  substituting  eq.  (5.44)  In  (5.46),  we  have 


Z • J * b • E _ secQ  a • J 

s soo  ot  2 oo  soo 

2k 

o 


(5.47) 


The  system  of  eqs.  (5.27),  or  (5.37)  and  (5.40),  can,  in  principle  at  least, 
be  reduced  to  a system  of  the  form 


UI  + VI  = R 
xo  yo  o 


(5.48a) 


XI  + WI  = S 
xo  yo  o 


(5.48b) 


or,  equivalently, 


bU  aV  I /b  R 
xo  o 


bX  aW  I /a  S 
yo  o 


(5.49) 


b • E 


(5.50) 


and  defining 


bU  aV 


bX  aW 


(5.51) 


we  obtain 


Z • J - b • E 
g soo  ot 


Substituting  eq.  (5.52)  into  eq.  (5.47)  yields 


(5.52) 


Z * Z sec0  a 

3 8 2 c 


(5.53) 
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which  is  the  relation  required.  It  is  evident  that  the  problem  of  finding 


the  equivalent  transfer  impedance  Zg  has  been  reduced  to  determining  the 


impedance  Z^.  This  can  always  be  done  numerically,  of  course:  calculating 


the  currents  I and  I from  (5.37)  and  (5.40)  for  given  E „ and  E , 
xo  yo  6 o9  od> 


permits  the  evaluation  of  U,  V,  W,  and  X;  however,  we  recognize  that 
in  the  applications  we  have  intended  to  consider,  the  mesh  dimensions 
will  always  be  much  smaller  than  the  wavelengths  involved.  As  a 
consequence,  an  approximate  analytic  solution  can  be  obtained. 

The  approximate  solution  is  based  on  the  fact  that  in  the  low- 
frequency  limit,  the  system  of  equations  (5.40)  together  with  the 
auxiliary  condition  (5.37)  has  proven  to  converge  using  only  one  modified 


space-harmonic  in  I and  I (discussion  of  the  appropriate  numerical 
x y 


results  is  deferred  to  paragraph  7 of  this  section).  Therefore,  in 
this  limit,  we  have 


= U + k f P 
o xo  0 

(5.54a) 

= V - k f P 
oo  yo  o 

(5.54b) 

= X - k f Q 

OO  XO  0 

(5.54c) 

* w + k f Q 

o yo  xo 

(5.54d) 

in  which 


.2  V2 
k b 


.2  2 
k a 


<1  + jT2->+i<1  + ^t r”"1 


(5.55) 


Thus,  if 


Z 

Z 

sxx 

sxy 

Z 

Z 

syx 

syy 

(5.56) 


87 


' I 


EMP  3-38 


341-83 


then 


Z * Z b - 7= — l 
sxx  W jwe  Li 


-jk  r 
J zoon 


2jk 

o n*-“  zoon 


{a(1* 

[ on 


1) 


. k b ff-j^+jkyob — ]ad»2)l 

kxo  a fl27rjn  + (2im)2Jaon  / 
-jk 


-fk 

X°  V 


(1,2)  e 


zoon 


jk  b 


sxy  jme 


o n= 


on 


Z°—  ] 


2jk  l2irjn  ' .2J 

J zoon  J (2irn) 


-fk 


“ i k r 

°°>  / o i \ zomo  . jk  a 

7 = xo  r (2,1)  e ._1 xo  . 

'syx  jo>£  ‘ mo  2jk  l2irjm  7 

j J J zomo 


(5.57a) 


(5.57b) 


(5.57c) 


o m=-“ 


Z a - 


syy  w joje 


o m=-°° 


-jk  r 

e 20100  ( (2,2) 
2 j k ( amo 


(2Trm)‘ 


zomo 


- k 7 f \rr-r-  + 
yo  b zirjm 


jk  a 

J vrt 


a 1 . xo  , _ (2 


?-]a 
2 mo 


■u} 


(5. 57d) 


(2mir) 

In  obtaining  the  above  results  we  have  used  the  approximation 

exp(jkQr  cos0)  = 1.  In  order  to  simplify  the  results  of  eq.  (5.56) 

further,  we  take  the  limit  as  k a,  k b,  k,a,  k.b,  k a,  and  k b all 

o o d d xo  yo 

approach  zero,  retaining  only  terms  of  first  order  in  the  final  results. 
We  obtain,  after  some  tedious  manipulation. 


k b 

Z * Z b + jn  L-. 

sxx  w o 2tt  lb 


H f k k 

Z * - -2 *°  y°  t 

sxy  2*k  2b 

o 


i)  f k k 

z „ - _2 xo  yo 

syx  2irk  2a 

o 


kbk  ,, 

k 

o 


2b 


(5.58a) 


(5.58b) 


(5.58c) 


88 


341-84 


Zsyy  = V + jno  2 V~  Lla  " jno  IT"  (1  + ^)L’ 


b 2a 


EMP  3-38 


(5. 58d) 


in  which 


® -2nirr/q 

l 6 


lq  n=l  n 


£n(l 


_ e-2Trr/q)-l 


00  -2nirr/q  1 + t /e 

L-  = ? Z r ™L_JL 

2q  L 


n=l 


1 + ^ t (e  + — ) 
2 nq  r e ^ 


] 


, ,2nird. 

t = tanh  ( ) 

nq  q 


(5.59a) 


(5.59b) 


(5.59c) 


where  q = a or  b. 

Let  us  now  consider  the  eigenvalues  of  the  impedance  matrix  Z for 

s 

the  case  of  a square  mesh,  a=b.  It  is  easy  to  show  that  the  two  eigenvalues 
Z^  and  Zg2  are  given  by 

Ir  a 

-2irr/as-l 


k ci 

Zsl  = V + jn0(2^~)Jln(1  " e 


l) 


Zs2  " Zsl  ~ J"o<5T>  ~T~  L2a 

2k 

o 


(5.60a) 


(5.60b) 


2 2 2 2 2 

where  kfco  * kxQ  + k^Q  = kQsin  9.  Consideration  of  the  eigenvalue  equation 


(Zc  ~ • J = 0 

s si  soo 


for  i - 1,2  reveals  that 


for  Z * Z , : 
s si 


for  Z - Z 
s s2 


k • j * 0 

to  soo 


k x J » o 
to  soo 


(5.61) 


(5.62a) 


(5.62b) 


where  ktQ  = k^a^  + k^a^.  The  conditions  of  eq.  (5.62)  are  immediately 
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recognized  as  those  corresponding  to  perpendicular  and  parallel  polarization 
respectively;  therefore 

Z = Z’  = 1/Y’  (5.63) 

sis  s 

is  the  equivalent  sheet  impedance  for  a perpendicular-polarized  field, 
and 

Z , = Z"  = 1/Y"  (5.64) 

sZ  s s 

is  the  equivalent  sheet  impedance  for  a parallel-polarized  field. 

Several  features  of  these  results  are  worthy  of  some  discussion. 

These  are: 

(a)  Z.'s  and  Z^'  (or  Y^  and  Y^)  are  isotropic,  i.e.,  they  do  not  depend 
upon  the  angle  <p . This  result  is  not  surprising,  since  a bonded 
wire  mesh  in  free  space  is  known  to  behave  isotropically  [4,19] 
at  low  frequencies. 

(b)  Z'  and  Z"  are  not  equal  except  when  £ =0;  thus  the  wire  mesi. 

s s to 

is  fundamentally  different  from  a simple  surface  admittance 
layer  in  this  respect. 

(c)  Z^'  is  dependent  upon  k£Q,  so  the  wire  mesh  is  spatially 
dispersive.  This  result  also  agrees  with  the  known  results 
for  the  wire  mesh  in  free  space. 

(d)  z's  depends  upon  and  d.  Physically,  this  occurs  because  for 
parallel  polarization  a normal  component  of  electric  field  is 
present  which  penetrates  the  dielectric  layer.  The  real  impor- 
tance of  this  result  is  that  the  behavior  of  the  grid  depends 
upon  its  surroundings.  As  a consequence,  the  total  behavior 

of  the  grid  and  the  dielectric  layer  cannot  be  found  by 
considering  these  components  separately. 
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(e)  The  function  L^a  is  bounded  as  follows: 

„ ,,  -2irr/as-l  , 2 „ ,,  -2Trr/aN-l 

An(l  - e ) > L2a  > --  ■ An(l  - e ) 

r 

The  upper  bound  follows  from  setting  = 1 and/or  d * 0 in 
(5.59b);  the  lower  bound  follows  from  letting  d/a  become  large 
in  that  equation. 

(f)  With  regard  to  the  observation  made  in  5 above,  it  must  be 

emphasized  that  |er|  cannot  be  too  large,  since  the  condition 

(k,a/2ir)  <<  1 must  hold  in  order  for  our  approximate  analysis 
a 

to  be  valid. 

The  thickness  of  the  dielectric  layer  can  be  simply  accounted  for 
by  defining  an  equivalent  relative  permittivity  £eqr  as  follows: 


2 ,,  -2irr/a.-l  , 

e = j An(l  - e ) - 1 

eqr  L2a 


(5.65) 


ee^r  will  depend  upon  d/a,  er>  and  (weakly)  upon  r/a;  and 


k (1  + e ) 
o eqr 


]»„(!  - e'2’^3)*1 


(5.66) 


where  1 < e < e . We  have  calculated  curves  of  e vs.  d/a  for 
— eqr  — r eqr 

various  values  of  and  r/a;  the  results  are  shown  in  Fig.  5.3.  It 

is  evident  from  these  numerical  results  that  when  d/a  is  greater  than 

unity,  e = e ; and  since  this  is  the  situation  which  normally  prevails 
eqr  r 

in  wire-mesh  composite  applications,  we  shall  set  in  the 

remainder  of  this  Note. 

A generalization  of  this  result  is  obvious:  if  a wire  grid  is 
embedded  between  two  dielectric  layers  of  relative  permittivity  and 
er2  and  the  thicknesses  of  both  of  the  layers  exceeds  a,  then  the  equiva- 
lent surface  transfer  impedances  of  the  grid  will  be  simply 
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Z’  - Z a + An(i  . e-2irr/a}-l 

s w 2ir 

juu  a 


Z"  - Z a + 


s w 2ir 


° ind  - e-2”^)'1  [1  - 


to 


ko(6rl  + er2> 


-1 


(5.67a) 

(5.67b) 


The  physical  reason  behind  these  results  is  simply  that  the  reactive  field 
of  the  wire  grid  decays  exponentially  in  the  directions  normal  to  the 
grid  as  exp (-2x | z | /a) ; and  if  the  layer  boundaries  are  sufficiently  far 
removed  from  the  grid,  these  boundaries  are  not  "felt"  by  the  reactive 
field. 

It  is  convenient  to  express  the  equivalent  sheet  impedance  for  a 
square  mesh  in  dyadic  form  as 


Zs  = ZslX  + Zs2 


<-^toX-j'kto> 

k2 


(5.68) 


or  in  dyadic  operator  form  as 


7 V 

= * = » £ £ 
Z - Z .1  + z , 
s si  s2  . 2 


(5.67) 


in  which 


. k a 

Z ,•  Z a + jri  L. 

sl  w J 1 


o 2*  la 


» k a 

Zs2  * Jno  47-  L2a 


(5.70a) 


(5.70b) 


and  denotes  the  transverse  or  surface  del  operator.  The  eigenoperators 
for  perpendicular  and  parallel  polarization  are  then  given  by 


Z'  - Z . 
s si 


Z"  » Z , + Z „V  /k 
s si  s2  t o 


(5.71a) 

(5.71b) 
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We  have  used  the  fact  that  V£  is  equivalent  in  the  space  domain  to  -jk 
in  the  Fourier  spectral  domain  to  construct  the  result  (5.69)  from 
(5.68)  and  (5.71b)  from  (5.67b).  Curves  of  Z^  = Rg  + jXs  are  shown 
plotted  as  functions  of  frequency  for  typical  screen  parameters  in 
Fig.  5.4. 

In  the  next  paragraph  we  shall  consider  the  problem  of  transmission 
of  a plane  electromagnetic  wave  through  a planar  layer  of  the  wire-mesh 
composite,  using  the  equivalent  sheet  impedance  Zg  which  has  been  developed 
in  this  paragraph. 

5.  THE  TRANSMITTED  FIELD 

Having  developed  an  equivalent  sheet  impedance  operator  to  characterize 
the  wire-mesh  screen,  we  may  make  use  of  the  boundary-connection  formalism 
developed  in  Section  II  to  solve  the  problem  of  transmission  of  a plane 
electromagnetic  wave  through  a planar  wire-mesh  composite  shield'.  The 
boundary  connection  relation  for  our  problem  is  (cf.  eq.  (2.19)) 


in  which 


Et(0-) 

n0Ht(°-> 


Mtll 

Mtl2 

"t21 

**t22 

Et(d+) 

\Vd+) 


(5.72) 


I cos  k ,d 
zd 


(5.73a) 


Mtl2  * - — U sin  k d (5.73b) 

r 

+We  could,  of  course,  calculate  the  transmitted  field  directly  from  the 
analysis  in  paragraph  2 of  this  section.  However,  in  the  frequency  range 
of  interest  for  EMP  studies,  the  approach  based  on  the  equivalent  Z is 
much  simpler.  s 


(ohms) 


O.IO  0.12  0.15x10 


X.(ohms) 


98 


341-94 


EMP  3-38 


Now  carrying  out  an  analysis  similar  to  that  done  in  Chapter  III, 
we  obtain  for  the  transmission  coefficients  T'  and  T"  the  expressions 


f n . jk  d y 

t'  = l1  + [T  (zs)  + ~T~  (er“1)]sec9/ 


i-l  -jk  d cos6 
' o 

e 


(5.76a) 


( i jk  d 

r"  - jl  + (er-l)]cos0 


jk  d 
+ sin 


~ . . ^-1  -jk  d cos0 

0(1  - ^-)[sec0  + e ° (5.76b) 


o s 


to  first  order  in  (kQd).  It  is  clear  from  eq.  (5.76a)  that  for  perpendi- 
cular polarization,  the  equivalent  sheet  admittance  for  the  wire-mesh 
composite  layer  is 


. jk  d 

Y'  = (Z')_i  + -2-  (e  -l) 
s,eq  s n r 


(5.77) 


which  is  in  agreement  with  the  result  given  earlier  in  eq.  (2.31).  For 
parallel  polarization  the  "equivalent"  sheet  admittance  is 

jk  d 

Y"  = (Z")  + — — (e  -1) 

s,eq  s'  n r 


+ sin20  sec©(l  - — )[sec0  + n (Z")-1] 

no  er  o s 


(5.78) 


The  equivalent  sheet  admittances  given  above  can  be  substantially 
simplified  if  we  restrict  our  attention  to  realistic  screen  parameters 
and  the  EMP  frequency  range.  For  example,  a screen  with  a * 0.635  mm 
(40  x 40  meshes  to  the  inch)  made  of  stainless-steel  wire  (conductivity 
1.1  x 10^  mho  m ^)  of  radius  0.05  mm  yields  a value  of  In  (Z')  greater 

'OS  1 

3 

than  3 * 10  . Thus  we  may  neglect  terms  proportional  to  kQd;  and 


Y'  * (Z')*1 
s,eq  s' 
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I ' 


Y" 

s,eq 


(5.80) 


It  is  therefore  apparent  that  the  screened  composite  layer  is  essentially 
equivalent  to  the  screen  alone,  insofar  as  its  behavior  as  a shield  is 
concerned.  It  should  be  noted,  however,  that  the  effect  of  the  dielectric 
layer  does  indeed  enter  the  results,  in  that  Z"  depends  upon  the  relative 

• If 

permittivity  of  the  layer.  We  give  explicit  expressions  for  Yg’e^ 
for  plane  waves  below: 


Y',  * [Z  a + 

s , eq  w 


'’“U°a  , n -2irr/a.-l,-l 
— *n(l  _ e ) J 


(5.81a) 


Y" 

s,eq 


|Z,a  + ^ End  - S-2",a)-‘(l  - 

r 


(5.81b) 


2 2 2 
For  fields  other  than  plane  waves,  sin  0 should  be  replaced  by  kto/kQ. 

The  transmission  coefficients  T*  and  T"  are  given  approximately  by 


T*  a e 


-jk  d cos0 


2cos0 

2cos0  + n (Z’)"1 
o s 


(5.82a) 


-Ik  d cos0 
T»  * e ° 


2sec0 

2sec0  + n (Z")*1 
o s 


(5.82b) 


These  very  simple  expressions  will  quickly  yield  numerical  values  for  the 
frequency-domain  transmitted  field.  Some  representative  curves  of  the 
magnitudes  of  T’  and  T"  as  functions  of  frequency  for  various  angles  of 
incidence  are  shown  in  Figs.  5. 5-5. 8. 

The  problem  of  transmission  of  a transient  EMP  signal  through  the 
wire-mesh  composite  layer  is  of  interest  and  may  be  easily  attacked. 

For  simplicity,  we  shall  assume  that  Z ^ * (irr^)-1,  i.e.,  that  the  screen 
wires  have  radii  small  in  comparison  to  the  skin  depth  over  the  frequency 
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Figure  5.6a.  |t' | vs.  frequency;  a * 0.625  mm,  r = 0.127  mm, 

a - 1.1  x 106  mho  m'1;  9=0°,  30°,  60° 


■■■ 


MflG  (T) 

10"6  2 3 4 5 6 7 89  1 0-5  2 3 4 5 6 789,10"*  2 3 4 5 6 789.10" 


341-100 


EMP  3-38 


CO 


e = o° 

30° 

60° 


a = 0 . 

.212 

mm 

r = 0. 

.051 

mm 

c = 1 . 

1 X 

10* 

w 

£ — 1 • 

0 

I 1 — l i i i 1 1 1 1 1 — f T r i 1 1 f) 1 — i i i 1 1 1 1 1 1 — i i i i 1 1 1 1 1 — i— i Mini 1 — r-x  r rr 

102  103  10*  10s  106  107 

FREQUENCY  (HZ) 
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105 


MflG  (T) 


341-102 


EMP  3-38 


lO4  10s 

FREQUENCY  (HZ) 


Figure  5.7c.  |T"|  vs.  frequency;  a = 0.212  mm,  r = 0.051  mm, 
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range  of  interest.  This  assumption  will  be  reasonably  valid  over  most 
of  the  frequency  range  occupied  by  an  EMP  signal,  and  will  lead  to  a 
relatively  simple  analytical  expression  for  the  transmitted  field.  Setting 
up  a Laplace  integral  for  the  transmitted  fields  E^(t)  and  E't'(-r),  we 
easily  obtain 


f II 

E ’ (t) 


Ae 


-ax 


t M 

Y * - a 


I !»  I ff 

5 ’ + y ’ - a 


- Ae 


-Bt 


i ii 

Y * - 6 


i it  i ii 

«’  + Y ’ - BJ 


- Ae 


• it  i ii 

-(«  ’ + Y ’ >T 


6 » (B-a) 


i it  t ft  t i|  t »i 

(6  * + Y ’ - ot)(6  * + y ’ 


- B) 


(5.83) 


in  which  A,  a,  and  B have  been  previously  defined,  and 


Y' 


2 


V 


w 


^ 2 

2n(l-e~2irr/a)_1 


Y 


it 


Y'(l 


sin20  . -1 

1 + e ' 
r 


(5.84a) 


(5.84b) 


6' 


xc  secO 

. ,,  -2irr/a.-l 
a Hn(l-e  ) 


6" 


6'cos  0(1 


sin20  .-1 
1 + e ’ 


(5.84c) 


(5.84d) 


r 

Now  for  angles  of  incidence  not  too  close  to  90°,  6'  and  5"  are  large 
in  comparison  to  a,  6,  y'»  and  y"*  Therefore,  an  approximate  expression 
for  the  transmitted  field  is 


» ii  « ii  a 


_o|  e-(5  ’ + Y * )T 

T-0 


(5.85) 
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in  which  Eq(t)  is  given  in  eq.  (1.1).  The  factors  y'/6'  and  y"/<5"  are 


given  by 


il 

5' 


2a 


COS0 


(5.86a) 


ir  n r a 
o w 


II. 

6" 


2a 


2 

ir  n r o 
o w 


seed 


(5.86b) 


Note  that  the  quantity  irr  o^/a  plays  the  same  role  in  these  expressions 


as  does  the  quantity  a^d  in  related  formulas  for  the  graphite  composite 


cise.  Curves  of  £t(”0  vs.  t at  normal  incidence  are  shown  for  two 


representative  cases  in  Figs.  5.9  and  5.10. 

The  shapes  of  the  Et(?)  curves  of  Figs.  5.9  and  5.10  can  be 
understood  readily  in  terms  of  the  "differentiating"  or  high-pass  charac- 
ter of  the  bonded  wire-mesh  screen.  The  sheet  impedance  of  the  screen 
comprises  both  resistive  and  inductively  reactive  components,  and  thus 
increases  in  magnitude  with  increasing  frequency.  The  effect  of  this 
behavior  on  the  transmission  coefficient  in  the  frequency  domain  is 


evident  in  Figs.  5.5  through  5.8:  configurations  with  a w ■ 1.1  * 


10^  mho  m 1 yield  values  of  | T * | and  |T"|  which  are  nearly  constant  with 


respect  to  frequency  over  the  range  of  interest,  and  the  sheet  impedance 

,7 


is  primarily  resistive.  Increasing  the  wire  conductivity  to  3.72  x 10 
-1 


mho  m decreases  the  resistive  component  of  the  sheet  impedance,  making 
the  reactive  component  relatively  more  important.  For  the  two  mesh 
size/wire  radius  combinations  considered,  the  transmission  coefficient 
at  low  frequencies  is  higher  for  the  case  a * 0.212  mm,  r * 0.051  mm  than 
for  the  case  a ■ 0.635  mm,  r ■ 0.127  mm,  as  a consequence  of  the  fact 
that  the  second  configuration  contains  more  metal  per  unit  area,  even 
though  the  mesh  size  is  larger.  On  the  other  hand,  the  inductive  reactance 


■i 


* 

i 
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of  the  0.635/0.127  configuration  is  larger  than  that  of  the  0.212/0.051 
mesh,  for  equal  wire  conductivity;  the  magnitude  of  the  transmission 
coefficient  for  this  case  is  correspondingly  greater  at  higher  frequencies. 

The  effect  of  this  behavior  on  the  time-domain  transmitted  electric 
field  is  evident  in  Figs.  5.9  and  5.10.  The  0.212/0.051  mesh  yields 

-12 

an  £t("0  response  which  is  nearly  independent  of  up  to  t = 5 * 10 
sec;  this  early-time  behavior  is  principally  a result  of  the  inductive 
reactance  of  the  sheet  impedance.  At  later  timefe  the  resistive  component 
of  the  sheet  impedance  exerts  the  dominating  influence  on  the  transmitted 


field. 


The  0.635/0.127  mesh,  on  the  other  hand,  yields  a much  higher 

amplitude  for  the  transmitted  field  at  early  times  (again,  up  to  t = 5 * 

-12 

10  sec,  the  response  is  nearly  independent  of  o ) as  a consequence  of 

its  larger  inductive  reactance.  The  late-time  amplitude  is  again  dominated 

by  the  resistance  of  the  screen,  although  some  undershoot  is  apparent 
-9 

for  t > 2 x 10  sec  for  the  case  of  the  larger  wire  conductivity. 

The  most  interesting  comparison  to  be  made  among  the  four  curves 

presented  is  that  between  the  two  higher-conductivity  cases.  The  finer 

2 

mesh,  even  though  its  equivalent  conductivity- thickness  product  irr  a^/a 
is  smaller  by  a factor  of  2 than  that  of  the  larger  mesh,  yields  a 
smaller  transmitted  field.  This  observation  leads  one  to  conclude  that 
the  conductivity-thickness  product  alone  cannot  be  used  as  a measure  of 
the  effectiveness  of  mesh  shields.  The  time-domain  behavior  of  the 
incident  fields  must  also  be  taken  into  account;  in  fact,  an  interesting 
problem  for  further  study  would  be  to  design  a screen  to  yield  minimum 
transmitted  field  under  a given  set  of  constraints. 
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One  should  also  compare  the  curves  in  Figs.  5.9  and  5.10  with 
those  in  Fig.  5.A  for  the  planar  graphite  composite  layer.  The  pulse 
shapes  have  already  been  discussed.  Of  interest,  however,  is  comparing 
the  peak  transmitted  electric  field  amplitudes  for  the  two  types  of  com- 
posite. For  example,  a 2 mm  thick  graphite  panel  of  conductivity  a = 1.5  x 

4 -1  -5 

10  mho  m yields  a peak  transmitted  electric  field  amplitude  of  9.7  « 10  ; 

the  0.635/0.127  mesh  yields  a peak  value  of  45  * 10  and  the  0.212/0.051  mesh, 

15  x 10  The  screened  panel  would  thus  seem  generally  to  be  a poorer 

shield  than  the  graphite  panel,  at  least  at  early  times.  We  will  return  to 

this  type  of  comparison  in  the  next  section. 

6.  THE  PERFORATED  SCREEN  MODEL  FOR  A WIRE  MESH 

In  this  paragraph  we  briefly  consider  the  problem  of  transmission  of 
a plane  electromagnetic  wave  through  a periodic  square  array  of  square 
apertures  in  a perfectly  conducting  plane,  in  order  to  compare  the  results 
to  those  previously  obtained  for  the  wire  mesh.  Our  purpose  is  to  gain 
some  insight  into  the  behavior  of  the  mesh  screen  when  the  assumption 
r/a  <<  1 does  not  apply  and  the  thin-wire  approximation  breaks  down. 

Let  the  screen  be  in  the  surface  z=0  and  let  the  apertures  be  square 
of  side  length  h and  centered  at  (x  * (m  + l/2)a,  y = (n  + l/2)a)  for 
-®  < m,n  < °°.  The  geometry  is  shown  in  Fig.  5.11.  It  is  well  known 
(cf.,  e.g.,  [20])  that  an  electrically  small  aperture  in  a conducting 
screen  can  be  modeled  in  terms  of  equivalent  electric  and  magnetic 
dipoles.  We  therefore  consider  the  electromagnetic  field  radiated  by 
a planar  array  of  electric  and  magnetic  dipoles  in  free  space  located 
at  (x  * (m+l/2)a,  y * (n+l/2)a,  z*0) . The  electric  and  magnetic 
dipole  moments  are  assumed  to  be  given  by 
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pg(x  = ma  + a/2,  y “ na  + a/2)  = Peozaze 


-jk  a(tn+l/2) 

— YO 


-jkyQa(n+l/2) 


(5.87a) 


p (x  * ma  + a/2,  y = na  + a/2)  = p e 
m mo 


-jk  a(m+l/2)-jk  a(n+l/2) 


(5.87b) 


in  which  pg  denotes  the  electric  dipole  moment  and  p^  denotes  the  magnetic 

dipole  moment,  p and  p are  constants;  furthermore  p = p a + 
eoz  mo  rmo  mox  x 


p a . 
moy  y 


When  the  period  of  the  array  a is  very  small  in  comparison  to  the 
free-space  wavelength,  the  radiated  electric  field  is  easily  shown  to  be 


i k p 

_ 1 , xoreoz 

E = — x ( p 

x 2 2 we  “moy 


-jk  x-jk  y-ik  z 
. xo  J yoJ  J zo 
p )e  1 


(5.88a) 


. k p -jk  x - jk  y - jk  z 

E = (-y°  ..eo2  + p )e  xo  y° 

y 2a2  id£q  Hmox 


(5.88b) 


i , o o -jk  x-jk  y-jk  z 

E = — | [k  P - k p - JL_  (k2  + k2  )]e  x°  y°  20 

z 2a2k  xormoy  yormox  2u)e  xo  yo 
zo  ° 


1 


(5.88c) 


2 2 2 2 

in  the  region  z > 0;  also,  k * k - k - k 

zo  o xo  yo 


Now  the  dipole  moments  p and  p are  given  in  terms  of  the  fields 

so  z mo 

Ezo  and  which  would  exist  in  the  plane  z=0  if  the  apertures  were 


closed  by  the  relations 


p ■ jwe  a E 
eoz  J o e zo 


p m — 1ti>u  a H 
Mno  J Mo  m to 


(5.89a) 


(5.89b) 


in  which  og  and  denote  respectively  the  electric  and  magnetic  polariz- 


120 


341-116 


EMP  3-38 


abilities  of  the  apertures.  Latham  [20]  has  calculated  these  polariz- 
abilities; his  results  are 

.3 


a /a' 
e 


a /a' 
m 


0.114  (h/a)- 
1 + 0.104 (h/a) ’ 

0.260  (h/a)3 


(5.90a) 

(5.90b) 


1 - 0.l85(h/a) 

Let  us  now  assume  that  a perpendicularly  polarized  plane  wave  is 


incident  upon  the  perforated  screen  from  the  region  z<0.  Then  E and 


H are  given  by 
to 


E = E' 
zo  zo 


(5.91a) 


-2E' cos0 


H = H' 
to  to 


(a  cos<£  + a sin<j>) 
x y 


(5.91b) 


in  which  E^  denotes  the  electric  field  amplitude  in  the  incident  wave; 

furthermore,  k = k sin9  cos<i,  k = k sin9  sin<J>,  and  k = k cos9,  in 
xo  o yo  o zo  o 

which  9 and  <J>  are  the  incidence  angles.  The  transmitted  electric  field 
amplitude  is  now  easily  shown  to  be 


E'  “ jk  acos9(a  /a  )E' 

trans  J o m o 


(5.92) 


When  a parallel-polarized  plane  wave  is  incident  upon  the  screen. 


the  fields  E and  H are 
zo  to 


E = E"  = -2E"  sin9 
zo  zo  o 


(5.93a) 


2E" 

H * H"  = — — (-a  sin6  + a cos$) 
to  to  n x y 


(5.93b) 


where  E^'  denotes  the  electric  field  amplitude  in  the  incident  wave.  The 
transmitted  electric  field  amplitude  is 


E"  * jk  a sec9(a  /a^)[l  - (a  /a  )sin^9]E" 
trans  J o m ' e m o 


(5.94) 
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Now  let  us  compare  the  expressions  given  in  eqs.  (5.92)  and  (5.94) 
with  those  obtained  for  the  electric  field  transmitted  through  a perfectly 
conducting  wire  mesh  screen,  in  the  low-frequency  limit.  We  have,  from 
the  results  obtained  in  the  previous  paragraph, 

E'  * jk  a cos0  - *n(l  - e~2irr/a)-1  E’  (5.95a) 

trans  J o it  o 

E"  * jk  a sec0  - «.n(l  - e_2irr/a)-1(l  - ^ sin20)E"  (5.95b) 

trans  o it  l o 

Examining  eqs.  (5.92)  and  (5.95a)  for  E^rans>  we  see  that  the  expressions 

— in(l-e  2ltr^a)  and  a /a2  (cf.  eq.  (5.90b))  are  to  be  compared.  We 
it  m 

shall  compare  them  on  the  basis  of  equal  optical  coverage  by  letting 

h = a-2r.  The  two  expressions  are  shown  as  functions  of  r/a  in  Fig. 

5.12.  The  wire-mesh  model  factor  is  always  larger  than  the  perforated- 

screen  factor;  the  former  is  accurate  in  the  limit  r/a  ■+  0,  and  the 

latter  is  accurate  in  the  limit  r/a  -►  0.5.  It  is  clear  that  the  wire 

mesh  model  overestimates  the  transmitted  field  amplitude,  and  therefore 

underestimates  the  induced  currents  on  the  screen,  for  values  of  r/a 

which  are  not  very  small  in  comparison  to  unity. 

Examining  eqs.  (5.94)  and  (5.95b)  for  E^rans » we  see  t'iat  the  relevant 

comparison  is  between  the  constant  factor  0.5  for  the  wire-mesh  model  and 

the  ratio  ot  /a  for  the  perforated-screen  model.  This  ratio  is  shown  as 

e m 

a function  of  r/a  in  Fig.  5.13.  It  is  apparent  that  the  mesh  model 

2 

overestimates  the  importance  of  the  "sin  0"  term  in  the  transmission 
coefficient  for  parallel-polarized  fields.  The  reason  for  this  is  probably 
the  use  of  the  thin-wire  approximation  in  the  analysis  of  the  mesh  model. 

In  effect,  the  equivalent  permittivity  of  the  mesh  for  electric  fields 

normal  to  the  plane  of  the  mesh,  caused  by  induced  line  dipole  moments 
on  the  wires,  has  been  ignored.  It  is  clear  from  our  earlier  analysis 
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of  the  effect  of  a dielectric  environment  on  the  wire  mesh  that  including 

2_n 


these  line  dipole  moments  would  decrease  the  coefficient  of  the  "sin  6' 
term  and  thereby  improve  the  accuracy  of  our  approximate  solution  for 


the  sheet  impedance  operator  Zg.  This  aspect  of  the  problem  would  seem 


worthy  of  further  study. 
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7.  NUMERICAL  COMPUTATION  OF  GRID  CURRENTS 


The  equations  (5.37)  and  (5.40)  can  be  solved  for  the  modified 


current  harmonics  I'  and  I'  by  means  of  the  procedure  outlined  in  this 
xm  yn 


paragraph.  We  begin  by  substituting  eq.  (5.37)  into  eq.  (5.40),  thereby 
eliminating  the  variable  A from  further  consideration  and  yielding 


oo  „ 00  „ 

y (U  6 + ^ Pk  )I'  + y (V  - ^ p k )I'  = R 5 

^ m inn  2 m xn  xn  L mn  2 mynyn  o 
n=-oo  n*-» 

00  00 

y (X  - CLk  ) I*  + y (w  5 + Q k )I'  = S 6 

L nm  2 i xn  xn  u mmn  2 m yn  yn  o 


m 


(5.95a) 


n*-oo 


(5.95b) 


m 


as  the  coupled  sets  of  equations  for  I'  and  I'  . , Also, 

xn  yn 


.2  K2 

k b 


.2  2 

In  w * K 3,  • 

+ ■■^— ) + (i+  xo  -)]'1 

lb  '2  24  } k2  24  n 


(5.96) 


Now  define  matrices  M , M , M , and  M such  that 

xx  xy  yx  yy 


(M  ) - U 6 + ^ P k 

xx  mn  m mn  2 m xn 


(M  ) « V - ^ P k 

xy  mn  mn  2 m yn 


+ ia* 
2 

jqa 
2 

_ l3£ 


(M  ) - X -Jf  Qk 

yx  mn  nm  2 i xn 


(M  ) = W 5 + q k 

yy  mn  m mn  2 m yn 


(5.97a) 

(5.97b) 

(5.97c) 

(5 . 97d) 


and  let  I’  and  V denote  the  modified  space  harmonic  current  vectors, 
x y 


Finally,  let  Rq  and  Sq  denote  the  "driving"  vectors;  these  each  possess  only 
a single  nonzero  element.  Then  the  coupled  equations  (5.95)  may  be  written 


M • I'  + M • !'  * R 
xx  x xy  y o 


M 


yx 


!'  + m • i'  = s 

x yy  y o 


(5.98a) 

(5.98b) 
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This  system  is  readily  solved  for  and  I \ We  obtain 


where 


?’  - 

N 

• R - 

N • S 

(5.99a) 

X 

xr 

0 

XS  0 

_ 

1'  - 

N 

• R - 

N • S 

(5.99b) 

y 

yr 

o 

ys  o 

N 

(m-1  • 

M 

- M*1 

• M )-1  • 

M 1 

(5.100a) 

xr 

xy 

XX 

yy 

yx 

xy 

N = 

(M-1  • 

M 

- m-1 

• M )-1  • 

r1 

(5.100b) 

xs 

xy 

XX 

yy 

yxy 

yy 

N - 

(M-1  • 

M 

- FT1 

• M )-1  • 

FT1 

(5.100c) 

yr 

XX 

xy 

yx 

yy 

XX 

N =■= 

(FT1  • 

M 

- M"1 

• M )-1  • 

iT1 

(5 . lOOd) 

ys 

XX 

xy 

yx 

yy 

yx 

and  the  solution  is  formally  complete.  A can  now  be  calculated  using 
eq.  (5.37). 

The  calculation  of  the  grid  impedance  defined  in  eq.  (5.52)  is 
straightforward.  We  readily  obtain 


r <N  ) 

b xr  oo 


- (N  ) 
a yr  oo 


- r (N  ) 
b xs  oo 


- - (N  ) 
a ys  oo 


1-1 


(5.101) 


Now  using  eq.  (5.53),  we  may  calculate  the  equivalent  sheet  impedance  Zg. 
The  efficient  numerical  evaluation  of  the  matrix  elements  defined  in 

i 

eq.  (5.97)  has  already  been  discussed  (cf.  eqs.  (5.42)  and  (5.43)). 

We  have  calculated  the  eigenvalues  of  the  equivalent  sheet  impedance 

operator  Z as  a function  of  N,  the  number  of  modified  space  harmonics 
s 

included  in  I'  and  f'  (note  that  N - 1,3,5,...),  for  the  case  d/a  - 1, 
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b/a  ■ 1,  r/a  ■ 0.01,  e * 4.5,  o * «,  9 = 60°,  where  4>  — 0°  and  45° 

r w 

and  k^a  ■ 1.0  and  0.1.  The  results  of  these  computations  are  shown  In 

Figs.  5.14-5.17,  in  which  values  of  X'  and  X"  (Z  ’ = iX  ’ ) are 

s s s J s 

plotted  vs.  N.  The  rapid  convergence  of  Xg  and  Xg  with  increasing  N 

is  evident  (note,  however,  that  in  the  $ * 45°  cases  this  is  not  at 

all  surprising,  since  there  is  no  discontinuity  in  the  junction  currents 

when  <p  ■ 45°,  135°,  225°,  or  315°,  by  symmetry).  The  use  of  the  N=1 

case  to  derive  an  analytical  approximation  for  Zg  when  kQa  <<  1 is 

justified  by  the  rapidity  of  convergence  apparent  in  Figs.  5.16  and 

5.17  for  k a = 0.1f. 
o 


Note  that  for  typical  mesh  dimensions  the  maximum  value  of  k a occurring 
in  the  EMP  frequency  range  is  of  order  10“-*. 


L28 


Figure  5.17.  X^  and  X^  (Zg*  = jXg’  ) vs.  N;  d/a 
r/a  - 0.01,  a « »,  e = 60°,  <4  ■ 45 
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SECTION  VI 

CYLINDRICAL  WIRE-MESH  COMPOSITE  SHIELDS 

1.  INTRODUCTION 

In  this  section  we  shall  consider  the  interaction  of  a plane  elec- 
tromagnetic wave  with  an  infinitely  long  cylindrical  shell  of  wire-mesh 
composite.  As  in  Section  IV,  we  shall  consider  only  the  cases  in  which 
the  propagation  vector  of  the  incident  wave  has  no  component  along  the 
cylinder  axis. 

In  the  next  paragraph,  the  problem  is  formulated  in  the  frequency 
domain  using  the  equivalent  sheet  impedance  developed  in  the  previous 
section  to  describe  the  screen  in  the  surface  of  the  composite  shell. 

Some  representative  frequency-domain  results  are  presented.  In  paragraph 
3,  we  briefly  consider  the  transient  behavior  of  the  internal  magnetic 
field  when  the  circumference  of  the  cylinder  is  small  in  comparison  to 
the  wavelength  over  the  frequency  range  of  interest  and  the  temporal 
behavior  of  the  incident  wave  is  that  of  the  standard  EMP  signal. 

2.  FORMULATION  OF  THE  PROBLEM 

The  geometry  of  the  problem  is  shown  in  Fig.  6.1.  An  infinitely 
long  cylindrical  shell  of  wire-mesh  composite  of  inner  and  outer  radii 
a and  b respectively  is  illuminated  by  a plane  electromagnetic  wave. 

The  medium  inside  and  outside  the  shell  is  free  space  and  the  shell 
thickness  d * b - a is  small  in  comparison  to  the  mean  radius  »^ab. 

The  side  of  the  wire-mesh  composite  in  which  the  grid  is  embedded  is 

the  outer  surface  of  the  cylinder.  For  simplicity  we  shall  again  consider 

only  the  case  in  which  the  incident  wave's  propagation  vector  has  no 

axial  component,  and  we  shall  investigate  the  two  possible  wave  polarizations 

separately.  The  total  fields  may  then  be  obtained  by  superposition. 
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The  shell  Itself  Is  modeled  as  an  equivalent  sheet  Impedance,  based 

on  the  results  obtained  for  the  planar  case  in  the  previous  section. 

We  shall  denote  the  mean  shell  radius  by  p . Z",  which,  as  will  be 

o s 

recalled,  depends  upon  the  transverse  propagation  constant,  will  be 
denoted  Z^  ^ for  each  angular  eigenfunction  in  the  field  expansion,  and 


to 


k2  - S- 

ton  2 

Po 


(6.1) 


Consider  first  the  case  in  which  the  incident  electromagnetic  wave 
is  polarized  TM  witn  respect  to  z.  In  this  case,  the  field  components  are 

(6.2a) 


E = -Juu  T 
z o 


„ . . i! 
♦ " 3P 


H - i II 
p P H 


(6.2b) 

(6.2c) 


where 


-E 


0 < p < p : 

— — o 


P > P : 
— o 


J AJ(kp)ejn(H,) 

4-  « n ft 


juy  1 n n'  o 
o n=-°° 


1u>y  “ * n'  o 

o n=-® 


n n 


(6.3a) 


(6.3b) 


A and  B are  to  be  determined,  E is  the  electric  field  amplitude  of 


n n 

the  incident  wave,  and 


+ it/ 2,  where  <p  is  the  angle  of  incidence 


as  shown  in  Fig.  6.1.  The  appropriate  Z for  this  polarization  is  Z'. 

s s 

Now  the  boundary  conditions  at  P*PQ  are  applied.  We  have 


E (P  ” P -)  * E (p  - P +)  = E (p  * p ) 
z o z o z o 


0 0 9 


p -)  - (z;)*1  e (p  - p) 

o s z o 


(6.4a) 

(6.4b) 
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from  which  expressions  for  A and  B are  readily  obtained.  We  find 

n n 


n (z')-1  m 1 

A - 1 + irk  p | J (k  p )HV  ;(k  p ) 

n o o 2 n o o n o o 

n(z')"1 

B « -irk  p .T(k  p )A 

n o o 2 n o o n 


(6.5a) 


(6.5b) 


When  the  incident  wave  is  polarized  TE  with  respect  to  z,  the  field 


components  are 


= jwe^ 


(6.6a) 


E = _ li 
<t>  3p 


(6.6b) 


E = i |1 
p p 


(6.6c) 


where 


°±PiP0:  *~J IT  I A;jnV)e]n(,'n 

o n=-®> 


(6.7a) 


E 00 

P > po:  * = if-  l fJn(kop)  + BnHn2)(kop)]ejn(*~<f> ^ (6*7b) 

J o n=-« 

A'  and  B'  are  to  be  determined.  At  p = p , the  boundary  conditions  to 
n n o 

be  applied  are 


E . (p  * P -)  = E (p  - p +)  = E . (p  = p ) 
909090 


(6.8a) 


H (P  - P +)  - H (p  « p -)  = -(Z")_1  E (p  = p ) 
z o z o s 9 o 


(6.8b) 


in  which 


(Z'T1  E (p  ) = l (Z"  )_1  E,  (p  ) 

s ♦ 0 n._oo  s*n  <pn  o 


(6.9) 


We  find  for  A'  and  B' 
n n 


- 1 

n 


A'  « 1 + Trk  p 

n 00 


" -1 

n (z  ) 1 

o s . n 


f Jn(kopo)Hn2)(kopo) 


(6.10a) 
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n_(Z"  J 


-1 


B'  * -Trk  p 
n oo 


s,n 


[J’(k  p )]4  A' 
1 n o o/J  n 


(6.10b) 


The  energy  shielding  ratios  r^  and  r^  are  given  in  terms  of  A^  and 


A^  in  eqs.  (4.12)  and  (4.20).  To  obtain  expressions  for  rw  and  r^ 


appropriate  for  the  screened  composite  cylindrical  shell,  Ar  and  A^ 


given  in  eqs.  (6.5a)  and  (6.10a)  are  substituted  into  eqs.  (4.12)  and 


(4.20)  respectively.  When  k a « 1,  approximate  expressions  for  r and 


w 


r are 
w 


w 


k a< 
o 


«■*{ 


1 - jkp  n (Z')"1  In  kp 

O O O S 0 0 


-2 


1 + jk  p 
J oo 


n_(z:)_1|-2^ 


o s 


/ 


(6.11a) 


w 


= - { 

n (Z"  n)_1 

k a«l  2 '■ 

1 Jopo  2 

-2 


jn 


<ziLi)’1r2i 


o 2k  p 
o o 


(6.11b) 


Curves  of  rw  and  r^  as  functions  of  frequency  are  given  for  various  values 


of  screen  parameters  and  a cylinder  radius  pq  = 1 ra  in  Figs.  6.2  and  6.3. 


(a  , rather  than  a,  denotes  the  mesh  size  in  this  section).  As  in  the 
m 


related  curves  for  the  graphite  shell,  we  note  that  unless  aw  ■ <*>;  rw  -►  1 


and  r'  + 0.5  as  f + 0.  The  reason  for  this  behavior,  as  before,  is  that 
w 


r^  contains  only  a contribution  from  the  internal  magnetic  field,  while 


both  the  internal  electric  and  magnetic  fields  contribute  to  r^.  Also, 


we  have  not  included  curves  for  r^  in  the  case  * 1;  over  the  frequency 
range  shown,  they  are  indistinguishable  from  the  curves  for  the  case 


4.5. 
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Comparison  of  Figs.  6.2  and  6.3  with  Figs.  4. 2-4. 7 reveals 

that  for  cylindrical  geometries  the  screened  boron-epoxy  composite  shells 

with  o ■ 1.1  x 10^  mho  m ^ are  comparable  to  graphite  composite  shells 

in  shielding  effectiveness,  while  those  with  * 3.72  * 107  mho  m * are 

decidedly  superior.  The  reason  for  this  is  that  the  principal  break 

frequency,  below  which  the  shielding  is  relatively  poor,  is  approximately 
2 2 

l/(iru  p (irr  a /a));  and  irr  a /a,  which  is  the  equivalent  conductivity- 
o o w w 

thickness  product  for  the  mesh  is  comparable  to  o^d  for  graphite  shells 

when  ow  ■ 1.1  x 10^  mho  m \ but  is  significantly  larger  than  agd  when 

a * 3.72  x 107  mho  m 
w 

Not  shown  in  the  r^  and  r^  curves  is  the  higher-frequency  effect  of 
the  screen  inductance.  This  is  apparent  in  the  time-domain  internal  field 
response,  which  is  discussed  in  the  next  paragraph. 


3.  TIME-DOMAIN  SHIELDING 

The  ratio  of  the  internal  magnetic  field  to  the  incident  magnetic 
field  in  the  frequency  domain  is  readily  shown  to  be  given  when  kQpQ  <<  1 
by 


int 


H 


inc 


I1  + )v.  r 


for  either  polarization.  This  result  does  not  involve  the  relative 

permittivity  of  the  composite  shell  at  all,  since  the  case  in  which 

the  magnetic  field  is  perpendicular  to  the  cylinder  axis  corresponds 

to  perpendicular  polarization  (and  Z'  does  not  Involve  c ),  and  the 

s r 

case  in  which  the  magnetic  field  is  parallel  to  the  cylinder  axis 

utilizes  only  the  n-0  angular  eigenfunction  in  the  low-frequency  limit 

(and  Z"  n does  not  involve  e ) . 
s,u  r 
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When  the  screen  wires  are  perfectly  conducting,  the  result  in 
eq.  (6.12)  reduces  to 
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(6.13) 


which  is  a constant,  independent  of  frequency.  Thus  the  time  dependence 
of  the  internal  magnetic  field  is  identical  to  that  of  the  incident 
field,  except  for  a constant  attenuation.  This  behavior  is  attributable 
to  the  combined  "differentiating"  effect  of  the  perfect  screen  and  the 
"integrating"  effect  of  the  cylindrical  geometry. 

Another  simple  result  of  some  interest  is  obtained  if  we  assume 


that  Zw  * Rw  over  the  frequency  range  of  interest,  where 


(irr2o  )-1 
w 


is  the  resistance  per  unit  length  of  the  screen  wires.  In  this  case,  we 


-2irr/a 


find  that  when  (a  /irp  )4n(l-e 
m o 
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in  which  L denotes  in(l-e  ) *.  The  impulse  response  of  the  internal 

magnetic  field  is  therefore  approximately  given  by 


a L 2R  a -(2Ra/yp)t 

H (t)  * 6(t)  + e w m ° ° 

int  Vo 


(6.15) 


so  that  the  internal  field  response  to  a standard  EMP  waveform  is 
dominated  at  late  times  by  the  slowly  decaying  exponential  function  in 
the  second  term  in  (6.15).  More  specifically,  under  standard  EMP 
excitation,  the  Internal  magnetic  field  is  given  by 
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o o 

In  which  we  have  made  use  of  the  fact  that  (B  and  a)  » 2R  a /y  p in 

w m o o 

typical  cases.  Representative  curves  of  nQH^  (t)  vs.  t are  shown  in 
Figs.  6.4  and  6.5  for  various  values  of  screen  parameters  and  a 
cylinder  radius,  p * 1 m. 

The  curves  in  Figs.  6.4  and  6.5  show  very  clearly  the  enhancement 

in  shielding  effectiveness  with  increasing  wire  conductivity.  In  the 

curves  of  Fig.  6.4,  for  example,  the  peak  value  of  the  internal  field 

drops  from  about  0.09.  to  about  0.005  when  o is  increased  from  1.1  * 108 

to  3.72  x IQ7  mho  m \ One  will  also  note  the  long  "tails"  of  the  internal 

field  waveforms  due  to  the  term  in  the  expression  in  (6.16)  depending 

on  t as  exp(-2R  a t/u  P )• 
w m o o 

Comparing  the  lower-conductivity  curves  in  the  two  figures,  one  notes 
immediately  that  the  0.635/0.127  mesh  is  a better  shield  than  the  0.212/0.051 
mesh;  this  is  a consequence  of  the  larger  equivalent  conductivity-thickness 
product  of  the  former  configuration.  It  is  also  apparent  that  the 
'(integrating"  effect  of  the  cylindrical  geometry  has  delayed  the  onset  of 
the  peak  signal,  in  comparison  with  the  planar  case  (cf.  Figs.  5.9  and 
5.10).  Thus  the  wire  conductivity  (or,  more  precisely,  the  equivalent 
conductivity-thickness  product)  controls  the  behavior  of  the  internal 
waveform.  In  the  higher-conductivity  cases  the  inductive  reactance  of 
the  screen  becomes  more  important:  one  will  notice  the  peak  in  the 
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response  for  the  0.635/0.127  mesh  near  t - 2 x 10  sec.  This  peak  is 
absent  in  the  response  of  the  0.212/0.051  mesh  because  of  its  lower 
inductive  reactance. 

Finally,  if  one  compares  the  responses  in  Figs.  6.4  and  6.5  with 
those  in  Fig.  4.8  for  the  graphite  composite  cylindrical  shells'  internal 
| field,  one  notes  that  the  peak  internal  field  for  the  thickest  graphite 

composite  shell  is  about  the  same  as  that  for  the  "worst-case"  screened 
boron-epoxy  composite  shell;  furthermore,  the  "best-case"  screened  boron- 
epoxy  shell  response  is  lower  than  that  of  the  thickest  graphite  shell  by 

a factor  of  roughly  20.  One  could  conclude  from  these  results  that  a fine 

«.  ■= 

mesh  screen  made  of  highly  conducting  (A1  or  Cu)  wire  would  be  a much  better 
shield  for  cylindrical  geometries  and  EMP  waveforms  than  even  a thick 
graphite  laminate. 
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CONCLUDING  REMARKS 

1.  SUMMARY  AND  DISCUSSION 

In  this  Note  we  have  considered  both  the  frequency-domain  and  time- 
domain  shielding  provided  by  graphite-epoxy  and  screened  boron-epoxy  com- 
posite laminates  in  planar  or  cylindrical  geometries,  with  respect  to  EMP 
signals  and  spectra.  Graphite-epoxy  composites  have  been  modeled  as 
isotropic,  homogeneous  conducting  materials  and  boron-epoxy  composites 
as  isotropic,  homogeneous  dielectrics.  The  screen  used  in  screened 
boron-epoxy  panels  has  been  modeled  under  the  assumptions  that  the  wire 
junctions  are  bonded  and  that  the  thin-wire  approximation  applies.  These 
assumptions  may,  in  fact,  not  be  well-satisfied  in  practice  (the  wire 
junctions  may  be  imperfect  due  to  oxidation  at  the  junction  points  of 
overlapping  wires  and  the  condition  that  the  wire  radius  is  small  in 
comparison  to  the  mesh  period  is  not  generally  well  met);  however,  they 
provide  a reasonable  starting  point  for  analysis  and  yield  conservative 
estimates  of  the  mesh  shielding  effectiveness,  since  the  thin-wire  approxi- 
mation tends  to  underestimate  the  mesh  current. 

We  have  developed  a boundary  connection  supermatrix  formalism  which  is 
a generalization  of  the  transmission  matrix  of  network  theory.  Such  a 
formalism  will  be  useful  in  dealing  with  shielding  problems  involving 
bodies  of  non-separable  shape  as  long  as  the  local  radii  of  curvature  are 
small  in  comparison  to  the  shield  thickness.  The  boundary  connection 
supermatrix  possesses  many  intersecting  properties  which 
have  not  been  touched  on  here  but  which  will  be  the  subject  of  a forth- 
coming Interaction  Note.  The  principal  utilities  of  the  boundary  connection 
supermatrix  are  its  generality  (in  that  general  multilayer  shields  with  sheet 
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immittances  between  layers  are  easily  described)  and  the  fact  that  its 
use  effectively  reduces  the  number  of  regions  which  must  be  considered 

I 

J 

in  a shielding  calculation  by  at  least  one. 

The  transmission  of  electromagnetic  plane  waves  through  planar 
graphite  composite  laminates  is  straightforward  to  analyze,  and  some  useful 
approximate  formulas  for  the  transmission  coefficients  of  such  a struc- 
ture have  been  given.  The  transmitted  time-domain  field  behaves  in  a 
manner  easily  understood  on  the  basis  of  the  low-pass  filter  characteristic 
of  conducting  materials.  We  have  calculated  some  time-domain  curves  for 
typical  cases  and  have  found,  for  example,  that  the  peak  value  of  the 

electric  field  transmitted  through  a 2 ram  thick  graphite  composite  panel 

-4 

is  approximately  10  of  the  peak  value  of  the  incident  field. 

Penetration  of  electromagnetic  fields  into  the  interior  of  cylindrical 
shells  of  graphite  composite  has  been  considered.  Over  the  frequency  range 
which  has  been  of  principal  interest  to  us,  and  for  cylinder  radii  on  the 
order  of  2 m or  less,  resonance  effects  are  of  little  importance.  Con- 
sequently, low-frequency  approximations  are  useful.  We  have  suggested  a 
new  frequency-domain  measure  of  the  shielding  effectiveness  of  closed 
surfaces  in  terms  of  the  time-average  electromagnetic  energy  stored  in  the 
interior  of  the  region,  and  have  given  simple  formulas  for  this  quantity 
for  cylindrical  bodies.  We  have  also  presented  representative  curves  to 
illustrate  the  dependence  of  this  shielding  parameter  on  frequency  for 
several  typical  graphite-composite  cylinders,  and  have  pointed  out  that 
the  principal  "break  frequency"  below  which  the  shielding  is  poor  is  given 
approximately  by  l/iry^o^dp^  The  time-domain  internal  magnetic  field 
resulting  from  an  incident  EMP  signal  has  been  calculated  for  some 
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representative  cases.  Its  time  dependence  can  be  understood  on  the  basis 
of  the  "low-pass"  character  of  both  the  composite  shell  material  and  the 
cylindrical  geometry  itself. 

The  principal  difficulty  in  treating  screened  boron-epoxy  composite 
laminates  lies  in  finding  an  appropriate  sheet-immittance  description  for 
the  screen.  We  have  developed  such  a description  appropriate  for  the  case 
where  the  mesh  dimensions  are  electrically  small,  and  which  takes  the 
presence  of  the  composite  panel  into  account.  Our  result  constitutes  an 
extension  of  the  classic  work  of  Kontorovich.  Using  this  method  of 
characterizing  the  mesh  we  have  addressed  the  problems  of  plane-wave 
transmission  through  a planar  screened  boron-epoxy  composite  layer  and 
penetration  into  the  interior  of  a cylindrical  shell  of  screened  composite 
material.  We  have  found  that  the  composite  layer  itself,  except  for  its 
effect  on  the  sheet  impedance  of  the  screen,  is  relatively  unimportant 
insofar  as  the  shielding  behavior  of  the  screened  laminate  is  concerned. 
Thus  one  needs  to  consider  only  the  sheet  impedance,  properly  modified  to 
take  into  account  the  presence  of  the  composite  layer,  in  the  analysis  of 
shielding  problems. 

The  principal  difference  between  graphite  and  screened  boron-epoxy 
composites  from  a signal-transmission  standpoint  is  that  the  graphite 
composite  tends  to  act  as  a low-pass  or  integrating  filter,  while  the 
screened  boron-epoxy  composite  behaves  as  a high-pass  or  differentiating 
filter.  Thus  the  time-domain  field  transmitted  through  a planar  layer  of 
screened  composite  contains  a contribution  proportional  to  the  derivative 
of  the  input  waveform,  as  a result  of  the  inductive  component  of  the  screen 
impedance.  For  standard  EMP  incident  signals,  this  leads  to  an  early-time 


response  dominated  by  this  derivative  term,  while  the  later-time  response 
is  influenced  most  strongly  by  the  wire  conductivity  in  the  mesh. 

The  cylindrical  screened-composite  shell  is  of  particular  interest 
from  an  analytical  standpoint  because  the  integrating  effect  of  the 
cylindrical  geometry  tends  to  cancel  the  differentiating  effect  of  the 
wire-mesh  screen.  In  fact,  for  an  ideal  screen  with  perfectly  conducting 
wires  the  internal  magnetic  field  waveform  is  identical,  except  for  a 
reduction  in  amplitude,  to  the  incident  waveshape.  For  the  screen  para- 
meters which  have  been  considered  in  this  report,  it  has  been  shown  that 
the  energy  shielding  ratio  principal  break  frequency  tends  to  be  lower 
than  that  of  a comparable  graphite  composite  shell,  especially  when  the 
screen  wires  are  highly  conductive.  Thus  the  screened  boron-epoxy  com- 
posite shell  can  be  a much  better  shield  than  a graphite  composite  shell  as 
a consequence  of  its  larger  equivalent  conductivity-thickness  product. 
However,  we  have  also  noted  that  the  equivalent  conductivity-thickness 
product  alone  is  not  a completely  valid  descriptor  of  screened  composite 
panels;  it  is  only  useful  at  low  frequencies,  or,  equivalently,  at  late 
times.  At  early  times  the  mesh  size  is  the  critical  parameter,  since  it 
determines  the  inductance  of  the  sheet.  In  fact,  we  have  presented 
numerical  data  which  indicate  that  overall,  a screen  with  a smaller 
equivalent  conductivity-thickness  product  can  be  a better  shield  than 
another  with  a larger  product,  at  least  with  respect  to  the  incident-field 
waveforms  considered  here.  This  result  suggests  the  possibility  that  one 
might  even  design  a screen,  whose  wires  have  a given  conductivity  and 
which  possesses  a given  amount  of  metal  per  unit  area,  for  optimum  shielding 
performance  against  a given  incident  waveshape. 
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It  Is  clear  that  while  advanced  composite  laminates  are  not  yet  as 
effective  as,  say,  aluminum  panels  in  shielding  against  unwanted  penetra- 
tion of  electromagnetic  fields,  they  are  nonetheless  good  enough  to  be  used 
as  aircraft  or  missile  skins  without  placing  an  unreasonable  burden  on 
the  internal  shielding  (conduit,  cable  braids,  etc.)*  This  fact,  coupled 
with  the  strength  and  weight  advantages  of  advanced  composites,  guarantees 
the  increased  future  use  of  these  materials,  and  points  up  the  importance 
of  continued  study  both  of  their  intrinsic  electrical  properties  and  of 
the  fundamental  electromagnetic  boundary-value  problems  which  involve  them. 

Some  suggested  problems  for  future  study  include  the  following: 

(a)  Integral-equation  formulation  of  scattering  problems  involving 
hollow  composite  shells,  using  the  boundary  connection  supermatrix T. 

(b)  Singularity  Expansion  Method  (SEM)  solutions  of  transient 
scattering/penetration  problems  involving  follow  composite 
shells  of  separable  or  non-separable  shape 

(c)  Study  of  effects  of  imperfect  panel-to-panel  joints  and  joints 
between  metallic  and  composite  panels 

(d)  Field  penetration  through  apertures  in  composite  panels 

(e)  Continued  study  of  bonded  and  unbonded  wire  meshes,  including 
the  effects  of  linear  and  nonlinear  junction  impedance  and 
dielectric  environments 

(f)  Canonical  problems  involving  the  propagation  of  surface  waves 
on  wire  meshes,  including  interactions  with  nearby  conductors; 
composite  waveguides. 

These  are  only  a few  of  the  many  problems  which  come  to  mind.  Advanced 
composites  provide  solutions  to  many  problems  because  of  their  great 
strength  and  light  weight;  but  to  the  electromagnetic  theorist  and  the 

+ Currently  under  study  by  the  author. 
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engineer  concerned  with  electromagnetic  shielding,  they  are  a source  of 
many  future  challenges.  It  is  sincerely  hoped  that  this  report  will 
contribute  to  an  improved  understanding  of  the  electromagnetic  shielding 
behavior  of  these  materials  and  excite  the  interest  of  other  investigators 
who  will  continue  to  study  them. 
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ABSTRACT 

Explicit  expressions  are  developed  for  the  fields  in  a rectan- 
gular cavity  produced  by  a plane  wave  incident  on  an  arbitrarily 
oriented  and  positioned  elliptical  aperture  of  the  cavity.  Only  low 
frequency  waves  are  considered  so  that  a quasi-static  approach  can  be 
used.  Cavity  excitation  at  frequencies  near  resonance  is  examined. 
Fourier  techniques  are  used  to  generalize  these  results  to  electro- 
magnetic pulse  input. 
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1 . 0 INTRODUCTION 


The  problem  of  electromagnetic  penetration  of  cavities  has 
been  discussed  by  many  authors.  L-W.  Chen(1)  has  discussed 
the  penetration  of  a rectangular  cavity  through  a small  ellip- 
tical aperture  using  a quasi-static  approach.  D.K.  Cheng  and 
C.A.  Chen  have  treated  this  problem  for  the  case  of  an 
electromagnetic  pulse  incident  on  an  aperture  of  arbitrary  size 
and  shape,  but  explicit  expressions  for  the  fields  were  not 
obtained.  Other  investigators  have  examined  various  kinds  of 

nonrectangular  or  general  cavities,  for  which  the  reader  is 

r 12 ) 

referred  to  the  bibliography  of  C.M.  Butler  et  al. 


This  paper  includes  an  extension  of  L-W.  Chen's  work  to  give 


explicit  expressions  for  the  fields  in  a rectangular  cavity  as 
infinite  series  of  the  natural  modes.  The  elliptical  aperture 
is  taken  to  be  small  so  that  the  quasi-static  approach  may 
be  used,  but  a dipole  approximation  is  not  used  at  the  aper- 
ture. The  position  and  orientation  of  the  aperture  are  arbi- 
trary. These  results  are  extended  to  cavities  with  non- 
perfectly-conducting  walls. 

Fourier  transform  techniques  are  used  to  find  explicitly  the 
response  of  a perfectly  conducting  cavity  to  a plane  EMP.  The 
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2.0  ASSUMPTIONS 


The  fields  in  free  space  satisfy  the  relations 


3t 


7 • E = 0 


V • H = 0 


where  E is  the  electric  field  and  H is  the  magnetic  field  and 


e0  and  vi0  are  constants. 


By  taking  the  curl  of  these  equations,  one  obtains 


,2$  _ 1 32E 


7zE  = — 


2 3t 2 


72S  . 

c 2 3t2 


If  one  assumes  that  E * E0 (x,y,z) e^ut,  then  72E  * -k2E  where 

(A) 

k * — . If  the  frequency  is  low,  then  the  k2E  term  can  be  neglec- 
ted and  E satisfies  the  Laplace  Equation.  This  is  equivalent 
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to  saying  7x1  = 0 or  E = -7<J>  and  similarly  H = where 

V2(J)  = V 2 4>  * = o. 


Consider  a plane  wave  incident  on  an  aperture  of  a cavity  as 
in  Figure  2.1. 


Cavity 

2 

t 

^Aperture 


FIGURE  2.1  Incident  Wave 


Let  the  incident  wave  have  the  orientation  with  respect  to 
the  x,y,  and  z axes  given  by  Euler  angles ^ 


H 

A 

k 


CiJ>C<J>-C9S<|>Sij> 

c^s<j>+cec<j>si|i 

s<|/se 

-si|>c<fr-ces<j>ciji 

-s<i>s<t>+cec4>cij> 

c^se 

sesiji 

-sec^ 

ce 

where  z is  the  unit  vector  perpendicular  to  a planar  aperture  of 

A A A 

zero  thickness.  Let  x and  y be  perpendicular  to  z and  in  the 
plane  of  the  aperture.  <J>  represents  a rotation  of  the  x,y,z  axes 
about  the  z axis  to  form  x' , y',  z axis.  6 represents  a subse- 
quent rotation  about  the  x'  axis  to  form  x',  y",  z'  axes.  Then, 
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il/  represents  a rotation  about  z'  to  obtain  x",  y" , z'  axes  which 
are  in  the  direction  of  E*,  H*,  k as  in  Figure  2.2. 

A 

k is  a unit  vector  in  the  direction  of  the  Poynting  vector  and 

A -*-i 

must  not  be  confused  with  z.  E is  the  incident  electric 
vector  and  H1  is  the  incident  magnetic  vector. 


FIGURE  2.2  Euler  Angles 

From  these  definitions  it  is  apparent  that  0 is  the  angle  between 
the  Raynting  vector  and  the  z axis,  ip  is  the  angle  between  the 
intersection  of  the  wave  plane  with  the  xy  plane  and  E.  <J>  is 
the  angle  between  the  x axis  and  the  intersection  of  the  xy  plane 
with  the  wave  plane.  Thus,  9 and  <t>  give  the  direction  of  the 
wave  and  ip  is  the  polarization  angle.  The  incident  fields  can 
be  expressed  as 

-ti  i ~ 

e » e0  (x(c<f»ce-ces<t>s*)  + y (c<|/s<j>+C0C(|>sk<)  + z sij>se ] 

C 0 
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H1  = Hg1  [x(-Si|>C(|>-C0S<i>CiM  + y (-Si|iS4>+C0C$Ci|))  + z Cij/SO] 


c0 


Where  S,  C stand  for  sine  and  cosine  and  c0  is  the  velocity  of 

light  (c0  = — ) . A pulse  (EMP)  would  be  a special  case  of 

/eqUo 

the  time  factor  f(t). 

If  we  first  solve  the  problem  with  f(t)  = e^wt,  we  can  find  the 
general  result  of  EMP  by  taking  the  Fourier  Transform. 

If  k,  the  unit  vector  in  the  direction  of  the  incident  wave,  is 

equal  to  kiX  + k2y  + k3z,  then  the  unit  vector  in  the  direction 

^ 

of  the  reflected  wave  must  be  kjX  + k2y  - k3z. 

In  order  that  the  total  wave  have  the  proper  boundary  conditions 
at  a conducting  surface,  the  reflecting  electric  field  must 
be  of  the  form 


£r  = Eq1  [-x(Ct|/C0-C0S<|>SiJ>)  -y  (CiJ;S$+C0C$Si|i)  + z SijiS0] 


f(t-kjx  - k2y  + k3z) 


where  ki  = S0S*,  k2  = -S0Ci)i,  and  k3  = C0 


In  these  and  all  subsequent  equations  up  to  and  including  Section 
10.0,  the  time  dependence  e^ut  is  implicitly  understood.  Let 
us  seek  a solution  for  a sinusoidal  input  which  has  a wavelength 
which  is  large  compared  to  the  diameter  of  the  aperture.  This 
can  be  approximated  by  letting  f (t)  = 1.  in  other  words,  the 
incident  wave  would  produce  a constant  field  across  the  aperture. 
We  neglect  also  the  departure  from  a plane  wave  due  to  the  front 
face  of  the  cavity  being  non-infinite.  We  also  have  assumed 
that  the  outside  surface  of  the  cavity  is  a perfect  conductor. 

We  cannot  assume  the  inside  is  a perfect  conductor  or  there 
would  be  infinite  resonances  when  the  incoming  wave  had  a fre- 
quency equal  to  one  of  the  natural  frequencies  of  the  cavity. 

Let  us  assume  the  aperture  thickness  is  infinitesimally  small 
and  that  the  field  at  the  aperture  is  the  same  as  that  produced 
in  an  infinite  sheet  with  the  same  shape  aperture.  The  presence 
of  a large  cavity  is  assumed  not  to  affect  the  field  very  much 
at  the  aperture. 

I < 
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3.0  THE  ELECTRIC  FIELD  DOE  TO  AN  ELLIPTIC  APERTURE 

To  find  the  fields  in  the  aperture  we  find  the  fields  in  a 
similar  shape  aperture  in  an  infinite  conducting  screen  and 
assume  that  this  is  a good  approximation.  We  can  thus  find 
the  electric  potential  which  satisfies 

V*<fr  = 0 


E * -7<j> 


i A 

E0  ■ 2E0  Sip  S9  z at  large  distances  from  the  aperture 

on  the  incident  side 


E = 0 at  large  distances  from  the  aperture  on  the  shadow  side 


nxE  * 0 on  the  inside  and  outside  of  the 


screen 


2 g 

E and  Jz  are  continuous  everywhere  particularly  at  the  aperture 


Ellipsoidal  coordinates  are  the  natural  coordinates  for  this 
problem  (see  appendix). 

The  potential  if  no  aperture  were  present  would  be 


i-E*s  - -djpl  Ej  sign  s 
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3$2 

1J”  32"  ' ltn  ?j- 

5*0  5*0 

The  condition  that  tangential  E is  zero  on  the  screen  is 
automatically  satisfied. 

The  other  boundary  conditions  are  satisfied  if  D*0,  B=1 

A - -C  * 


2 lim  { 2*  2 (C+a2)1/2 

£-*■0  5 

(5-nxe-c)  r 


'2  _ 2 (S+b2  ) 1/'2 


2b2 (£+a2 ) 1/2 


E is  the  elliptic  integral  of  the  first  kind.  (See  appendix 
for  integrals.)  Care  must  be  taken  since  this  is  an  indeterminate 
form.  After  taking  the  limit,  we  obtain 
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ab2E®z 


“■  f E(a,e)  . (5+b2) 
it  1 : + — t h 


2E(j,e) 


b C (5+a2 ) 


k 


The  electric  fields  on  the  shadow  side  can  be  found  from 

E * - V(J>2 

If  rectangular  coordinates  are  used  for  the  7 operator, 

then  5 can  be  thought  of  as  an  implicit  function  of  x,y, 

and  z.  5X  = = -|^  can  be  found  in  the  appendix. 

These  are  obtained  by  implicit  differentiation  of  the  expressions 
x * x(£,n,C),  y * y(5»n»C),  and  z * z(S,ri/C)-  These  give  for  E 


2E„°Axz(5+b2)1/2 

Z 


C 7 (?+a2 ) <e-c  ) u-n) 


2,1/2 


2E  "Ayz (5+a2 ) 
z 


(5-n) 


2E  ® A 

E„  = —5—  CaE(ot,e)-  £1/2  (E+b2 ) 1/2  (a2£-a2n-a2c  -r 


2 a2b2 


<E-n)  (E-C)  (E+a2)1/2 


where 


4E(|,e) 


/ b*"  -1  t1/2 

a - S_  , a - cot  1 $ 

a2  a 


Special  values  of  these  fields  are  given  in  Section  5.0. 
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The  fields  on  the  incident  side  of  the  screen  are  given  by 
symmetry  conditions  of  Bethe: 

Ex(x,y,z)  - Ex  (x,y, z) 

Ey(x,y,-z)  - Ey(x,y,z) 

Ez(x,y,-z)  - Ez°-Ez(x,y,z) 

Hx(x,y,-z)  - Hx°-Hx(x,y,z) 

Hy(x,y,-z)  - Hy°-Hy (x, y , z ) 

Hz(x,y,-z)  = Hz(x,y,z) 
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4.0  THE  MAGNETIC  FIELD  DUE  TO  AN  ELLIPTIC  APERTURE 

In  a similar  fashion,  the  magnetic  field  is  given  by  H * -74* 
where  V2$*  = O.As  z -*■  -<*> , -*•  ”H^x  - H^y  where  as  before. 


Hx°  = 2Hq1  (-Si|>C<J>-Ces<(>C'l') 


Hy°  = 2Hq1  (~S\lJS4>+CdC<t>C\l>) 


Let  us  treat  each  component  independently. 


*0  =-«**“ 


_ r (E+a2)  (n+a2)  fc  +a2),  1/2 


a2 (a2-b2 ) 


] Hx°  Sign  x 


Let  <p*  * <p*  F(C) 


After  substituting  this  in  Laplace  Equation  (see  appendix)  and 
solving  for  F(5),  we  obtain 


F(S)  * A / —5-72 Y77  T7J  + B 

5 51/2(C+a2)3/T(5+b2r72 


(z<0)  - (A 

/ + B) 

♦ 

E 

00 

(z>0)  - (C 

/ + D) 

♦ 
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The  boundary  conditions  are 


$1  (5=»)  = <j>0* 


<P2*  (5=0°)  = 0 


<1>1  = <P2*  at  5=0 


★ * 

3<J),  d<p2 

iinj-  = lim+  -JJ-  at  5=0 

z->-0  z-*-0 


These  equations  determine  the  constants 
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„ 0 32  ,1/2 

-Hx  a e xy£ 


^ 2(5-n)  (C-c)  [F(|,e)  - E(|,e)]  (C+a2)1/2(C+b2)1/2 

Hy°  ab2(a2-b2)  y2C1/2(g+a2)1/2  

2(H)(H)(5+b2)3/2&2Ei|(e)  - b2F(^,e)] 


2 2 ar  V2  / 2 ,2. 

|_a2E  (a  ,e  ) - b2F  (a  ,e ) - C 2 1/2  ' ~2 '1/2 ^ 

(C+aV^U+bO 

La2E(^,e)  - b2F(^,ej]. 


-H  0 a3e2  xz  (5+b2)1/2 
— ** 

2 2£1/2(5-n)  (5-0  (C+a2)1/2[F(^,e)  - E(*,e)] 


Hy°  ab2(a2-b2)  yz  (g+a2)1/2 

251/2(5-n)  (5-0  (5+b2)1/2[a2E(£,e)  - b2F(f,e)] 


where  a = cot-1  , e * A - b 2/a2  and  F and  E are  elliptical 


integrals  of  the  first  and  second  kind. 
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5.0  TABLE  OF  FIELDS  FOR  SPECIAL  CASES 


All  expressions  in  this  table  are  for  the  shadow  (z>0)  side  of 
the  screen.  Definitions  are: 


a = cot-1 

CL 


e = 


A - b2/a2 


F(<j>,k)  and  E(<J>,k)  are  elliptic  integrals  of  the  first  and 
second  kind,  respectively 


lim  5 = C and  lim  n = n .,  where  the  subscripts  refer  to 
b-*-a  OE>  b-*-a  OD  the  oblate  spheroidal  coordinates 

used  with  a circular  aperture. 
Thus,  we  may  consider  these  two 
oblate  spheroidal  coordinates  as 
special  cases  of  the  corresponding 
ellipsoidal  coordinates  when  b=a. 
For  this  reason,  no  distinction 
is  made  between  5 and  £0b'  n and 
hob  i-n  the  table. 

In  the  circular  aperture  case,  it  has  sometimes  been  useful  to 
express  formulas  in  terms  of 


P = xx  + yy 

' di 

and 
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CIRCLE 
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ELLIPSE 


5.1  ELECTRIC  AND  MAGNETIC  POTENT I ALS 


4 


Ezz 


E 2E(J,e) 


[-E (g,e)  + 


A 


(5+a‘ 


$ = x F (g,e)  - E (g,e) 

M 2 F(|,e)  - E(|,e) 

. {a2E(g,e)  - b2F(g,e)  _ / % . 

a3e2  / (C+a2) (S+b2) 

5.2  ELECTRIC  AND  MAGNETIC  FIELDS 


„0  3 2 
Hya  e y 


2[a2E(J,e)  - b2F ( 


E°ab2xz4+b2 

z 

2 (5-n)  (5-5)4  (5+a2)E(J,e) 


E^ab2yz4+a2 

z 

2(5-n)  (5-5)4  (5+b2)E(l,e) 


mN 
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(aVa2n-a2c-nc/- (£+b2). 
a (£-n)  (5-0 

Hx  = ^ tF(f'e)  " E<f'e)]-1[F<a,e)  - E(a,e)-  l^.US+a2)*^! 

a(5-n>  (5-C)/5+a2 

H°a3b2e2xy/5 

2 (5-n)  (5-C)/(5+a2)  (5+b2)  [a2E(|,e)  - b2F(l,e)] 

„0  3 2 
Ha  e xy/5 

2 (5-n)  U-oAe+a2)  (5+b2)  [F(|,e)  -E(|,e)] 

H°a3b2e2y2/g(5+a2) 

2 (5-n)  (5-o/(5+b2)3(a2E(|,e)  - b2F(|,e)] 


E 


2E(|,e) 


[E (a,e)  - 


H° 

+ 5^[a2E(|,e)  - b2F(J,e)]"1[a2E(o,e)  - b2F(o,e) 

- aV/f  1 

/(C+a2) (5+b2) 


9 


mmm 


Ha  e xz/E+b 


2(5-n)  (5-C)/Ue+a-)  [F(-£,e)  - E(y,e)] 


H°a3b2e2yz/c+a2 


2(C-n)  (C-C)/C(5+b“)  [a‘E(^,e)  - b“F(-j,e)] 


5.3  FIELDS  ON  APERTURE 


E°bx 

z 


EMP 


‘ 
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«x  = ^[F(f,e)  - E(J,e)]_1[F(ct,e)  - E(a,e)  - £,(§ta.2j4+bT 

(5-?)/c(5+a2) 


H°a3b2e2xy 


4(5-5)/- (C+a2)  (C+b2)  [a2E(|,e)  - b2F(J,e)] 


„0  3 2 
Hxa  e xy 


2(5-e)/£(5+a2)  <5+b2)  [F(|,e)  - E(|,e>] 


H°a3b2e2y2A+a2 


2 (C-?)/T(C+b2)3[a2E(|,e)  - b2F(|,e)] 


+ ^[a2E(|,e)  - b2F(J,e)  ]"1(a2E(a,e)  - b2F(a,e) 

- ^5  , ] 

/(5+a2)  (5+b2) 
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6.0  GENERAL  SHAPE  CAVITY 

(6) 

Jones  gives  the  field  in  a cavity  produced  by  an  aperture 
field  as 

1 - E 

B « V*  + Uf 0E  -Sj  7xEm 
kM 

where 

Ajj  = (kQ2-kM2)"1/(AxE).(7xEM)  dS 

and  are  the  natural  modes  of  the  cavity  normalized  such 
that 

/|E„|2  dt  . 1 

V 

V is  the  volume  of  the  cavity.  S is  the  surface  of  the  cavity 
kM2  " UM2/C02'  k02  * ^ 

co 


u = 2irf  , <*>o=  2irf o 
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a natural  frequency,  f0»  frequency  of  the  impressed 

aperture  field 

corresponding  to  the  field  E„ 
the  speed  of  light 


/ ft*H  G(r,r ' ) dS 


(not  the  same  <>  as  in  previous  sections) 


where  V G = -6(r-r') 


G * Green's  function 


aperture 


For  a perfectly  conducting  cavity  ftxE>0  so  that 


Am  - lk02-kM2J_1  f ftxE*VxIM  dS 

Sa 

ft  is  the  unit  normal  outward  from  the  cavity. 

If  we  used  Stokes'  differentiation,  we  could  obtain 
5 by  S ■ -Vxii/jwiiQ.  The  introduction  of  $ circumvents  the 
need  to  differentiate  an  infinite  series.  It  can  be  seen  from 
these  equations  that  after  the  natural  modes  and  the  Green's 
function  have  been  determined,  the  field  in  the  cavity  is  deter- 


■ 


mined  by  the  normal  H and  the  tangential  E at  the  aperture. 
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7 . 0 THE  ELECTRIC  FIELD  OF  A RECTANGULAR  CAVITY 


The  electric  field  is  given  in  Section  6.0  where  ft  ■ -4.  The 
normal  modes  E„  of  a rectangular  cavity  are  found  by  solving 

N 

the  wave  equation  in  rectangular  coordinates  subject  to  the 

constraints  that  3En/3n  and  tangential  t are  both  zero  on 

the  boundary  of  the  shorted  cavity.  They  are  given  by  Chen 
(8) 

and  Waldron  as : 

k N1/2* 

TE  modes:  cos  kjX'  sin  k2y'  sin  k3z' 

c 

k.N1/2? 


sin  k^'  cos  k2y'  sin  k3z* 


2 2 

m-0,1,2,...;  n=0,l,2,...;  p-1,2,3,...;  m +n  f 0 


TM  Modes: 


2 wm 

M 5T 

k2k3H1/2J 


-k,k,N1/2k 


cos  k^x'  sin  k2y'  sin  k3z' 


k N1/22 


sin  kj,x'  cos  k2y'  sin  k3z' 


sin  kjX'  sin  k2y'  cos  k3z' 


m*l 1 2 f • • # j n*l f 2 / • • • f p*0 § X ? 2 f • • 
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TE  Modes: 


—lc  lc 

(D  *l*3W  X 

M "WT 


sin  kjX'  cos  k2y'  cos  k3z' 


kjk3»1/2J 

5"MU0ko 


cos  k.x'  sin  k,y’  cos  k,z' 


k NA/‘e2 


cos  k^x'  cos  k2y'  sin  k3z' 


m*0,l,2,...;  n**0,l,2, . . . ; p=l,2, 


m2+n2  / 0 


TM  Modes:  lL(2)> 

M 


jk2N1/2S 


Z k 
o c 


sin  kjX'  cos  k2y'  cos  k-jZ1 


jk  Nv^ 


Z k 
o c 


cos  kjX'  sin  k2y'  cos  k3z' 


«■! ,2, ... t n«l ,2, ... ; p=0 ,1,2,... 


where  the  index  M corresponds  to  the  triplet  (m,n,p) , and 


kl  ” aj'  k2  “ k3  " h^'  kc  " (k!2+k22)1/2'  *Hm  (kc2+k32) 


2^  2,1/2 


a0'  ^0'  and  h0  are  the  dimen8ions  of  the  cavity,  and  x’,  y’  and 
z'  are  measured  from  the  walls  of  the  cavity. 


N " £mZnCp 


t 
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where 


1 if  l ? 0 


e-t  - 1/2  if  l - 0 


For  an  elliptical  aperture  in  the  z'-O  face  of  the  cavity,  let 
the  center  of  the  ellipse  be  at  x_,yn  from  the  corner  of  the  box. 


/ FIGURE  7.1  Elliptical  Aperture 

2.' 

Since  the  values  of  x and  y used  in  the  expressions  for  the 
aperture  fields  are  measured  from  the  center  of  the  aperture 
we  have: 


r 


j 
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The  expression  for  Aj^  becomes 


(i)  _ o -1 


Rn"1  f ftxE  • VxEmv/  dS 
Sa 


i <ByHMxli>‘ExHMy(l,>  * 


i-1,2 


where 


"M  ■ ko2-kM2 


and  now 


I I A*1*  e}.1] 


E - I I A,;*'  E'- 
i-1  M ” M 


and  E and  E are  the  fields  for  an  aperture  of  an  infinite 
x.  y 

conducting  screen. 

For  a general  aperture  and  general  fields  at  the  aperture , 
the  electric  field  in  a rectangular  cavity  is  given  by: 


-k3N  cos  kjX*  sin  k.y'  sin  k.z' 

Ex-£  £ex  cos  V sin  V ds 


-k3N  sin  kjX'  cos  k2y'  sin  k,z' 

Ey  " „ 'Ey  V'  cos  V dS 
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E - l 
2 M 


N sin  k.x'  sin  k,y'  cos  k-z’ 

1 i , i— — 'V,  «•  V sin  V 


k-k 


+ k2Ey  sin  kjX'  cos  k^')  dS 


For  an  elliptical  aperture,  the  aperture  electric  field 
(assuming  no  reflections  from  the  cavity)  is  given  by: 


E°bx 


x 2a‘iE(^,e) /l-x  /a  -y  /b 


- ■— — — 


rnakmm 
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(See  appendix.)  Let  v ■ /l-x  /a  ; a 

b0 


2 2 

-2a  bn  sin  k.xn  sin  k0yn  a 


__K  mbna 

gHfii  «nd  6 - -A 

bo  “V 


n irb 


1*0  *2yn  a H) — 

— — f vJQ(v)  sin  s/a2-v2  d^ 


Ij^  » fir/SiT  a3bk1  sin  kjX0  sin  k2yQ  J^/2(s) /s3^2 
2 2 1/2 

where  s = [ (k^a)  + (k2b)  ] ' (see  appendix) 


Similarly: 


y sin  kjX*  cos  k2y*  dS 
*2  S /l-xVa"-yVb' 

A 


I2  * -ir/2ir  ab3k2  sin  k^^  sin  k2yo  J3/2*s^8' 


After  substituting  these  expressions,  one  obtains: 


2 . „o  miTX0  nffy0  1/2 

-wan  ^kj^E  sin  sin  i 0 NA'^(sin  s-s  cos  s) 


E(^,e)  s-i^ 


2 0 

8irab 


• . Ep  8in 


z £ z 


K1 


artb.h.E(?,e)  m»x  n-1  p-0  Ik 
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( ) 


imrx'  nirv' 


tk.k  cos  — — sin  sin 

1 - 


+ k„k,  sin  cos  n7ry’ 


2 3 


E — sin  £ 

b0  h0 


“ k ^ sin  sin  — JTX—  cos  ELZ. . g]  (sin  s-s  cos  s) 


For  a circular  aperture  s - ka  and  the  factor  in  front  of  the 


summation  sign  becomes  16  a Ez/aQb()h0  where  a is  the  radius  of  the 
aperture . 
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If  we  could  find  E as  a power  series  in  k (i.e.,  u /c  ) as 

o o o 

E * + kQE^^  + k^  E^  + . ..;  then  H could  be  calculated 

from 


-10)  y 
0 0 


~fz  - + 0(ko)  = H(0)  + kQH(1)  + ... 


(0)  _ . VxE 


In  deriving  the  aperture  field,  we  assumed  a low  frequency 

incoming  wave  so  that  V2<J>=0  and  first  order  terms  in  k vere 

o 

neglected.  This  was  equivalent  to  finding  E*°*  and  not  E(1*. 
Hence,  cannot  be  calculated  from  the  E that  Was  given  in 

the  previous  chapter  by  using 


-j(DU 


Instead,  let  us  use  the  method  of  Jones  b . He  gives 


A 8 2 A(i)H(i) 

V<p  + kn  E -M-2  m7<p  + k Z I -A  — 
0 M k„  °i.l  « 


where 
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#(r')  * / n*H  G(rvr')  dS 

S 

a 

where  r is  the  variable  of  integration,  measured  from  the 
corner  of  the  cavity;  and  G,  the  Green's  function,  is  a 
solution  of  the  boundary  value  problem 

V^G  = -6 (r-r ' ) 


Using  finite  transforms  it  can  be  shown  that 

G0t,r')  ® £ — 2 cos  kj*'  cos  k7y’  cos  k3z'  cos  k^x  cos  k2"y  cos  k-^z 

mnp 

where  x = xq  + x,  y = yQ  + y,  z = z = 0 on  the  aperture.  m2+n2+p2^Q  cjxi 
A*H  = -H  at  z=0  and  all  sums  go  from  0 to  ® and  N = 8 emenep^aobobo 

On  an  elliptical  aperture,  we  have  found  that  to  the  zero  order 


_ 
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The  integrals  can  be  determined  from  the  tauie  in  the  appendix. 

The  expression  for  H is 


Hfv*  «•  ■ ^na  e 


H(x',y,,z')  - b h Z Z Z £men  Hr?  <sin  s“s  cos  s) 
0"0“0  m«0  n-0  p-0  m n k£s3 


(kjX  sin  k^x'  cos  k2y’ cos  k^z' + k2y  cos  k^x' sin  k2y*  cos  k3z* 


+ k3z  cos  k^x' cos  k2y' sin  k3z') 


,V  kx  sin  klXQ  cos  k2yQ  ^ b2Hy°  k2  cos  k^  sin  k2y0 
F(J,e)  - E(I,e)  + - b2F(*e)  * 


E(^-,e;  - b F(^,e) 


8jrabZk0^> 


a0b0h0Z0E  ' m“1  n“1  P=0 


“ ; “ ep  Sin  klxQ  8in  k2*0 


(sin  s-s  cos  s)  (k2*  sin  kjX'  cos  k2y'  cos  k3z'  - k^  cos  kjx' 


sin  k2y' cos  k3z') 


2 2 

where  m + n ^ 0 in  the  first  triple  summation  and,  as  before. 


202 


i 


EMP  3-38 


342-47 


1 if  p j 0 and  e ■ ^ if  p - 0 


s - <*V-V>1/2.  kl  -™0’k2-  ij-  k3  - ^ kc  - <^2«22>1/J 
"m  ■ <kc2+k32)l/2-  ko  * !r-  “o  ■ 2*f0’  * - (l-b2/.2)l/2, 


"/3 


F(^,e)  = / (1-e2  sin2$) 1/2  d$,  E(J,e)  - ‘ (l-e2sin2*)  "1/2  dd> 


n/2 


*M  * ko2-km2 


E°  * 2E*  sin  i|/  sin  9,  H®  * -2H*(sin  <J)  cos  6 + cos  9 sin  $ cos  4>) 

0 i FT  i 

1^,  * -21^  (sin  <p  sin  ij»  - cos  9 cos  4 cos  ♦ ) , ZQ  » y “ Z 


The  input  variables  are  9 ,i|/,E^,fo  ,a,b,x0,y0,a0,b0,h0#*'  »y'  »*' 


Note  that  the  k^  terms  were  not  included  in  the  aperture  fields 

since  kga  <<  1 but  are  included  in -he  cavity  fields 

since  3:  is  of  the  same  order  as  kw. 
o M 
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J 

9.0  GENERAL  ORIENTATION  OF  AH  ELLIPTIC  APERTURE 

Let  us  generalize  the  case  of  an  elliptical  aperture  in  a rectan- 
gular cavity,  by  rotating  the  axes  of  the  ellipse  an  angle  0Q. 


I i 


Figure  1 

GENERAL  ORIENTATION  OF  ELLIPTICAL  APERTURE 

From  the  geometry  it  follows  that 

\ x'  » x4p  cos (0+0  ) « x +p (cos0  cos  0 -sin0  sin  0 ) 

o o o o 


\ 


* x +x  cos  0_  - y sin  0_ 
o o o 


y'  * y + p sin  (0+0  ) * Y +P (sin0  cos  0 +sin  0„  cos  0) 
o o o o o 


■ y +y  cos  0^  + x sin  0^ 
^ o o o 
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sin  kjX'  « sin  k^  (cos  (kjX  cos  9o)cos(k1y  sin  0q) 

I 

+ sin  (kjX  cos  0Q)sin(k^y  sin  0Q)] 

+ cos  kjX^sintkjX  cos  0Q) costly  sin  0Q) 


- sin  (k.y  sin  0 )cos(k.,x  cos  0 )] 
1 O 1 o 


cos  k2y'  = cos  k2yo(cos(k2x  sin  0Q)cos(k2y  cos  0Q) 

- sin(k2x  sin  0Q)sin(k2y  cos  0Q) ] 

- sin  k2yQ[sin(k2x  sin  0Q)cos(k2y  cos  0Q) 

+ cos(k_x  sin  0 )sin(k«y  cos  0 )] 

Z O 2 O 

sin  k.y*  = sin  k_y  [cos(k_x  sin  0 ) cos (k.y  cos  0 ) 

* o z O 2 O 

- sin (k.x  sin  0 )sin(k.y  cos  0 )] 

* O i o 

+ cos  k2yQ[sin(k2x  sin  0Q)cos(k2y  cos  0Q) 

+ cos(k2x  sin  0Q)sin(k2y  cos  0Q)] 

Each  of  the  above  integrals  involves  16  terms.  However,  because 
of  symmetry,  all  but  four  are  zero.  With  the  use  of  trigonometric 
identifies,  these  can  be  evaluated. 
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irk-k  N1/2E°ab2  sin  0 

3 C 2 O 


2«ME{f'e> 


[cos  (k1*0+k2Y0)  (Sj^  cos  s^sin  s^/s2 


+ cos  <k1*0-k2yo) <s2  cos  s2-sin  s2)/s2] 


(2\  "kMk  N1/2E°ab2  cos  6 , 

*M  ’ 2^E(l,e, <*2 VW  <*2  cos  s2  - sin  »2)/,2 


- cos  (k1xo+k2yo)  cos  s^/s*] 


where 


s1  * [a2(k1  cos  0o+k2  sin  0o)2+b2(k1  sin  0Q-k2  cos  eQ) 2] 1/2 
a.  - [a2(-k.  cos  9 +k-  sin  0 )2+b2(k..  sin  0 +k.  cos  0 )2]1^2 

- x OX  O X 02  O 

As  0^0,  goes  to  zero  and  A^2^  goes  to  the  value  previously 

calculated.  As  0Q-*^,  am^  9°®s  to  zero  and 


11)  »*3*cn1/2e°  ab2 


(s’  cos  s' -sin  s') cos  k,y^  cos  k.y 

X O 2 0 


where  s'  - (a2k2+b2k2) 1/2 


In  any  case,  the  electric  field  is 


I - MA<1’I<1,+A152)^2)) 
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iJ& i 


P(J  e)  - E(Je) 


a2E(ie)  - b2F(ie) 


+ s 2 (sin  s2  - s2  cos  s2)sin(k1xQ  - k2yQ) • 

H° (kicos  9^  - k2  sin  9j  H°b2(ki  sin  9^  + k2  cos  9 ) 

y o o 


F(^e)  - E(i  e) 


a2E(^e)  - b2F(j^e) 


When  9q=0  this  reduces  to  the  result  derived  earlier,  which  is 
the  first  half  of  the  expression  on  page  (8-3).  When  9 

o • 9 

q32®  • «•  C C € A 

v$  * a*|^  ^ EE  E ■■  ■ n P (kjx  sin  kjx'  cos  k2y'  cos  k3z'  h 


o o m-0  n*0  p«0  kM2 


k2y  cos  kjx'  sin  k2y'  cos  k3z'  + k3z  cos  kjx'  cos  k2y’  sin  k3z') 


(sin  s’  - s'  cos  s')/s'3 


H°k2  cos  kiXQ  sin  k2yQ  H°b2ki  sin  kix0  cos  *2yo 


r(i  e)  - E(£  e) 


a2E  (■*■  e)  - b2F(£  e) 


The  boundary  condition  for  a metal  which  is  not  perfectly  con- 
ducting is  derived  in  the  appendix  as 


nx2  ■ / u>vQ/2a  (1+ j ) H 

(see  also  Reference  9) . If  the  resonance  is  to  be  damped,  we 
must  use  the  above  formula  in  evaluating  the  coefficients  Ajj. 

is  unchanged  because  n*H  « n»nxE  ■ 0 on  the  metal. 

Following  the  method  of  Chen, ^ we  obtain 


E 


(i) 


(see  appendix) . Where 


amU>  - ~ 

*0  M 


2 2 

v-v 


(/  nxiS'Vxi..^  dS  + / nxf*yx£ dS] 
s M - M 

Sa  S1 


koS-k«2 


[/  nxj5«Vx£M(i)  dS  + 4)w773o(l+j )/  $«VxiM(l)dS] 


M 


At  this  point,  we  should  note  that  the  series  for  £ is  not 
uniformly  convergent  since  nx$M^  is  zero  on  the  boundary 
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whereas  fixE  is  not.  Hence,  we  will  use  the  expression  for 
H which  has  a uniformly  convergent  series 


H « V<fr  + kQ  2 


JS.<i>iM-i) 


M,  i 


Substituting  this  in  the  above  surface  integral,  we  obtain 


2-fc  2,*  (i)  _ j fixE*VxEM(i)  dS  + /»y/2o  (1+j) 


<V-V)am 


[/ 

S1 


A_Ct) 

VxEM(l)  dS  + k I / Ha(1)*7xE  (l)  dS] 

M ° M,i  *5  S1  M M 


+ <!♦!>  WMa)-jit0z0kM  £ 


& U>K(i») 

Z M *M  M 


These  integrals  can  be  evaluated  for  particular  apertures. 

Let  us  consider  a rotated  elliptic  aperture. 

V$  * l j-  [-^k^  sin  kj^x'  cos  k2y'  cos  Jc3  z ' — yk2  cos  k^x' 

5 kg 

sin  k2y'  cos  k3z'  -2ic3  cos  k^x*  cos  k2y'  sin  k3z']  Pg 


where  Pv 


/ fi*lf  cos  k.x  cos  k,y  dS 


IM(i)  - / ftxE*HM(i)  dS  (-jkj^) 


*m(l‘)  * ' C ^m11’  ds 
S1 
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/ V$  *7xEM(l)  dS  - -jJcM2Q  / fy-SMU)  dS 


NPm 

"3kMZo  » — 7 ^ Hm  ^ sin  kj*'  cos  k^'  cos  k3z' 

*‘M  S1 

-k^  cos  k^x1  sin  k^'  cos  kjZ 
-k^S  cos  kjX1  cos  k^y'  sin  k^z']  dS 


-ne2a3  , V 

PM 7“  {F(|;e)'.7|/e) [ Sin  (klVVo)Cl(sin  srsl  008  sl)/sl 


-sin  (k1XQ-k2yo)C2 (sin  s2-s2  cos  s^/s^,3] 


+ a-  H^b = — — [sin(k'x  -k,y  )c,lsin  s,-s_  cos  s0)/s_3 

b2F(f,e)-a2E(f,e)  1 o 2 o 3 22  22 


- sin(k1xo+k2yo)c4tsin  s^Sj^  cos  s^/s^l 


where 


C.  = k.  cos  0 + k_  sin  0^ 

11  O 2 O 


C_  » -k..  cos  0^  + k«  sin  0„ 
2 1 o 2 o 


C,  = k,  sin  0 + k,  cos  0_ 

3 1 o 2 o 


C4  - -k.  sin  0_  + k,  cos  0_ 
4 1 o 2 o 
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S1  * <»2C12+b2cJ)l/2 


s2  - (a2C22+b2C32)1/2 


c (11) 
MM 


-2 


*M  Zo  kckc 


(e  t ) ^^2 

— {— V 6n  4P[l+(-l)m+m] 

u n p 


(E  l )1/2  - - 

<‘2SH2Ec2>  * -IT C ^»*(-Dn+nl 

o r 


'‘AlHVl  + ST  C 


. (12) 2*3 


z-^-5 4 

™ kjc  k_Z  2 


M c c o 


-e  1/2k  k - - 

— ^“b — C $£u+(-i>n+n] 

°o  ra  ” 


+e  ^2k  k - - - 

— 5^fl+  (-1) m+m  ]} 
ao  n P 


«ax>- 


c ^^2k  k - - - 

{-  l 1 2 6®  6P[l+(-l)n+n] 

wv?  b°  p 


e,1/2k,k 


+ -i— — L-2  6n 


ao  n P 


2 
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2k.  k. 6^6^ 
11  n P 


aokcVo 


(l+(-l)m+m] 


2k_k.6”6|  _ - 

— 2 2 [l+(-l)m+m] 

bokA»o 


0/  - . l/2fin.n 

3 3-  2 -&■&  u+(-i)P+P] 

hoV 


k 2 [l+C-l)n+nJ.b  - 
■ jk  /2  Z 5 J5SI 


/ a_  n k - 


k 2 [l+(-l)m+I"]p 


/b  m k- 
o mnp 


e — — _ * Sl.  i llt(-1)P+PlP,.J.5) 

/h  p k2  - 

o r mnp 


(2)  = _ klk2kM/2  1 z U+(-Dn'l'nlPn^|: 


/b  n k - 
o mnp 


, tl+(-i)m‘,‘m]  P- 

v mnc 


+ ST  m k2 
o mnp 


(1)  _ »*3y1/2E;  ab2  sin  eo 
M 2E(|,e) 


[cos  (k1xo+k2yQ)  (S1  cos  Sj-sin  S^/S 


+ cos  (k^-k^)  (S2  cos  S,  - sin  S,)/S,J] 


(2)  __  ”W1/2eI  ab2  COS 

M 2E(|,e) 


2 2 


[cos(klxo-k2yQ)  (S2  cos  S2-sin  S2)/S2: 


- cos(k.x  +k,y  ) (S,  cos  S.  - sin  S,)/S,  ] 
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To  solve  the  doubly  infinite  set  of  equations  for  A^,  separate 


out  the  diagonal  terms. 


2 „ 2 . . 


tko  -kM  +ikozfm  ^72a d+j>.  V 


+ jkoZo  ^0/2o(l+j)C  A^2) 


= 1^1]  + /0)Uo/2a 


am  kmm 


/2a  (1+j)  [j'  - j k z k • I '■ 

° M °°M  H?H.l  kM 


[ko  "kM  +^k0ZoKMM  ^0/20  (1+j)]  AfJ2)  + jkQZo  /wUq/2o  (1+j ) 


am1>k£?)  " xm2)  + '^72Fa+j)tJ1i2)  - jkckMzo  I 


£ M KMM 

M^M, kM 


If  kQ  is  close  to  some  kM,  say  kjj,  then  the  above  equations 


are  approximately 


V-V 


A<2)  = 2^ 2 M^N 

M k 2-k  2 
o M 


where  the  terms  involving  l//a  have  been  neglected.  These 
can  be  substituted  into  the  resonant  equation  to  obtain 
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2,2 


[ko  _kN  “ZokoKN N /u)V2a(1'j)1  V " koZoKNN2)AN2)  (1_^ 


/u>U0/2o  = II^1)  + ✓wli“/2o(l+j)  koZokN  /ulio/2a(l-j) 

k(i1)ii1>+  v(i2)  r<2> 
z _NM  am  + knm  tm  = 

M^N  k-(k  2-k-2) ' 1 

Mo  M ' 


tko“-kN2-ZokoKNN^  /«Wo/20(l-j)J  Af<2)  - kcZoK^D 


✓o»uo/2o(l-j)  - I^2)  + /UUo/2o(l+j)  J^2)  + koZQkN  4po/2o(l-j) 

k(21)  jil)+  « (22)  (2) 

£ yM  1M  * NM  JM  _ p 

M/N  k-(ko2-k52)  " 2 


This  set  of  two  equations  and  two  unknowns  can  be  solved  for 
anL>  and  an2) 


-SS1’  * S<P1d-F2B) 


*42>  - S<F2A-P1CI 


where  A * AD-BC 
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A ■ k02‘kN2  - 2oICoKNN1>  /575;I1-J) 


B * -2okoK™  /SV55(1-3) 


C = -Z  k 


■oSh  /5V2»(1“i> 


D - ko2-kN2  - Vo'SSn’ 


342-61 


If  kQ  is  close  to  more  than  one  kM,  say  k^,  , kjj  , ...J^  , then 

12  e 

we  still  have 


k 2_k  2 
o 


M|<N1,N2,...N( 


and  we  can  proceed  as  above  to  find  A^1*  , A^,...^**  by 

1 2 e 

solving  2e  equations  in  2e  unknowns. 


If  this  approximation  is  not  made,  then  the  equation  for  A^1 
must  be  solved  by  numerical  techniques.  If  m,n,p  < 10, 
this  leads  to  eight  independent  sets  of  equations  with  a 
maximum  of  250  equations  in  each  set.  There  would  be  1701 
unknowns  which  would  be  a laborious  calculation. 


It  is  important  to  note  that  Ajj  ' does  not  go  to  infinity 


as  u>-nD..j. 


217 


342-62  EMP  3-38 


■ . 

■ 

11 . 0 PULSE  INPUT 

Let  an  incoming  wave  incident  on  the  aperture  be  an  electro- 
•j  magnetic  pulse  (EMP)  instead  of  a sinusoidal  wave.  The  Fourier 

transform  of  Maxwell's  Equations  are  of  the  same  form  as  if  we 
had  assumed  a sinusoidal  input,  if  the  incoming  field  is  of 

the  form  E1  ■ E^  f (t)  then  the  Fourier  transform  is 

• ■+  > o 

1 * E1  F (u)  . 


» -jut 

Where  F(u)  - / e f(t)dt 


The  inverse  transform  is 

*•  jwt 

f(t)  = i_  / *e  F-(u)dw 

2 n -« 

To  find  the  response  of  a cavity  to  EMP  we  must  multiply  the 
result  of  a sinusoidal  input  by  F(u)  and  then  take  the 
inverse  transform  of  the  result.  As  an  example  consider  the 
function  illustrated  in  Figure  3. 

-at  -(Jt 

f(t)  * (e  -e  )u(t)  where  O<a<0 
and  u(t)  is  the  unit  step  function. 


Figure  3.  EMP 
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The  maximum  occurs  at  t * 1 In  8/a 

max  0-a 

The  transform  of  f(:t)  is 


a+jw  8+ju 

The  transformed  field  in  a perfectly  conducting  cavity  of 
arbitrary  shape  and  arbitrary  aperture  is  given  by 
* 2 ♦ . 4 -(i> 

E ■ c Z ) / nxE  • 7xE  M ds 


(i)  2 — (jj  2 


Let  E on  the  aperture  be  F(«)G(r).  It  follows  that 


E(r,t)  "I  EL.  /_  n x G(r)  • Vx  E ds  B„(t) 
M sa  MM 


where  B (t)  ■ inverse  Fourier  transform  of  w 2F(w) 
M M 


i /um  £- 
T7  — M 


a>2-0)  2 


( 1 - 1 ) du 

a+jw  8+ jw 


B (t)  gives  the  time  dependence  of  each  mode. 

M 

This  integral  has  a singularity  but  the  principal  value  exists. 
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It  can  be  verified  by  direct  integration  that 

2 


F T|jw^sIn(i»Mte  u(t)J 


- w 


M 


lY«-jw)2+% 2 


(y>o) 


“M 


As  >-*-o+  this  is 

Using  the  convolution  theorem,  the  inverse  Fourier  Transform  of 
the  product  F^  (w)F^ (w)  is  given  by 


/ f (t-x)f  ( x ) dx • Let  F (u>) 

MOD  12  1 


M 


( Y+ju)  2+<*»m2 


and  F (u) 


1 - 1 

o+ ju  6+jti) 


It  follows  that 


- Yt 

f (t)  * “wMsin  “Mte  u(t) 


f (t) 
2 


B (t) 
M 


-at  -6t 
(e  -e  ) u(t) 


-lim  /*  <#  sin  uu(t-r)e 
Y*o+—  M M 


-Y(t-x) 


-ax  -6  x 

x u (t-x) (e  -e  )u (x)dx 

t -Yt+YT-ax  -Yt+Yx-6x 

=*  -lim  u(t)u  / sin  u (t-x)  (e  -e  )dx 

Y*o+  ” o M 
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-lim  i 
■ y*o+ 


/ -at  -yt 

“M  U(H  (^<e  ~e  [(Y-a)sin  a>^t  + cos  a>Mt ! 

' . . A 


(y-a)2  + in  2 
M 


v 0 t — y ^ 

- MMe  ~e  ^ (7-6)  sinw^t  + h)M  cos  caMt1 
(Y-0)  2 + <u_. 2 

n 


B (t)  = -U  (t)  <u  {“Me  +aSin  “m*  - “M  co*  “Mfc 

M M 

°2+“m2 

- *ain  <*>Mt  - “M  coa  “m*  ) 

8‘*  “m! 


This  is  made  up  of  a distorted  EMP 


2 -at 

2 _ 

uMe 

2 r.  2 

“M+ 

02+w. 

plus  the  undamped  natural  modes.  The  distortion  goes  to 

zero  as  -►  • . The  maximum  value  of  the  distorted  wave  as 

well  as  the  undamped  wave  both  have  an  upper  bound  of  one.  The 

maximum  of  B (t)  has  an  upper  bound  of  two.  This  can  be 
M 

obtained  for  intermediate  u,  i.e.,  when  a<«u  <<0  so  that 


B (t)  * -u(t)  (1-  cos  (^t) 

M 


t ■ ir 
max  u. 
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-ot  -Bt 

For  large  <»M  (a<< B<<<*>M)>  B^ft)  - -u(t)  (e  -e  ) (EMP  shape) 


and  for  small  u 


M 


(uM<<a<<B) 


B (t)  - -u(t)  ^ sin  u t (no  EMP  shape) 

n n M 


For  the  case  of  very  large  M, 

-at  -Bt  -*■ 


E(r»t)  ■ -u(t) (e 


e ) t Ew  n x G (r) • VxEwds 
M — / M 


«-f(t)EEM  _ ->■  + -► 

M / n x G (r)  • 7xE„ds 


where  the  input  on  the  aperture  is  G(r)f(t) 
We  note  that  the  plane-wave  expressions 


E (r,t)  - f(t)  I AmEm  , f(t)  - e' 


jut 


M 


/8  n x G(r)*PxE  ds 


*2  * V 


yield  the  same  expression  when  u >>u 

m o 


The  wave  length  of  the  natural  modes  of  a rectangular  cavity  are 


XM  * 


. n«  p“ 

r?  + ft  + rt 


To  satisfy  the  boundary 
conditions  only  one  of  m,n,p 
can  be  zero  at  one  time. 
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If  a0<bo<h0  then  the  largest  wave  length  occurs  when  m-0, 
n*l , p*l . Hence 


x < 

M / 1 . 1 
EZ7  + E7T 


< 2b 


The  largest  wave  length  is  less  than  twice  the  intermediate 
dimension  of  the  cavity. 


If  the  rise  time  of  EMP  is  3.5  ns  and  the  fall  time  is  275  ns, 
then 


fall  time 


rise  time 


3.6  MHz 


286  MHZ 


If  a cavity  has  an  intermediate  length  of  3 meters,  its  lowest 
natural  frequency  is  greater  than  50  MHz.  From  the  above 
analysis  we  see  that  this  lowest  * ode  could  have  twice  the 
amplitude  of  the  incoming  EMP,  and  its  peak  would  occur  at 
10  ns  after  the  pulse  hit  the  aperture. 
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13-0  APPENDIX 

13.1  ELLIPSOIDAL  COORDINATES  g,n,C 

. x2  (g+a2) (n+a2)  (;+a2)  2 (g+b2)  (n+b2)  (c+b2) 

a2(a^-b2)  -b2 (a-b2) 


z2»^ 

a^b 


a > b,  0 < g < »,  -b2  < n < 0,  -a2  < C < “b2 


2 2 2 2 

Let  <fr  be  defined  as  ? = -a  + (a  -b  ) cos  t 
If  g -*•  »,  then  g/r2  -*-1 

2 j.2  _2  < 

If  n -*•  -b  , then  the  surface  of  constant  n is  y»0  and  -$ — r - *r  - l 

a-b  b 

2 2 2 

If  C -*■  -b  , then  the  surface  of  constant  c is  y=0  and  -4y — 7 - % - 1 

a2-*2  b2 


If  C -*■  -a  , then  the  surface  of  constant  c is  x=0 
2 2 

If  n ” "b  and  g • -a  , the  locus  is  the  z axis 

If  b -*•  a,  then  the  coordinates  g,n*C  are  related  to  the  oblate 
coordinates  gQb,  nob,  *ob  as  ♦ - *ob,  g - gQb,  and  n - nQb 

If  n + 0,  then  the  surface  of  constant  n is  z=*0,  x2/a2+y2/b2  > 1 

If  g 0,  then  the  surface  of  constant  g is  z=0,  x2/a2+y2/b2  < 1 


2. 


St 

±- 


a +y  b +u 


1 where  y » g,n»  or  ^ 


2 2 2 
On  the  z-axis,  n ■ -b  , C ■ -a  , and  g ■ z 
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On  the  aperture,  5=0  and  n,£ 
c2  ~2 

—9 
4 

a 


2 2 2 2 2,2  - 
P -a  -b  + , ,p  -a  -b  » 2 

5 C( 2 > 


+ a2b2  (-1  + t-  + ^)] 

b 


1/2 


On  the  screen,  n = 0 and  £,? 
2 2 


P2-a2-b2  + [(P2-a2-b2)2 


+ aV  (-1  + 5i  + Xj)] 

a b 


1/2 


For  the  far  field,  then  £/r2-*-l  and  n,5  [b2x2+a2y2+ (a2+b2)  z2] 

2r 

+ -K  { [1?  x2+a2y2+  (a2+b2)  z2]  2 - 4a2b2z2r2}1/2 
~ 2r 

2 2 2 2 2 2 
If  £ >>  a and  z=0,  then  £ -*■  p , n=0  and  ? -a  +(a  -b  ) cos  <J> 

where  cos<|>  = x/p 


3.  The  inverse  transformation  involves  the  cubic  equation 

p3+y2[a2+b2-r2]+p[-(a2+b2)z2+a2b2(l-x2/a2-y2/b2)]-a2b2z2  = 0 

(4) 

The  solutions  give  £,n,£  in  terms  of  x,y,z  as  follows  : 


£ * + m cos  0^ 


~ + m cos  (0^  + y^) 


-y  + m cos  (01  + y^) 


where 
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1 3b 

— COS  - — 
3 Am 


m 2 2/-A./3 


A - Q - P V3 


B = \=j  (a>3-SPQ+27R) 


P = a2+b2-x2-y2-z2 


n - a2v,2  2 2 *2  2 2 2.2  2 

Q = a b -a  z -b  z -a  y -b  x 


R = -a2b2z2 


The  following  argument  shows  which  solution  of  the  cubic 
corresponds  to  each  of  the  coordinates  It  is  seen 

from  the  cubic  equation  written  in  the  form 


-f — + — + — = i 

a2+y  b2+y  w 

that  the  surfaces  of  constant  y are 


ellipsoids  if  0 < y < +«  (y=C) 

hyperboloids  of  one  sheet  if  -b2  < y < 0 (y=n) 

hyperboloids  of  two  sheets  if  -a 2 < y < -b2  (y*c) 

and  that  any  point  in  space  is  on  exactly  one  surface  from 
each  of  these  three  families.  Thus,  the  equation  always  has 
three  real  solutions  for  y,  one  in  each  of  the  intervals  just 


then 


Thus 


Since  these  expressions  are  the  solutions  of  the  cubic 
equation,  it  is  now  apparent  which  corresponds  to  each  of  the 
ellipsoidal  coordinates: 

P 

C =*  — j + cos 

n = + cos  (0^  + 

C = -§  + cos  (01  + |l) 

There  are  two  curves  on  which  not  all  the  roots  are  distinct: 
2 2 2 2 

The  ellipse  x /a  + y /b  =1,  z=0,  where  £=n=0?  and  the 
^ ^ ^ 0 0 

hyperbola  x /a  -b  - z /b  * 1,  y=0 , where  n=i:=-b  . 


3 2 

In  both  cases,  it  may  be  shown  that  A < 0 and  A /27  + B /4  = 0, 
whence  m > 0,  | 3B/Am|  * 1,  and  0^  is  real.  Then  the  proof 
follows  as  before. 
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13.2  OBLATE  SPHEROIDAL  COORDINATES  g.n.<t 


(a=b) 


1 where  y 


C or  n 


1 9 7 9 922  2 

p^  = x^+y  = (5+a^) (n+az)/a  , z^  = -Cn/a 


o < 5 < <*>,  -a  < n < 0 


r2-a2  + , #r2-a2,2._2.21l/2 
,,n  = — o l ( — 9 — ) +a  2 1 


FIGURE  10.1  Oblate  Spheroidal  Coordinates 


2 2 

On  the  z axis,  5 = z , n = ”a 

2 2 

On  the  aperture,  5*0  and  n = -a  +p 

2 2 

On  the  screen,  n = 0 and  5 * -a  +p 

2 — a2z2  2 2 

For  the  far  field,  C/r  -*-1  and  n - - — §-=--a  cos  6 where*  0 is  a 

r Pnole  he t? "pen  tic 

z axis  and 


t u 


EMP 
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13.3  INTEGRALS  AND  FORMULAE 


a - cot-1(51/2/a) 


-h2/,M/2 


e - (1-b/a) 


a > b 


' 21r^UEI°,el' ,9rad<2’ 222/181 


2-  ’ in  % l/i — T^n  • ; b2F<°-«n 

K C ' *(5+aV/2U+b2)3/2  ab^  (a^-b2) 


.1/2 


2F  ' ~ (J\ 

~2 — thYT79 — TT/j  (Grad  222/12) 

b^(C+a‘r2(5+b2)V2 


3.  / 


4i 


2 (g+b2)1/2  2 


{ S^U+aV^?*!.2)1'2  " <?+«V/2  ' ^ E‘“'el 


(Grad  (2)  221/6) 


4‘  o'  Ci/2<fU3/W>1/2  * ^1,  - E <?•*>' 


00 

o'  cvC.V'2(?+bV'j  ■ ‘*2e't-»-»2e«7-» 


llra  e ^ ^ m M »* — IT* 


16.  jn(z)  - /W72z  Jn+1/2(z)  (Abram  w'  437/10.1.1) 
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(3) 


(3) 


(Abram  438/10.1.11) 


_ .n  . TTf1  ,1*2  .1.3*2  e* 

E^2,e)  2 ^ 2 1 2*4  3 


,1.3. 5,2  el 


/4>«  * C _ 1 

' 2~4~«  6 5“  *5,1 


(Abram  (3)  591/17.3.12) 


F(|-,e)»  |(l+(i)2  e2  + <^)2  e4  ♦ (^|>  2 e6  + ...1 


(Abram  591/17.3.11) 
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+ 


*£n 

za2b2 


] 


2xg(g+b2) 
U-g)  (g-n) ' 


2yg<fta  ) f 

(g-n)  (5-0 ' S 


2z (g+a2 ) (£+b2) 
U-n) (g-g) 


n 


x 


2xn (n+b2) 

<n-g) (n-g) ' ny 


2yn (n+a2) 

(n-C)  (n-g) ' nz 


2z (n+a2) (n+b2) 
(n-g) (n-c) 


g 


x 


2x^(g+b2)  _ 

U-g)  (g-n) ' ?y 


7g-t)  (g-n) 


2z  (g+a2) (C+b2) 
(g-g) (g-n) 


8a2b2 (a  -b  ) xyz 


13.5  herivatiom  of  boundary  conditions 


To  get  a boundary  condition  for  an  EMP  plane  wave,  consider  an 
incident  wave  which  has  a transform 
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i 


If  we  neglect  the  reflected  waves  on  the  metal,  then  the 
transmitted  wave  will  have  fields  related  by 


/e/y  ~ jo/uiy  = ktxEu  / ~^j(l  + 

For  EMP  the  highest  "practical"  frequency  is  108  Hz.  For 
copper  oje/o  = 2tt(108)(10)  (8 . 834xl0~12) /5. 8xl07  = 10-9  so  that 
the  correction  term  can  be  neglected  even  for  the  highest 
frequency.  Hence 


Rt.xEt  = /uu/20  Hfc(l+j) 

At  the  boundary  n*H  is  approximately  zero  so  that  kt=ft=the  normal 
into  the  metal.  Since  fixt'"  is  continuous  across  a boundary, 
then  this  must  be  the  boundary  condition  inside  the  cavity, 
at  the  cavity  wall.  This  is  the  boundary  condition  of  Jackson. ^ 


13.  6 DERIVATION  OF  COEFFICIENTS 


VxE  ■ -jam  H 

O 


7xEM  * -i“MUo  HM 


VxH  = jtoe  E 
o 


7XHM  " ^Meo  EM 


E - I 


EM 


U.v,+V^!S 
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$ - / fi*H  G(r,r* ) dS 
S 


7I 2G  - 6 (r,r ' ) 


ft  * 0 on  s 


*M  ' ! E'EM  d' 


7x7xE„  * + 


’M  - +kM  EM 


- I E*7x7xEm  dt 


kc  Am  - / Em*7x7xE  dx 


(ko2-kM2)AM  * J’(Em*7x7xE-E*7x7xEm)  dx 


7 • (Eux7xE  - Ex7xE„)  = 7xE*7xE  -E  *7x7xE-7xE  *7xE+E*7x7xEu 

W M 01  01  n n 


dto2-kM2)AM  ■ / 7* ( Ex7 XEm~Emx7 xE ) dx 


I ft* (Ex7xE  -Eux7xE)  dS 
S M “ 


I (flxE*7xE  -ftxE  *7xE)  dS 
S MM 


But  fixEM*0  on  S 


(ko2-kM2)AM  “ f ft‘E*7xEM  dS 


) 
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TRANSIENT  ELECTROMAGNETIC  CHARACTERIZATION 
OF  ARBITRARY  CONDUCTING  BODIES  THROUGH 
AN  APERTURE-PERFORATED  CONDUCTING  SCREEN 


ABSTRACT 

A general  procedure  for  the  systematic  transient  characterization 
of  arbitrarily  shaped  conducting  bodies  placed  behind  an  aperture- 
perforated  conducting  screen  is  discussed.  Coupled  integro-differential 
equations  are  derived  for  the  complex  coupled  boundary  value  problem.  A 
few  specific  examples  of  aperture-wire  scatterer  or  antenna  geometries 
are  treated  both  analytically  and  numerically  for  transient  electromagnetic 
characterization  based  on  the  singularity  expansion  method.  Both  the  fre- 
quency and  time  domain  results  are  given  for  the  coupled  problem. 
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INTRODUCTION 


Electromagnetic  transient  excitation  of  arbitrarily  shaped 
objects  through  an  aperture-perforated  conducting  screen  is  a com- 
plex interaction  problem.  This  has  been  given  special  attention 
recently,  particularly  in  the  broad  area  of  EMP  interaction  and 
other  related  simulation  applications.  Also,  a great  deal  of 
effort  is  being  applied  to  assessing  the  electromagnetic  effects 

on  the  protected  objects  behind  screen  in  the  event  of  external 

1 2 

transient  nuclear  explosions.  ’ This  problem  of  aperture  coupling 

and  penetration  of  electromagnetic  energy  has  been  studied  by  many 

investigators  to  characterize  general  complex  aperture  shapes  in 

3-5 

the  form  of  holes,  slits  in  a ground  screen  or  in  a scattering 
6 7 

body  itself,  ’ which  are  of  practical  importance  in  the  electro- 
magnetic pulse  and  in  interference  studies.  But  the  transient 
analysis  and  the  subsequent  characteristic  response  prediction 
become  a still  further  involved  process  if  there  are  other  scat- 
tering objects  in  the  vicinity  of  apertures,  wherein  one  has  to 

8 9 

take  into  account  fully  the  mutual  interaction  between  them.  ' 

As  such  diffraction  by  complex  aperture  shapes  has  been 

studied  extensively  by  both  analytical  and  numerical  methods, 

basically  in  the  frequency  domain,  based  on  the  formulation  of 

integral  equations  for  the  aperture-screen  boundary  value  problem. 

A circular  aperture,4,10  rectangular  aperture , 5 ’ 11-13  narrow 

14 

finite  slot  and  infinitely  long  slot  in  a conducting  screen  as 
canonical  problems  give  a basic  foundation  to  the  treatment  of 
general  aperture  shapes  in  a screen. 

This  paper  reports  the  preliminary  investigation  of  the 
interaction  problem  in  terms  of  a set  of  coupled  integro- 
differential  equations  for  a general  conducting  scatterer  placed 
behind  an  arbitrarily  shaped  aperture-perforated  conducting  screen. 
Basically  this  turns  out  to  be  a three-body  scattering  problem  or 
a two-body  scattering  problem  with  a leaky  ground  plane  due  to  the 
presence  of  the  aperture.  Further,  the  following  specific  hybrid 
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combinations  are  characterized  from  the  integral  equation 
formulations : 


i) 

ii) 

iii ) 

iv) 


narrow  finite  slot 
array  of  narrow  finite  slots 
single  or  multi-infinite  slots 
square  and  circular  apertures 

in  the  presence  of  simple  objects  in  the  form  of 

finite  straight  wire 
array  of  straight  wires 

infinitely  long  single  and  multiple  wires 
two-dimension  plate  surfaces 

Both  the  frequency-domain  and  the  time-domain  characteriza- 


i) 

ii) 

iii) 

iv) 


tion  is  discussed  based  on  the  extensive  application  of  the 

2 

Singularity  Expansion  Method.  Some  numerical  results  are  reported 


to  explain  various  types  of  interaction. 
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CHAPTER  I 

General  Formulation  of  the 
Aperture-Scatterer  Integral  Equation 

The  problem  of  electromagnetic  coupling  to  a general  con- 
ducting scatterer  behind  an  aperture-perforated  conducting  screen 
is  formulated  in  terms  of  a set  of  integro-dif f erential  equations. 
In  figure  1.1  is  shown  the  geometry  of  the  interaction  problem 

discussed,  wherein  S is  an  arbitrary  shaped  aperture  in  an 

a 

infinite,  perfectly  conducting  screen  assumed  to  be  in  xy-plane, 
separating  two  half-space  media.  The  left-hand  space  (medium  1) 
and  the  right-hand  space  (medium  2)  respectively  have  permeability, 
permittivity  and  conductivity  of  (u_,  e_,  o_)  and  (y+,  e+,  o+)  as 
their  characteristics.  The  incident  field  (8*.  8'"')  is  assumed  to 
exist  in  left-hand  space  medium  1 an*  illuminates  the  aperture. 

The  perfectly  conducting  general-shaped  scatterer  Sc  is  in  the 
right-hand  space  (medium  2)  (shadow  side),  which  has  direct  elec- 
tromagnetic coupling  to  the  aperture  S . 

a 

In  the  following  a set  of  coupled  integral  equations  are 
derived  by  treating  the  tangential  aperture  electric  field  or 
the  equivalent  magnetic  current  3S[n  = ~^ta  x and  the  equivalent 
induced  electric  current  distribution  3g  on  the  conducting  scat- 
terer as  unknowns. 

In  figures  1.2  and  1.3  are  indicated  the  step-by-step  reduc- 
tion of  t le  original  problem  to  an  equivalent  problem  by  invoking 
both  image  theory  and  field  equivalence  principle  valid  for  only 
z < 0 and  z > 0 respectively.  Based  on  figure  1.2  the  total  mag- 
netic field  8 and  the  total  electric  field  f_  valid  for  z < 0, 

~14  ic  “ 

can  be  written  in  terms  of  the  scattered  field  due  to  the 

equivalent  magnetic  current  8S[n  and  the  short-circuited  fields 
(fSc. » HSC_ ) * 
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Figure  1.1  Conducting  Scatterer  Behind  an  Aperture 

Perforated  Conducting  Screen 


Figure  1.2  Illuminated  Half-Space  Equivalences 


Figure  1.3  Shadow  Half-Space  Equivalences 
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S_(r,s)  = -4f  (v  • lm  ( r , s )^  - y 2lm  (r,s)j  + Ssc  (r,s) 


z < 0 


(1.1) 


®-<?'s)  ‘ - (5  ♦ se  ) V * (?'s)  + ^sc  <?’s) 


z < 0 


(1.2) 


Similarly,  referring  to  figure  1.3,  the  total  magnetic  field 

Z Z 14  15 

H+  and  the  total  electric  field  E+  valid  for  z > 0,  is  written 

in  terms  of  the  scattered  field  due  to  the  equivalent  magnetic 

current  -JSm  and  due  to  the  induced  electric  current  Jg  on  the 

conducting  scatterer  in  the  presence  of  the  perfect  ground  screen, 

s+<;,s)  - - 4 [»(? 


+ iT  V X A+(r,s) 


z > 0 


(1.3) 


E+(r , s ) = ^ • A+(?,s))  - Y+A+(?,s)J 


+ ^ V x (r.s)  z>0 

(o+  + se+)  m+l 


(1.4) 


In  the  expressions  (1.1)  to  (1.4)  the  electric  vector  potential 
is  given  by 


L (?. S)  = (gl0!-slt-) 


i ^ 

3 

j 


(r’s)  G+(r , r ' ; s ) dx'dy'  (1.5) 


s a 
m 


G+(r ,r ’ ; s ) 


l?-r^|  * [(x-x;)2  + (y-y^)2  + z2] 


(1.6) 


(1.7) 


..  .1 . . 
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and  the  magnetic  vector  potential  due  to  the  conducting  scat- 
terer  S and  its  image  S.  is  given  by 

C 1 

^+(r,s)  = 4?  ff  3_(r'  s)  i(r.r’;s)  ds! 


4 IT  jj  USViC! 
S 


+ (r| , s ) g(r,r^;s)  ds| 


(1.8) 


g(r’rc,i:s)  = 


”Y+'r”pc, i ' 


r~rc,i 


(1.9) 


and  the  propagation  constant  referred  to  each  side  of  the  medium 


y + = fsy+(a+  + se+ )] 


(1.10) 


S t 

in  which  s is  the  complex  frequency  with  e field  variations 
being  assumed  in  the  above  field  expressions.  In  fact  s is  the 
two-sided  Laplace  transform  variable,  and  in  deriving  the  above 
field  expressions  the  following  Laplace  transform  is  applied  to 
convert  the  field  quantities  from  time  domain  to  the  complex  fre- 
quency domain, ^ 


f 00 

?(s)  = 

— O 


f(t)  e"st  dt 


(1.11) 


whose  inverse  transform  has  the  form 


f(t) 


_j_  r ° 

" Jq  - 


f(s)  est  ds 


(1.12) 


Vj0° 


with  < Re[s]  < Qz  defining  the  strip  of  convergence  and  with 
the  inversion  contour  in  this  strip  (^  < < flg ) • 

A coupled  set  of  integro-dif ferential  equations  can  now  be 
formed  using  expressions  (1.1)  to  (1.4)  by  enforcing  the  appropriate 
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boundary  condition  across  the  aperture  and  on  the  scatterer,  that 
the  transverse-to-z  component  of  the  magnetic  field  should  be  con- 
tinuous across  the  aperture  S and  the  tangential  electric  field 

cL 

should  be  zero  on  the  conducting  surface  S of  the  scatterer, 

c 


lim  H_(r , s ) = lim  3i+(r,s) 
z -*•  ( 0— ) z -►  (0+) 

ts  (?)  x f+(?,s)  = 5 


(1.13) 


(1.14) 


where  lgc  is  the  outward-pointing  unit  vector  on  Sc . Hence,  sub- 
stituting the  expressions  (1.1)  and  (1.3)  into  the  aperture 
boundary  condition  (1.13),  we  have, 

7 [5(7  • v?,s))  • y-V?’s)]  * h 

* ^2  [V(V  ' - Y^m+(?-s)]  * tz 

- £[* « M.»>]  * h - - * h 


r e S. 


(1.15) 


Similarly,  substituting  the  expression  (1.4)  into  the  conducting- 
scatterer  boundary  condition  (1.14),  we  have 


A [7(7  • S+(?>S))  - yp+(?.s)j 

* (f,  f 7 * V?'S)  * 3 ? s Sc  (1'16) 

In  principle,  the  expressions  (1.15)  and  (1.16)  are  the 
exact  set  of  coupled  integral  equations  for  the  complex  case  of 
a scattering  conducting  body  behind  an  aperture-perforated  conducting 
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screen  in  terms  of  the  unknown  magnetic  current  distribution 
?sm(r,s)  in  Sa  and  the  induced  electric  current  3s(r,s)  on  Sc . 

One  may  also  note  that  the  short-circuit  magnetic  field  on 
the  right-hand  side  of  (1.15)  is  related  to  the  incident  magnetic 
field, 

Hsc  (r,s)  = 2H1(r , s ) (1.17) 


In  many  instances  the  left-hand  side  medium  and  the  right-hand 
side  medium  will  have  same  medium  characteristics  (p,  e,  a);  in 
such  case  the  + and  - subscripts  in  the  expression  (1.15)  and 
(1.16)  can  be  dropped  and  further  the  following  coupled  integral 
equations  result: 


and 


[v(v  • Am(?,s))  - Y2Am(?.S)]  x rz 

- 2 > [v  X *<?,»)]  X tz  . -jd  l^.s)  X Ia 


(1.18) 


[v(v  • i(r,s))  - Y2^(r,s)J  + sp  V x lm(r,s)  = 0 


(1.19) 


The  electric  vector  potential  and  the  magnetic  vector  potential 
~k  introduced  in  the  above  expressions  (1.18)  and  (1.19)  are  still 
given  by  the  expressions  (1.5)  and  (1.8)  respectively  after  drop- 
ping the  medium  subscripts  + and  - in  those  definitions. 


For  analyzing  the  antenna  problem,  figure  1.4,  one  has  to 
introduce  slight  modifications  in  the  expressions  (1.15)  and  (1.16). 
Since  there  is  no  incident  field  in  the  left-side  medium  1,  the 
right-hand  side  term  in  the  expression  (1.15)  is  equated  to  zero. 
Further,  the  boundary  condition  on  the  conducting  surface  Sc  is 
that  the  tangential  electric  field  is  zero  except  at  the  antenna 
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gaps  across  which  excitation  source  generator  is  connected.  Hence, 
the  right-hand  side  of  the  expression  (1.13)  is  replaced  by 
f (r)(rcS.  ) where  2„(r)  is  given  appropriate  source  distribution 

S X & 

on  S . If  both  the  incident  field  in  the  left-hand  side  medium 
c 

and  source  generator  at  the  structure  are  present  simultaneously, 
one  can  invoke  the  superposition  principle  and  analyze  the  prob- 
lem in  steps.  The  case  when  there  exists  incident  excitation 
fields  in  both  media  1 and  2,  can  be  handled  appropriately  by 
introducing  the  difference  of  the  two  short-circuit  fields 
(Hsc  (r,s)  - $sc+(r,s))  into  the  right-hand  side  of  the  expression 
(1.15)  instead  of  the  term  Hsc_(r,s). 

As  stated  earlier,  the  expressions  (1.15)  and  (1.16)  are 
the  general  set  of  coupled  integro-dif ferential  equations  derived 
in  the  complex  frequency  domain.  For  a specified  geometry  S of 

3. 

the  aperture  and  S of  the  conducting  scatterer,  to  obtain  the 

c 

current  density  responses  the  coupled  integral  equations  are  to 
be  solved.  If  one  is  interested  only  with  the  time-harmonic  solu- 
tion, it  is  obtained  by  making  the  substitution  s = joo , and 
similarly  the  time-domain  responses  can  be  obtained  by  taking  the 
inverse  transform,  as  defined  by  the  expression  (1.12),  of  the 
frequency  domain  solution.  The  expressions  (1.15)  and  (1.16)  can 
be  written  in  a compact  operator  notation 

<[f(r,r';s)]  I [j(r',s)]>-  [t(r,s)]  (1.20) 


where  the  symmetric  product  (similar  to  the  inner  product)  between 
two  vectors  l(r,r')  and  §(r)  is  defined  by 


<S(r,?’)  ; S(r)>  = 

« 

s 


£(?,?-) 


3(r' ) dS 


(1.21) 


In  the  expression  (1.20),  the  system  Green's  function  r(r,r';s)  is 
given  by 
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[?(?.?•  ;s>]  = 


where 


ra(r,ra;s): 


ra(r*ra:s)  rac(r’ra;s) 


rca(?)?c:s)  rc(?>?c:s) 


aperture  Green's  function 
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r (r,r ' ;s) : aperture-scatterer  interaction  Green's 

function 

r (r,r’;s):  scatterer-aperture  interaction  Green's 

function 


rc(r’rc:s): 


scatterer  Green's  function 


and  the  system  current  density  response  3(r',s)  has  two  parts 

corresponding  to  the  response  of  the  aperture  3Sm(r^,s)  and  that 

of  the  conducting  scatterer  3 (r',s), 

s c 


3(r\s)  = 


3s  (?a’s) 
m 


^s(?c's) 


(1.23) 


and  the  right-hand  side  term  t(r,s)  in  the  expression  (1.20) 
represents  the  forcing  function  related  to  the  appropriate 
excitation . 

Basically,  there  is  no  simple  analytical  approach  to  solve 

the  operator  integral  equation  (1.20).  One  of  the  most  familiar 

techniques  consists  in  reducing  the  integral-operator  form  of  the 

equation  to  the  corresponding  matrix-operator  form  of  the  equation 

16 

based  on  the  method  of  moments.  According  to  this  method  the 

unknown  response  3(r',s)  is  expanded  in  terms  of  N basis  or  expan- 
16 

sion  functions, 


N _ 

3(r’ , s ) * l J (s)  ?(?' ) 


(1.24) 
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giving  rise  to  a numerical  response  vector,  and  the  equality  of 


the  equation  on  the  objects  is  established  by  testing  the  operator 


16 


integral  equation  (1.20)  by  certain  weight  functions  Wm(r,s), 


m = 1,2,...,N  and  forming  the  inner  product  (1.21)  within  the 
domain  of  validity  of  the  integral  equation.  In  terms  of  the 
method  of  moments  notation,  the  expression  (1.20)  reduces  to  the 
matrix  equation 


[fn,,n(3>][Vs>]  - [ Vs>] 


(1.25) 


where 


m 


Vs> 


generalized  system  matrix 
generalized  response  vector 
generalized  excitation  vector 
The  solution  for  the  current  response  is  obtained  by  numeri- 


cally  taking  the  inverse  of  the  system  matrix  and  post-multiplying 
by  the  excitation  vector, 


[vs>]  ■ [f,1,c>]‘1['y»>] 


(1.26) 


Hence  given  a complex  frequency  of  interest  s = ft  + jw , for  given 
type  of  excitation,  the  current  response  of  the  aperture  and  the 
scatterer  is  obtained  from  the  expression  (1.20). 


One  of  the  direct  and  commonly  adopted  procedures  to  obtain 
the  time-domain  (transient)  response  of  the  scattering  objects 
for  a given  type  of  excitation,  is  to  solve  the  equation  (1.26), 
with  s = jw , for  various  values  of  the  real-frequency  u corres- 
ponding to  the  specified  frequency  band  of  interest,  and  numeri- 
cally obtain  the  inverse  transform  of  the  frequency  domain  data. 
Hence  for  the  time-harmonic  case, 


2,17 


[vH  - [ 


Vw] 


(1.27) 
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and  the  transient  or  the  time-domain  solution  is  given  by 


[V‘>]  - 5T  P ' 1 ' [V»] 


e-1"1  d„ 


(1.28) 


and  the  integration  along  the  w-axis  is  appropriately  modified  if 
one  encounters  any  singularities  either  in  the  matrix  inverse 
operator  or  in  the  excitation  wave  function. 


An  alternative  approach  recently  developed  for  transient 

characterization  and  time-domain  studies  is  the  well-known  singu- 

2 17 

larity  expansion  method.  ’ This  is  based  on  the  question  of 
parameterization  of  the  total  transient  response  of  an  object. 

In  the  direct  approach,  expressions  (1.27)  and  (1.28),  the  tran- 
sient study  is  unavoidably  laborious  and  costly  from  the  amount  of 
data  to  be  processed  if  the  response  is  to  be  studied  at  every 
point  on  the  structure  along  with  different  types  of  excitation 
waveforms  and  polarizations.  According  to  the  SEM,  it  is  possible 
to  express  the  object  response  in  terms  of  few  number  of  parameters, 

and  once  this  is  done,  one  can  freely  study  the  responses  both  in 

18—20 

the  frequency  domain  and  in  the  time  domain. 


The  general  formalism  of  the  SEM  began  with  the  observations 
of  the  responses  in  the  passive  lumped  circuit  theory,  and  other 
experimental  observations  concerning  the  transient  electromagnetic 
response  of  complex  structures  such  as  aircraft  and  missiles.  It 
was  observed,  basically  the  time-domain  response  consists  of  damped 
sinusoids  which  correspond  to  the  complex  conjugate  poles  or  the 
singularities  in  the  Laplace  complex  frequency  domain.  In  general 
one  may  encounter  other  forms  of  the  singularities,  such  as 
multiple  poles,  branch  points  and  branch  cuts,  essential  singular- 
ities and  even  entire  functions  depending  upon  specific  geometries 
under  consideration.  For  most  of  the  specific  problems  discussed 
in  the  context  of  this  paper,  only  the  first  order  pole  singulari- 
ties are  important  for  the  finite  size  conducting  objects  with  the 
addition  of  branch  cut  type  of  singularities  for  the  infinitely 
long  scattering  objects. 
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Rewriting  the  matrix  operator  equation  (1.25)  for  the  delta- 
function  response,  we  have 


['Vn<s>][Vs>]  - ['Vs)] 


(1.29) 


Using  the  singularity  expansion,  the  current  response  of  the 
object  to  a delta-function  excitation  is  given  by  (in  the  class  2 
form) , 


[vs>]  - l • tsic!  (i^ 


V 


(1.30) 


where  the  complex  natural  frequencies  sa  are  obtained  as  the  solu- 


tion to  the  determinant  equation, 

det  [V„<s>]  ’ 3 


(1.31) 


the  natural  mode  vector  [v]a  and  the  coupling  vector  [0]a  are 


obtained  as  the  solution  to  the  homogeneous  matrix  equations, 

FmVvjKL  * 3 <i32> 


[Vn<V]U  * 3 


(1.33) 


and  the  normalization  constant  6a  is  given  by 


° ’ >=>£  • [^[Vn'V])  • '’I. 


(1.34) 


Such  a representation  results  in  a compact  form  of  the  object 
response.  For  calculating  the  transient  response,  the  Laplace 
inverse  transform  definition  (1.12)  is  used  by  appropriately  clos- 
ing the  Bromowich  contour,  figure  1.5,  either  to  the  right  half 
or  to  the  left  half  of  the  complex  s plane.  In  the  expression 
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S - PLANE 


Figure  1.5 


Illustration  of  the  Closure  of  the  Bromwich 
Contour  in  s-Plane 
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(1.30),  the  term  [Im(s)]  contains  the  incident  excitation  and  it 
is  to  be  modified  if  one  wishes  to  incorporate  other  types  of 
transient  waveforms  or  convolute  with  the  delta  function  response. 
Hence,  we  have  the  time  domain  solution, 

[VO]  = l e a u(t)  (1.35) 

a 

where  is  the  coupling  coefficient  defining  the  magnitude  of  the 

excitation  coupling  to  a particular  mode  and  u(t)  being  a unit 
2 

step  function. 


f- 


p 
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CHAPTER  II 


Integral  Equations  for  the  Various 
Aperture  and  Slot  Geometries 


The  aperture-scatterer  integral  equations  (1.15)  and  (1.16) 
reduce  to  a comparatively  simple  form  for  the  case  of  diffraction 
by  only  an  aperture  in  the  planer  conducting  screen  with  no  bodies 
placed  behind  it.  In  figure  2.1,  if  the  conducting  scatterer  is 
removed,  then  the  expression  (1.15)  becomes, 


s 

~2 

y 


[v(9  • 


* ^[7(7  • V,(?’S>)  - Mm+(?'S)]  * 


- -5sc  (?’s)  x 


(2.1) 


r e aperture  S, 


and  if  both  medium  1 and  2 separated  by  the  screen  have  the  same 
medium  characteristics  (y  , e,  a),  then  the  expression  (2.1)  further 
simplifies  to 


[v(v  • im(r,s))  - Y2V?,s)]  x Iz  = - ii(?,s)  x t2 


(2.2) 


r c aperture  S 


a 


A.  Rectangular  Aperture 


For  the  case  of  rectangular  apertures,  the  electric  vector 
potential  can  be  resolved  into  its  rectangular  components, 


* Mm  + Mm  (?'s> 

x y 


(2.3) 


J.  


1 


J 
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and  substituting  (2.3)  into  the  expression  (2.2)  yields  the  follow- 
ing coupled  integro-dif f erential  equations, 


a ■ ,2i  v?' 

(t?  - y2)  V?' 


s)  + arlsy  (r,s)  = - ^ h*(?,s) 


^2  - y2)  Amy^’s)  + aW  \(?-s)  = - ^ 5J;(?,s) 

r e S 


and  from  the  expressions  (1.5),  (1.6),  and  (1.7), 

If  \ 5(?’?a;s)  dxadyi 


G(r,rJ^;s) 


?-Y|r  - r’| 

l^aT 


|r  - rj  = f(x  " xa)2  + (y  “ 


ya>2T 


(2.4) 


(2.5) 


(2.6) 


(2.7) 


(2.8) 


B.  Narrow  Slot 

The  geometry  of  the  narrow  slot  is  shown  in  figure  2.1, 
where  the  ratio  of  width  to  length  w/l  <<  1.  For  the  analysis  of 
diffraction  by  narrow  rectangular  slots  the  component  of  the 
electric  vector  potential  Amx(r,s)  in  the  slot  axial  direction  is 
predominant  and  the  cross  component  Amy(r,s)  for  all  practical 
purposes  can  be  neglected,  so  that  the  general  integral  equation 
for  the  narrow  slot  has  the  form, 


Mi  ■ M 


A (r,s)  + 

X 


-%(4  . ys\a 

Y2\3x2  7 "x+ 


(?,s)  = - 2Hd(r,s)  (2.9) 
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and  further  specializing  the  expression  (2.9),  for  the  case  of 
same  medium  characteristics  (u  , e , a)  on  both  sides,  the  integral 
equation  (2.9)  becomes, 


(5-t2)v?’ 


v2  -i  - 

s>  - - ¥ Hx(r's) 


r e in  slot 


(2.10) 


where 


^m  " ■■a2Vs-S£ } JJ  }s  (?a’s)  G(?,?a:s)  dxady^ 

x S mx 

a 


(2.11) 


The  magnetic  current  distribution  JSmx(ra,s)  for  a narrow  slot 

can  be  written  in  terms  of  the  axial  distribution  m(x)  and  the 

transverse  distribution  £(y)  which  has  the  right  type  of  singular 

21 

distribution  at  the  edges, 


Js  (x.y)  = m(x)  ?(y) 
m 

x 


(2.12) 


where 


c(y) 


= - [(- 
TT  L'2 


) - y‘ 


(2.13) 


Substituting  the  narrow  slot  distribution  (2.12)  into  the  expres- 
sion (2.11),  we  have  for  a narrow  rectangular  slot,  the  integro- 
differential  equation, 


U?‘T*)  V*' 


s)  = 


- V H*(x,s)  , 


- f < x < I 


(2.14) 


where 
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A (x  s)  = (a  + S£ 
mx(x,s;  2tts 


m(x^)  GNS(x,x^;s)  dx^ 
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• (2.15) 


GNS(x,x-s)  = 


Ra  ’ [<*  * + <T>2]! 


(2.16) 


(2.17) 


15  22 

A point  to  note  at  this  stage,  is  the  duality  ’ of  the 

problem.  In  fact  the  expressions  (2.4)  and  (2.5)  are  the  dual 

13  23 

equations  of  a rectangular  plate,  ’ while  the  expression  (2.10) 
is  the  dual  equation  of  a narrow  strip  scattering  problem. 

C.  Narrow  Multiple  Slots 

The  case  of  diffraction  by  narrow  finite  multiple  slots, 

figure  2.2,  in  a conducting  screen  can  still  be  analyzed  based  on 

the  integral  equation  (2.10)  since  all  the  slots  considered  form 

an  array  and  are  oriented  parallel.  But  the  electric  vector 

potential  Amx  in  the  expression  (2.10)  should  be  redefined  to  take 

into  account  the  mutual  interaction  between  the  adjacent  slots. 

Hence,  the  integral  equation  for  narrow  finite  multiple  slots  is 

given  by  the  integral  equation  (2.10)  with  Am  replaced  by  the 

~N  X 

total  electric  vector  potential  Am  due  to  N slots, 


AN  a s)  = -+- 

rn  '•r’s;  2ns 

X 


j.  jj  Js  (?vs)  “’V1^ 

n— 1 J 1 m n n n n 


,n  x 


(2.18) 


where  ^smx  is  the  magnetic  current  distribution  in  the  nth  slot 
and  the  Green's  function 


G(r,r’  ; s ) = 


-Y|r  - r; 


|r  - r* 


(2.19) 
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(2.20) 


D.  Infinitely  Long  Slots:  TE  and  TM 

In  figure  2.3  is  shown  an  infinitely  long  slot  in  a conduct- 
ing screen  for  two  different  polarizations  of  the  incident  mag- 
netic field.  In  the  TE  case,  the  incident  magnetic  field  has  only 
a y-component  having  the  electric  field  transverse  to  the  axis  of 
the  slot  and  both  the  fields  being  independent  of  the  y-coordinate 
variable;  while  in  the  TM  case,  the  incident  electric  field  has 
only  a y-component  (negative)  having  the  magnetic  field  transverse 
to  the  axis  of  the  slot,  again  both  the  fields  being  independent 
of  y-variable.  The  analysis  of  the  infinitely  long  slot  in  a 
conducting  screen  for  these  two  specialized,  TE  and  TM , polariza- 
tions of  the  incident  field  is  very  important  since  the  integral 
equations  encountered,  are  in  simple  one-dimensional  form;  also 
the  field  distributions  obtained  in  the  two  cases  explain  and 
give  more  insight  into  the  more  general  case  of  diffraction  by 
rectangular  apertures  in  a conducting  screen. 

(i)  TE  case: 

14 

In  case  of  TE  analysis  of  an  infinitely  long  slot  in  a 
conducting  screen,  the  electric  field  is  x-directed,  and  trans- 
verse to  the  slot  axis,  and  is  independent  of  y-coordinate  vari- 
able. Thus,  we  have  only  a y-component  of  the  magnetic  current 
distribution , 

(r,s)  = 1 J_  (x,s)  (2.21) 

m my 

According  to  the  expression  (2.1),  figure  2.4, 


s|A  (x,s) 

L y_ 


+ A^  ( x , s ) 


m 


2H1(x,s) 

y 


(2.22) 
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and  since  Amy_  and  Amy+  are  independent  of  y,  selecting  y = 0 in 
the  expression  (1.5),  we  have 


A (*,s)  = 

y+ 


(a+  + s t+) 


( ra  > s ) G+(r,r';s)  dx’dy' 


SLOT  my 


(o±  + se+)  r2  „ 

j2s  . Js  {xa's)  H0  [-jY±lx-Xal]dxa 


x ' = — — mv 

xa  2 y 


(2.23) 


(2  ) 

where  Hq  ' is  the  Hankel  function  of  the  second  kind  and  zero 
order.  If  both  sides  of  the  media  are  having  the  same  medium 
characteristics  (u,  e,  a),  the  expressions  (2.22)  and  (2.23)  yield 


5s  (x;,s)H£2)[-jY|x-x;|]dx;  - (q  i-s7}  Hj(x,s) 


x'--|  my 
a 2 y 


w ^ ^ w 

- 2 < x < 2 


(2.24) 


(ii)  TM  case: 

A similar  analysis  is  followed  for  TM  excitation'1'4  of  the 
infinitely  long  slot  in  a conducting  screen,  the  electric  field 
in  the  slot  is  y-directed  and  independent  of  y-coordinate  variable. 
We  have  only  an  x-component  of  the  magnetic  current  distribution, 


*s  (?’s)  = Jx  5s  (x’s) 
m 


(2.25) 


According  to  the  expression  (2.1),  figure  2.5, 

' Y-]\.<x’s)  * [i5  ' Y']\t<x,s)  * ' 


2H*(x,s) 


(2.26) 
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and  further  Amx_  and  Amx+  are  independent  of  the  y-coordinate 
variable,  selecting  y = 0,  we  have  from  the  expression  (1.5), 


~ (®+  + se  + ) r 2 «. 

Am  (x’s) l2s~  " Js  (^,s)Hi2)[-jY±|x-x;|]  dx^ 

x • w m 


X ' =— — mx 

a 2 x 


(2.27) 


Again,  for  the  special  case  of  same  medium  characteristics 
(y,  e,  a),  we  have  the  integral  equation. 


w 

[4  - 4 f 


Js  (xa  ’ s ^hq2  I x-xa  I ^ dxa  = "J28^  ®J(x,s) 


x ' =— — mx 

Xa  2 x 


(2.28) 


w . w 

? x 2 


It  is  quite  academic  at  this  point  to  look  at  the  duality 


of  the  equations  (2.24)  and  (2.28).  In  fact,  one  obtains  similar 
equations  for  an  infinitely  long  strip  scatterer,  the  equation 
(2.24)  for  a TM  strip  and  the  equation  (2.28)  for  a TE  excited 
strip  in  a homogeneous  medium. 

E.  Numerical  Results 

A few  of  the  canonical  types  of  aperture  shapes  were  dis- 
cussed in  the  previous  sections  and  the  pertinent  integral  equa- 
tions were  derived  in  terms  of  the  unknown  aperture  magnetic 
current  distribution.  Once  these  distributions  are  determined 
for  a given  type  of  incident  excitation,  the  complete  fields  both 
in  the  illuminated  and  the  shadow  region  can  be  determined  using 
the  field  expressions  (1.1)  to  (1.4).  One  of  the  powerful  tech- 
niques available  to  obtain  the  solution  of  the  integral  equations 

16 

is  based  on  the  method  of  moments.  This  involves  the  process 
of  converting  the  operator  type  equations  to  the  corresponding 

23 

matrix  type  equations,  which  can  further  be  analyzed  numerically. 
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In  figures  2.6  to  2.9,  numerical  results  are  presented 
for  the  case  of  an  infinitely  long  slot,  based  on  the  integral 
expressions  (2.22)  and  (2.26),  in  which  the  slot  is  in  a conduct- 
ing screen,  figures  2.4  and  2 . 5,  separat ing  two  half-spaces  of 
different  electrical  properties.  Figures  2.6  and  2.7  give  the 
slot  distribution  for  the  TE  excitation  and  figures  2.8  and  2.9 
for  the  TM  excitation.  The  left  side  (-)  medium  is  assumed  to 
be  free  space  in  which  a plane  wave  propagates  and  illuminates 
the  infinite  slot.  The  figures  depict  both  the  real  and  imagin- 
ary parts  of  the  slot  magnetic  current  distribution  as  a function 
of  the  permittivity  e+  figures  2.6  and  2.8,  and  as  a function  of 
the  conductivity  a+  figures  2.7  and  2.9.  The  TE  slot  distribution 
has  the  right  type  of  singular  behavior  at  the  edges,  while  in 
the  TM  distribution  it  goes  to  zero  at  the  edges.  These  results 
are  quite  valuable  to  understand  what  happens  for  the  distribu- 
tion in  the  case  of  a finite  rectangular  slot  or  aperture.  Based 
on  these  solutions,  the  fields  scattered  can  be  calculated.  In 
figure  2.10  is  shown  the  far-field  magnetic-field  variation  due 
to  the  TE  excited  slot  and  in  figure  2.11  is  shown  the  far-field 
electric-field  distribution  due  to  the  TM  excitation  of  the  slot 
as  a function  of  right  half-space  permittivities.  The  results  of 
the  far-field  do  exhibit  wavelength  contraction  as  the  permittivity 
is  increased. 

The  solution  of  the  coupled  integral  equations  (2.4)  and 

(2.5)  for  a rectangular  aperture  is  more  involved  from  the  numeri- 

9 10  13 

cal  point  of  view.  ’ ’ For  electrically  very  small  apertures, 

9 

the  solution  procedure  based  on  Rayleigh  series  can  be  conve- 
niently employed  so  that  the  zero-order  and  first-order  solutions 
represent  to  a fair  degree  of  accuracy  the  distribution  in  small 
apertures.  In  figure  2.12  is  shown  the  JSmx(x,y)  component  of 
the  magnetic  current  distribution  in  a small  square  aperture  for 
a normal  plane  wave  excitation.  Similarly  in  figure  2.13  is 
shown  the  distribution  of  the  Jsmx(x>y)  component  in  a narrow 
rectangular  aperture  in  the  presence  of  a conducting  ground  plane 
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Figure  2.7  TE  Magnetic  Current  in  0.5-Wavelength  Slot  for 
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Figure  2.13  Magnetic  Current  Distribution  in  a Narrow 

Rectangular  Slot 
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for  normal  plane  wave  excitation.  These  distributions  are  com- 
pletely altered  if  a scatterer  is  coupled  to  the  aperture  depend- 
ing on  its  location  and  orientation. 

F.  Aperture  Dipole  Moments  and  Penetrated  Fields 


In  the  previous  sections  some  examples  of  different  aperture 
shapes  are  discussed  based  on  the  integral  equation  formulations. 
The  results  presented  are  numerically  oriented.  If  one  is  inter- 
ested with  electrically  very  small  apertures,  as  is  the  case  with 
many  of  the  EMP  type  interaction  problems,  the  effect  of  the 
aperture  and  its  corresponding  magnetic  current  distributions  can 

be  approximated  in  the  quasi-static  frequency  spectrum  in  terms 

11-13 

of  equivalent  magnetic  and  electric  dipole  moments. 

For  a magnetic  current  distribution  3Sm(r')  over  an  aperture 
region  S in  the  xy-plane,  the  equivalent  magnetic  dipole  moment 

a ^ 

m and  the  equivalent  electric  dipole  moment  p are  defined  in 
a 12  a 

terms  of  the  following  expressions  (which  gives  the  correct 

scattered  fields  as  in  expressions  (1.1)  to  (1.4)), 


and 


m 


a 


(r1  ) 


dxadya 


(2.29) 


P,  " 


£ 

2 


2^  (?')  * r 


m 


dxadya 


(2.30) 


12 

Such  a characterization,  even  though  approximate,  gives 
a good  representation  in  the  far-field  regions.  In  figures  2.14 
and  2.15  are  shown  the  penetrated  Eg  electric  field  component  in 
the  region  z > 0,  calculated  for  the  square  aperture  l = w = 0.15 
wavelength  with  the  incident  field  oriented  normally  (fig.  2.14) 
and  edge  on  incidence  (fig.  2.15). 
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Electric  Field  Penetrated  in  the  Region  z > 0 
for  Square  Aperture  Compared  with  Magnetic 
Dipole  Moment 


Figure  2.15  Electric  Field  Penetrated  in  the  Region  z 

for  Square  Aperture  Compared  with  Electric 
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CHAPTER  III 

Analysis  of  the  Conducting  Bodies 
in  the  Presence  of  Ground  Screen 


Conducting  bodies  in  free  space  and  also  above  a ground 

screen  are  widely  treated  in  the  literature  for  analyzing  their 

24  25 

scattering  characteristics.  ’ To  understand  the  response  of 
the  objects  and  their  coupling  to  the  aperture  geometries,  it  is 
essential  to  know  the  scattering  behavior  in  the  presence  of  the 
conducting  screen.  If  the  aperture  Sa  is  absent  in  figure  1.1, 
the  complete  scattered  fields  3+  and  3+  in  the  right  half  (+) 
space  can  be  determined  by  expressions  (1.3)  and  (1.4).  Hence 
for  z > 0,  in  the  right  half  space  medium, 


§+(r,s)  = jp  V x A+( r , s ) 

3^(r,s)  = [v(V  • t+(r,s))  - Y+5+(r,s)] 


(3.1) 


(3.2) 


and  the  magnetic  vector  potential  ^+(r,s)  is  again  given  by  the 
expression  (1.8)  which  has  both  the  scatterer  and  its  image  terms 
included.  For  a given  scatterer  geometry,  the  induced  current  can 
be  determined  subject  to  the  boundary  condition  (1.14)  for  per- 
fectly conducting  bodies.  In  fact  many  of  the  integral  equations 
obtained  in  the  previous  sections  for  apertures  and  slots  separat- 
ing two  half  spaces  having  the  same  medium  characteristics  are  the 
21 

dual  equations  for  the  two-dimensional  conducting  plate  and 
strip  problems  in  a free-space  medium.  With  the  ground  screen 
present  appropriate  image  contributions  should  be  included. 

A.  Arbitrarily  Oriented  Thin-Wire  Configurations 

Arbitrarily  oriented  general  thin-wire  configurations  both 
in  free  space  and  above  a conducting  ground  plane  are  extensively 
studied  in  the  literature  based  on  integral  equation  techniques 
and  the  method  of  moments.  As  such,  the  analysis  of  the  wires 
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i 

I 


above  a ground  plane  is  similar  to  the  wires  in  free  space,  since 

the  concept  of  images  and  properties  of  matrix  symmetrization  can 
23 

be  invoked  and  the  ground  plane  replaced  by  wire  images. 

In  figure  3.1  are  shown  several  wires,  one  designated  the 
pL  wire  and  another  designated  the  q*"  . We  focus  major  attention 
upon  the  pth  wire  and  investigate  how  one  may  calculate  the  elec- 
tric field  on  this  wire  due  to  the  current  I on  itself  plus  that 
~ +V,  P 

due  to  1^,  the  current  on  the  q wire.  The  contribution  on  the 

pth  wire  due  to  the  presence  of  wires  other  than  the  qth  may  be 
calculated  in  an  identical  way,  and  then  the  total  contribution 
from  wires  other  than  the  p**1  is  simply  a summation  over  all  wires 
q = l,2,...,N(q  f p).  Written  symbolically,  the  electric  field 

X 

directed  along  the  axis  of  the  p wire  and  evaluated  on  its  sur- 
face is 

N 

E (?,s)  = E (?,s)  + I • [ E ( 5 , s ) (3.3) 

^ C P q=l  q 

(q^p) 

where  E is  the  total  axially  directed  field  on  the  surface  of  the 
th  ^ 

p wire  produced  by  all  charges  and  currents  on  the  structure, 

Ep^  is  that  due  to  the  current  Ip,  and  is  that  due  to  the  qth 

wire.  In  equation  (3.3)  t is  the  unit  vector  along  the  pth  wire 

(and  has  the  sense  of  the  current  I ),  and  £ is  an  independent 

P f >i 

variable  denoting  axial  displacement  along  1 of  the  p wire  in 

P th 

a local  coordinate  system  with  origin  at  the  center  of  the  p 
wire.  Figure  3.2  depicts  the  two  wires  and  serves  to  define  geo- 
metric quantities  of  interest. 

At  a general  point  in  space  (x,y,z)  one  may  write  Ep_  in  the 
following  form: 

Ep^(r,s)  = -sAp(r , s ) - ^ Jp(r,s)  (3.4) 

where  A and  $ are  the  vector  and  scalar  potentials,  respectively, 
P P th 

calculated  from  the  sources  on  the  p wire.  Subject  to  the 
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thin-wire  approximations,  these  potentials  may  be  written  as 

k_/2 


V?’s)  " h 


C’=-Lp/2  P 


U?',s) 


-Y | r-rp I 


| r-r ' | 

1 P 1 


dC 


and 


Vr 


1 f V2 

•s)  = p£  <5'.s) 

4 E J r ' =-L  /2  n 


-Y I r-r -| 


C'— Lp/2  P 


dc' 


r-r  ’ 
P1 


+ ^p+^r.s)  + $p-(r,s) 


where  the  general  point  (x,y,z)  is  located  by 


r = xlx  + yty  + zt2 


and  a source  point  on  the  pth  wire  by 


r1  = ?c  + c-t 
P P ^ P 


(3.5 


(3.6 


(3.7 


(3.8 


In  (3.5),  rp  is  a vector  which  locates  the  center  of  the  pth  wire 


so  (3.8)  itself  is  simply  the  equation  of  a straight  line  in  space 


th 


along  the  axis  of  the  p wire.  The  linear  charge  density  on  the 


th 


th 


wire  is  denoted  p»  and  is,  of  course,  related  to  the  p wire 


current  by  the  continuity  equation, 


Ip(S,s)  + sp^  ( C , s ) 


(3.9 


In  (3.6)  the  two  terms,  and  represent  contributions  to 

the  scalar  potential  from  the  rings  of  discrete  charge  located, 

4*  h 

respectively,  at  the  upper  and  lower  ends  of  the  p wire.  These 
charges  are  present  whenever  the  current  is  not  zero  at  the  ends 
as  is  necessary,  if  the  analysis  is  to  be  extended  to  structures 
involving  wires  which  join  at  their  end-points. 
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Similarly,  the  electric  field  £ (r)  due  to  sources  on  the 


wire  may  be  written 


£q(r,s)  = -sAq(r,s)tq  - grad  $q(r,s) 


(3.10) 


where  A I and  9 are  the  vector  and  scalar  potentials,  respec- 


q q 


th 


tively,  calculated  from  the  sources  on  the  q wire.  A and  9 

q q 


can  be  expressed  in  terms  of  potential  integrals  like  those  of 

(3.5)  and  (3.6)  with  p replaced  by  q.  The  unit  vector  £ is 

th  ** 

directed  along  the  q wire  and  has  the  sense  of  the  defined  cur- 
rent on  this  wire. 


.th 


Since  the  contributions  on  the  p wire  due  to  the  currents 
on  the  other  wires  are  all  of  the  form  of  (3.10),  only  two  wires 
are  tested  in  general  below  (fig.  3.3)  so  that  the  discussion  is 
not  rendered  overly  complex.  The  extension  to  more  than  two  wires 
is  quite  direct  and  can  be  done  readily  after  the  present  two-wire 
case  foundation  has  been  established. 


The  axially  directed  electric  field  on  the  surface  of  the 

x.  1 

p wire  shown  in  figure  3.2,  due  to  sources  on  both  the  p and 
th 

q wires,  is 


Ec  - -sAP 


- i j - SA  (J 
9?  p q q 


v - 


— 9 
3C  < 


(3.11) 


1 


Retaining  <tq  but  employing  the  Lorentz  gauge  explicitly  to  elimin- 
ate 9 one  may  convert  (3.11)  to  an  alternate  form: 

^ E?(C,S)  - - Y2)  Ap»,s)  - Y2Aq(C,s)(lq  • lq> 


Actually,  the  Lorentz  gauge  is  invoked  implicitly  relative  to  9 , 
for  otherwise  the  potential  integral  representation  of  the  scalar 


P-WIRE 


potential,  would  be  inappropriate;  however,  in  (3.12)  the  relation- 
ship between  0 and  A is  not  invoked  directlv.  In  view  of  the 
q q 

heterogeneous  application  above  of  the  relationship  between  vector 
and  scalar  potential  under  the  Lorentz  gauge,  one  must  exercise 
care  to  avoid  violation  of  the  continuity  equation,  when  he  calcu- 

x u 

lates  ^ from  the  charge  on  the  q wire.  When  this  wire  joins 
others,  as  is  anticipated  by  the  expression  (3.6),  special  heed 
must  be  given  to  this  caution. 

B.  Numerical  Examples  of  Wire  Structures 

23 

As  an  example  of  the  application  of  the  integral  equation 
(3.12)  to  general  wire  structures  above  a ground  plane,  numerical 
results  are  presented  for  biconical  wire  structures.  The  expres- 
sion (3.12)  is  converted  into  a matrix  equation,  similar  to  the 

1 a 

equation  (1.25)  based  on  the  method  of  moments.  The  effect  of 

the  ground  plane  is  taken  into  account  by  introducing  the  wire 

images  and  invoking  the  symmetry  of  the  geometry.  In  figure  3.4 

23 

is  shown  the  geometry  of  a wire  biconical  antenna  in  free  space, 
and  in  figures  3.5  and  3.6  are  shown  the  distribution  of  the  cur- 
rent on  the  structure  and  the  far-field  radiation  pattern  for  some 
specific  geometries.  Further  the  geometry  of  a wire  biconical 
antenna  above  and  perpendicular  to  the  ground  plane  is  shown  in 
figure  3.7  and  the  corresponding  current  induced  in  figure  3.8. 
Similarly,  figure  3.10  gives  the  current  induced  on  a wire  biconi- 
cal antenna  above  and  parallel  to  a ground  plane  geometry  shown 
in  figure  3.9.  For  these  geometries,  symmetry  allows  one  to  reduce 
the  partitioned  matrix  size  to  a smaller  number  of  unknowns  in  the 
matrix  evaluation. 

C.  Two-Dimensional  Conducting  Scatterer  Above  a Ground  Plane 

In  the  formulation  of  the  problem  of  determining  the  current 
distribution  on  finite  cylindircal  structures,  it  is  usually 
necessary  to  assume  that  the  cylinder  is  thin  so  that  the  current 
density  around  the  circumference  of  the  cylinder  is  uniform.  When 
this  is  not  the  case,  one  must  solve  a coupled  set  of  integral 


Figure  3.7  Wire  Biconical  Antenna  Above  and  Perpendicular 

to  Ground  Plane 
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Figure  3.9  Wire  Biconical  Antenna  Above  and  Parallel  to 

Ground  Plane 
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equations  as  has  been  done  by  Kao.  This  method  is  impractical 

for  very  long  cylinders,  however,  as  one  is  limited  by  the  storage 

27 

capacity  of  the  computer.  Harrison  has  shown  that  at  least  the 
qualitative  features  of  the  circumferential  variation  of  the  axial 
component  of  current  on  a cylinder  in  free  space  may  be  obtained 
quite  simply  by  treating  the  infinite  cylinder.  He  points  out  that 
for  the  infinite  cylinder  with  an  incident  electric  field  polarized 
parallel  to  the  axis  of  the  cylinder,  there  exists  no  mechanism  for 
the  excitation  of  circumferentially  directed  currents,  thus  decoupl- 
ing the  set  of  integral  equations.  Furthermore,  since  the  cylinder 
is  infinite,  the  current  distribution  is  the  same  at  any  cross- 
section  and  the  integral  equation  becomes  one-dimensional. 

Harrison  shows  that  for  circular  cylinders  in  free  space  is  it  not 
necessary  to  solve  an  integral  equation  at  all,  but  simply  solve 
the  boundary  value  problem  using  cylindrical  wavefunctions . 

If  the  cylinder  lies  parallel  to  an  infinite  perfectly  con- 
ducting ground  as  in  figure  3.11,  one  may  employ  image  theory  and 
replace  the  ground  by  equivalent  image  currents  as  shown  in  figure 
3.12.  Again,  to  attack  the  problem  rigorously  is  a formidable 
task  for  long  cylinders.  However,  if  the  cylinder  is  of  infinite 
extent,  then  for  the  polarization  shown  in  figure  3.11  (termed  TM 
polarization)  a rather  simple  integral  equation  for  the  surface 
current  density  Jz  can  be  derived. 

In  this  section,  the  resulting  integral  equation  is  solved 
for  the  current  distribution  with  a plane  wave  incident  perpendicu- 
lar to  the  cylinder  axis.  It  is  noted  that  the  problem  could  be 

treated  alternatively  as  a boundary  value  problem  using  cylindrical 

28  29 

wavefunctions  similar  to  the  methods  used  by  Row  and  Olaofe  in 
the  scattering  by  parallel  cylinders.  With  either  approach,  however, 
one  must  solve  a linear  system  of  equations,  but  the  integral  equa- 
tion approach  has  the  advantage  that  it  is  also  applicable  to 
cylinders  of  arbitrary  cross-section. 
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Referring  to  figure  3.12,  a general  observation  point  P in 

space  is  located  in  cylindrical  coordinates  by  the  vector 

r = ( '? , <t> , z=0 ) with  respect  to  the  origin  0 located  inside  the 

cylinder  with  boundary  C.  The  cylinder  lies  parallel  to  and  a 

distance  d above  the  ground  plane.  By  image  theory,  the  axial 

current  density  J on  the  body  at  point  A located  by  r1  = ('f ' , <J>  ’ , 

z 

z'=0)  is  the  negative  of  the  current  at  the  corresponding  image 
point  B which  is  found  by  reflection  in  the  ground  plane.  Thus, 
the  scattered  electric  field  at  point  P may  be  written  from  the 
surface  current  on  the  cylinder  and  its  image  as 

eJ('F.Jm)  = - X f [Ho2)(kR1)  " Ho2)(kR2)]  dJT 


where 


(3.13) 


R1  = f4'2  + 4''2  ~ 24'’r  cos^  " $’)]”  (3.14) 

R2  = |^2  + 4* ' 2 + 2W  • cos  (4»  + <(>')+  4d(4*  cos<J)  + 4"  cos<}> ' ) + 4d2]" 

(3.15) 

In  the  expression  (3.13),  k is  the  "free  space  wave  number  and  ZQ 
the  corresponding  characteristic  free  space  impedance.  The  first 
term  in  the  brackets  is  the  contribution  due  to  the  current  on  the 
cylinder  whereas  the  second  term  corresponds  to  the  fields  pro- 
duced by  the  image.  Boundary  conditions  require,  expression  (1.14), 
tangential  electric  field  to  be  zero  on  the  surface  of  the  cylinder 
along  the  boundary  C.  Hence,  we  have  the  integral  equation, 

kZ 

-g2  Jz(r’,jai)[H^2)(kR1)  - H^2)(kR2)]  d*  • = E^(r,ju)  , ? on  C 


(3.16) 


in  which  for  a plane  wave  incident  at  an  angle  $ , 


Ei(r,  jco ) = I1  [e<3k'i'cos((*>-<*>1)  _ e-jk{2dcos<fc1+4'cos(<f>+;|>1  )}j  (3.17) 

z o L 
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D.  Numerical  Results  for  Circular  Cylinder 

The  basic  advantage  in  the  formulation  of  the  integral  equa- 
tion (3.16)  is  that  one  can  analyze  general  arbitrary-cross-section, 

17 

two-dimensional  geometries.  Based  on  the  matrix  method  discussed 
in  Chapter  I,  the  numerical  results  are  obtained  for  an  infinitely 
long  circular  cylinder.  In  the  figures  3.13  and  3.14  are  shown  the 
magnitude  and  phase  of  the  surface  current  distribution  on  a cir- 
cular cylinder  placed  above  a ground  screen  and  illuminated  by  a 
plane  wave  incident  at  an  angle  of  45° . Curves  are  also  shown  for 
few  values  of  d.  It  is  noted  that  the  variation  of  the  incident 
field  normal  to  the  conducting  ground  plane  is  that  of  a standing 
wave,  while  along  the  ground  plane  it  is  a traveling  wave.  Thus 
the  illumination  on  the  cylinder  is  stronger  on  the  side  of  the 
cylinder  away  from  the  ground  plane  causing  some  of  the  asymmetry 
in  the  current  distribution. 
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Figure  3.13  Magnitude  of  the  Current  (T 

Cylinder  Above  Ground  Plane 
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CHAPTER  IV 

Characterization  of  Bodies 
Behind  Aperture-Perforated  Screen 

The  general  interaction  problem  of  electromagnetic  excitation 
of  arbitrarily  shaped  conducting  bodies  through  an  aperture- 
perforated  conducting  screen  is  discussed  in  Chapter  I and  the 
coupled  set  of  integro-dif f erential  equations  (1.15)  and  (1.16), 
if  solved  for  specific  geometries,  explain  completely  the  inter- 
action involved.  As  pointed  out  earlier,  one  has  to  resort  to 

16 

numerical  methods  for  solution  to  the  integral  equations.  In  the 
previous  sections,  few  specific  cases  are  discussed  as  special  geom- 
etries, individually  aperture  alone  with  no  scatterers  nearby 
(Chapter  II),  and  also  conducting  wire  geometries  in  the  presence 
of  ground  screen  with  apertures  shorted  (Chapter  III).  These 
cases  do  explain  the  complexities  involved  in  the  numerical  solu- 
tion procedure,  and  the  responses  thus  far  obtained  give  some 
insight  into  understanding  the  general  aperture-scatterer  coupling 
problem.  In  the  following  sections,  some  specific  coupled  aperture- 
scatterer  geometries  of  practical  interest  are  discussed.  The 
general  integral  equations  (1.15)  and  (1.16)  are  specialized  and 
both  the  frequency  domain  and  the  time  domain  responses  are  obtained. 

A.  Finite  Wire  Scatterer  Behind  a Rectangular  Aperture 

The  geometry  of  a finite  length  wire  excited  through  a slotted 

screen  is  shown  in  figure  4.1.  The  finite  length  wire  is  oriented 

arbitrarily  along  the  unit  vector  1 with  its  center  at  (xc>  yc>  zq ) . 

L is  the  total  length  of  the  wire  and  a its  radius.  The  origin  of 

the  coordinate  system  coincides  with  the  center  of  the  rectangular 

aperture  of  total  length  l and  width  w.  The  incident  field  (21,  51) 

impinging  on  the  aperture,  penetrates  and  couples  to  the  wire.  The 

g 

treatment  of  this  boundary  value  problem  is  similar  to  the  theory 
discussed  in  Chapter  I,  and  the  following  integral  equations  result 
from  the  expressions  (1.15)  and  (1.16)  for  the  coupled  geometry 


Figure  4.1  Finite  Wire  Scatterer  Behind  Narrow  Slot 

Conducting  Screen 
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shown  in  figure  4.1.  It  is  further  assumed  that  both  sides  of  the 
media  separated  by  the  screen  have  the  same  free-space  characteristics: 


2 \ 2 

9 - y2  1 A^U.y.s)  + ^ Am^(x,y,s)  + f-  Ay(x,y,s) 

2 


- Az(x,y,s)  = - 3L.  ( x , y , s ) , (x,y) 


(4.1) 


Amy(x’y’s)  + 3755  "mx 


Am  (x,y,s)  + 


sc  r 9 

2 l 3x 


3 ~ 1 v2  -• 

- Ax(x.y,s)J  = - Hy(x , y ,s ) , (x,y) 


Az(x,y,s) 


(4.2) 


In  the  expressions,  Am  and  Am  are  the  x and  y components 

x y 

of  the  electric  vector  potentials  and  are  defined  in  the  expression 
(2.6).  Further  the  bracketed  terms  due  to  presence  of  the  wire  are 
given  by 


sc 

2 


\ = sue 

fL/2 

1 n 4tt 

Jz=0 

Jc.= 

j g1(x,y;  z, ' ) 

dc' 

-L/2 


i(c ) 


(4.3) 


and 


L/2 


V— L/2 


¥ [k  Az(x,y,s)  - ^ Ax(x,y,s)]  _ = fr 

z u 

• [zc  cosa  + (x  - xc)  cosvj  g1(x,y;c')  d£  ' 
The  kernel  term  g1  in  (4.3)  and  (4.4)  is  given  by 

ii(x,y;5,,  --(£♦£) 


KC) 


(4.4) 


-YD 


(4.5) 
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D * [tx  - (xc  + ? ' cosa)]2  + [y  - (yc  + £ ' cos8)]2  + [zc  + s'  cosv]2J 

(4.6) 

and  the  current  on  the  wire  I(s')  is  assumed  to  be  directed  along 
unit  vector  t along  the  wire  axis,  and 


1 = cosa  t + cosB  1 + cosv  t 

x y z 


(4.7) 


Based  on  the  expression  (1.16),  satisfying  the  boundary  condition 
on  the  wire,  one  obtains  the  following  integral  equation 


(£-■■) 

fL/2 

r 


C— L/2 


1(0  K(a,C.O  dC  - y2(2  cos2v  - 1) 


O-L/2 


3 rL/2  a 

1(C)  g(O’)  dC  - TT-r 

3C  j £ ’ =-L/2 


!(?')  g(S  , C ) dC 


= 47Tsfe  V(?)  COsS  - ^ Am  (?)  cosct  + ~Am  - W lm  (C))  COSV 

m x y y x ' 


on  the  wire 


where 


„ -7  r 

1 f*  e s 

K(a,5,C)  = olf  di|> 

-IT  S 


(4.8) 


(4.9) 


r = [(£  - C )2  + 4a2  sin2  |] 


(4.10) 


g(C.O 


(4.11) 


2 2 2 “ 
rm  = [4zc  + 4zc(?  + C)  cosv  + 4££’  cos  v + (c  - £')  ] 


(4.12) 


In  fact  the  integral  expressions  (4.1),  (4.2),  and  (4.8)  form 
the  coupled-coupled  set  of  equations  in  terms  of  the  unknown  mag- 
netic current  distribution  in  the  aperture  and  unknown  induced 
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electric  current  on  the  finite  wire.  Practically,  one  resorts  to 
the  numerical  procedures  in  order  to  obtain  solutions  for  the  prob- 
lem. Let  us  consider  a further  specialization  of  the  problem  under 
study,  and  make  the  rectangular  aperture  to  be  a narrow  slot  of 
finite  length  and  orient  the  wire  to  be  parallel  to  the  screen  con- 
taining the  narrow  slot. 

B.  Finite  Wire  Parallel  to  the  Plane  and  Behind  the  Narrow  Slot 

This  particular  case  introduces  a simplification  of  the 

integral  expressions  (4.1)  and  (4.8).  The  integral  expression 

(4.2)  can  be  ignored  for  narrow  slot  since  we  have  only  the  axial 

magnetic  current  distribution.  Further  the  wire  is  parallel  to 

screen  so  that  cosv  = 0 and  the  z-component  of  the  magnetic  vector 

potential  A does  not  exist.  Substituting  the  distribution  for  the 
z 

narrow  slot  defined  in  (2.12)  and  (2.13),  we  have  the  following 
integral  equations  for  the  coupled  problem  of  the  finite  length 
wire  parallel  and  behind  the  narrow  slot  in  a perforated  conducting 
screen : 

/ 3^  2 \ ^ - w 1 fW2 

( — 5-  - Y ) m(x')  K(x-x',j)  dx'  + s-  suz  cosB 

\3x^  / ' x ' =-£/2  * ^ c ) ^ , __l/2 

• I(S')  G(R1)  d? ' = - 2ttsU  H*(x)  on  slot  axis  (4.13) 


rV  2 

-2sez  cosB  m(x’)  G(D1 ) dx ' 

c Jx'=-it/2 

• I(?,)[K(C-C'.a)  - K(C-C’,2zo 


)]  d? ' =0  on  wire  (4.14) 


In  the  above  equations,  the  kernel  terms  are 

_ -yr1 

~ 1 f71  e 1 

K(C  » a)  = Z— d ip 

^ rl 

rx  = U2  + 4a2  sin2  |]* 
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(4.15) 

(4.16) 
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R 

D 


1 

1 


G(R1) 


Scosa ) 


cosa)]2  + [yc  + Z ' cos8]2  + z2J" 
- x']2  + [yc  + Ccosg]2  + z2] 


(4.17) 

(4.18) 

(4.19) 


In  the  integral  expression  (4.13),  the  component  H*  is  the  incident 
magnetic  field  in  the  illuminated  side  z < 0,  with  electric  vector 
polarized  transverse  to  the  slot  axis,  and  if  9 is  the  angle  which 
the  direction  of  propagation  of  the  incident  field  makes  with  the 
axis  of  the  slot,  then  H*(x)  can  be  written  for  a plane  wave  as, 

H*(x)  = sin9  e"YCOS0x  (4.20) 

X xo 

H*Q  is  the  amplitude  factor  of  the  plane  wave. 

C.  Numerical  Results 


The  integral  equations  (4.13)  and  (4.14)  can  be  solved  based 

16 

on  the  method  of  moments  and  representative  results  for  the 
coupled  geometry,  figure  4.1,  is  shown  in  figures  4.2  and  4.3  for 
a narrow  slot  of  length  l = A/2,  width  w = A/20  in  the  presence  of 
a finite  length  wire  of  length  L = A/2  and  radius  A/1000.  The  wire 
is  parallel  to  the  screen  containing  the  narrow  slot  with  its  cen- 
ter at  (x  , y , z ) = (0,  0,  A/4).  The  incident  field  is  normal 

C v c 

on  the  narrow  slot.  In  figure  4.2  is  indicated  the  wire  current 
for  various  values  of  cosB , where  8=0  corresponds  to  maximum 
coupling  between  slot  and  wire  and  8 = 90°  give  zero  coupling  in 
which  case  axis  of  the  wire  is  parallel  to  the  axis  of  the  narrow 
slot.  In  figure  4.3,  is  indicated  the  slot  axial  magnetic  current 
distribution  for  various  values  of  cos8 . One  notes  the  changes  in 
the  magnitude  and  distribution  of  the  slot  field  due  to  reflection 
of  the  wire  back  to  the  slot.  The  results  of  figures  4.2  and  4.3 
are  extended  in  figures  4.4  and  4.5  respectively  as  a function  of 
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Figure  4.5  Axial  Magnetic  Current  in  Narrow  Slot  at  Its 

Center  in  the  Presence  of  Wire  as  a Function 


343-81 


EMP  3-38 


\ 

frequency.  The  case  of  S = 90°  in  figure  4.4  is  an  uncoupled  case 
and  no  currents  are  induced  on  the  wire.  The  frequency  responses 
of  wire  and  also  that  of  narrow  slot  do  exhibit  peaks  corresponding 
to  their  natural  resonant  frequencies  which  actually  are  a basis 
for  SEM  characterization  as  discussed  in  Chapter  I. 

D.  SEM  Characterization 

2 18  19 

•j  The  general  formalism  of  SEM  ’ ’ in  regard  to  parameteri- 

zation and  subsequent  transient  characterization  is  briefly  dis- 
cussed in  Chapter  I,  expressions  (1.30)  to  (1.35).  Accordingly, 

' i 

one  can  determine  the  complex  natural  frequencies,  modal  current 
distributions,  coupling  vectors  and  coupling  coefficients.  Even 
though  this  approach  seems  to  be  a direct  numerically  oriented 
procedure,  care  should  be  exercised  and  the  problem  should  be 
analyzed  step  by  step. 

(i)  Natural  resonance  of  narrow  slot 

Suppose  the  finite  length  wire  is  completely  removed,  and 
we  have  only  an  isolated  narrow  slot,  the  equation  to  be  analyzed 
is  comparatively  simple  one,  expression  (2.14).  There  exists  only 
axial  distribution  of  the  magnetic  current,  and  numerically  the 
expression  (2.14)  is  efficient  to  analyze.  Based  on  the  condition 
(1.31),  the  natural  frequencies  or  poles  of  the  isolated  narrow- 
slot  can  be  determined.  In  figure  4.6  is  indicated  the  location 
of  few  of  the  poles  in  the  complex  s plane  for  the  narrow  slot 
dimension  £/w  = 20.  In  fact,  they  exist  in  complex  conjugate 
pairs  and  only  the  upper  half  ones  are  shown.  These  natural  reso- 
nant frequencies  lie  in  layers  parallel  to  the  joo-axis.  The  layer 
very  close  to  the  jco-axis  is  very  important  in  the  sustained  tran- 
sient responses.  Suppose  the  slot  dimension  ratio  w/Jt  is  increased; 
the  poles  close  to  the  jio-axis  move  away  from  the  jw-axis  exhibiting 
the  damping  behavior  associated  with  the  radiation  of  the  slot. 

In  figure  4.7  is  shown  the  pole  trajectory  of  s^,  the  first-layer 
first  pole  close  to  the  jto-axis  as  a function  of  w/t.  It  is  also 
academic  at  this  stage  to  look  at  resonances  of  an  isolated  thin 
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finite  wire.  After  all,  the  integral  equation  (2.14)  is  the 

dual  of  the  integral  equation  for  a narrow  strip  of  same  dimensions, 

and  further  there  exists  equivalence  between  the  narrow  strip  and 

thin  finite  wire.  If  the  radius  of  the  wire  a = ^,  the  resonances 

of  the  narrow  slot  are  the  same  as  its  dual  narrow  strip  and  that 

of  a finite  thin  wire  of  radius  a.  In  figure  4.8  is  shown  the 

18 

various  pole  locations  for  an  isolated  finite  thin  wire.  Thus 
one  can  also  look  into  various  trajectory  plots  of  finite  wire  as 
a function  of  radius,  to  estimate  the  actual  resonances  of  the 
narrow  slot. 

(ii)  Natural  resonance  of  finite  wire  over  ground  plane 

We  shall  now  consider  a finite  thin  wire  placed  parallel  and 
18 

above  a ground  screen  with  no  perforated  slot.  This  particular 

problem  is  the  special  case  of  a more  general  problem  of  coupling 

between  two  finite  wires  in  free  space  as  indicated  in  figure  4.9, 

wherein  two  finite  thin  wires  of  lengths  L and  L , radii  a and 

P q p 

a are  oriented  in  YZ  at  an  angle  v with  respect  to  their  axis. 

H 

The  mutual  coupling  between  the  two  wires  can  be  studied  based  on 
the  integral  equation  (3.12),  and  forming  the  matrix  equation  by 
applying  method  of  moments.  This  procedure  yields  a generalized 
system  partitioned  matrix  of  two  by  two, 


[Z 


[Sp]  (eg] 

tCq)  [Sql 


(4.21) 


where  [S  ] and  [S  ] are  the  self-partitioned  matrices  of  p and 
1 ii  P n 

q wires  and,  [C^]  and  [C*,]  are  the  mutual  partitioned  matrices 

P ^ “th  th 

corresponding  to  the  coupling  between  the  p and  q wires.  Based 

on  the  condition  (1.31)  the  determinant  of  (4.21)  gives  the  natural 

resonances;  we  expect  to  obtain  the  perturbed  self-natural  resonances 

xu  xu 

of  the  p wire,  the  self-natural  resonances  of  the  q wire  and 

xu  xu 

also  the  mutual  natural  resonances  between  the  p and  q wires. 
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These  mutual  resonances  are  in  fact  dependent  on  the  relative 
orientation  1 • t of  the  two  wires  and  the  distance  D apart. 

The  coupling  between  the  two  wires  is  maximum  when  they  are 
parallel  and  minimum  or  completely  uncoupled  when  they  are  per- 
pendicular. Particularly  when  their  axes  are  parallel  one  has  two 
different  problems,  viz.,  introducting  either  a perfect  electric 
ground  plane  (anti-symmetric  case)  or  a perfect  magnetic  ground 
plane  (symmetric  case)  with  respect  to  the  distribution  of  the 
induced  electric  current  is  concerned. 

In  figure  4.10  is  shown  the  trajectory  of  the  first  natural 
resonance  close  to  jo)  - axis  as  a function  of  the  angle  v between 

4*  Vi  f u 

the  axes  of  the  two  wires,  p and  q . When  their  axes  are  per- 
pendicular, they  are  uncoupled  and  have  their  own  self-resonances. 
But  if  the  wires  are  identical  their  individual  self-resonances 
coincide  as  indicated  in  figure  4.10  for  v = 90°.  As  v is  varied, 
for  every  v there  exists  two  poles  corresponding  to  the  symmetric 
and  the  anti-symmetric  modes  the  wires  can  support.  The  extreme 
case  v = 180°  gives  poles  of  the  wire  above  the  electric  ground 
plane  and  also  the  wire  above  the  magnetic  ground  plane.  It  is 
possible  to  split  the  determinant  of  the  expression  (4.21)  so  that 
poles  can  be  categorized  according  to  their  types  in  the  complex 
s-plane , 


[V 

[C^] 

= |t[sp]  + [c^ll 

• |([sp]  - [C^}| 

(4.22) 

[c~l 

[S_] 

q 

P 

Symmetric  Case 

Anti-Symmetric 

(PMC) 

Case 

Based  on  the  expression  (4.22),  the  anti -symmetric  poles 
(v  = 180°  corresponds  to  the  case  of  wire  over  the  electric  ground 
plane)  are  traced  as  a function  of  the  angle  v.  In  figure  4.11, 
the  first  three  trajectories  of  the  poles  close  to  the  ju-axis  are 
shown,  for  a fixed  value  of  distance  D = 2.0  between  the  two  wires. 
For  v * 180°,  the  various  natural  resonances  are  obtained  for  the 
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wire  over  a perfect  electric  ground  plane  (with  no  perforated 
narrow  slot)  and  are  shown  in  figure  4.12.  The  layer  close  to 
the  joo-axis  represents  the  self-resonances  and  these  are  in  a way 
similar  to  the  isolated  case,  figure  4.8,  but  are  slightly  per- 
turbed from  their  position  depending  upon  their  distance  above  the 
ground  plane.  The  location  of  the  poles  shown  in  other  layers 
correspond  to  the  mutual  interaction  with  respect  to  the  ground 
plane  or  with  respect  to  the  image  of  the  wire.  The  trajectory 
of  the  s^  first  pole  close  to  the  joj-axis  as  a function  of  dis- 
tance over  the  ground  plane  is  shown  in  figure  4.13,  where  the 

18 

trajectory  spirals  around  the  pole  of  the  isolated  case  and 

takes  off  when  a pole  from  the  other  layer  enters  into  the  path. 

18 

This  repeats  so  that  there  exists  always  only  one  pole  in  the 
trajectory  near  s^. 

One  can  best  explain  the  mutual  interaction  effects  depend- 
ing upon  whether  the  incident  field  excites  a particular  natural 

o 

mode  or  not.  This  is  depicted  in  coupling  coefficients  and 
referring  to  the  expression  (1.30)  the  coupling  coefficient  for 
a particular  mode  a is  given  by 

C = 8 [v]  • [jj]T  (4.23) 

a a1  Ja  1 Ja 

For  the  two  wire  problem  shown  in  figure  4.9,  based  on  the  expres- 
sion (4.23),  the  coupling  coefficient  for  the  first  pole  s^1  close 
to  ju>-axis  are  calculated  as  a function  of  the  angle  v for  a plane 

x u 

wave  incident  normally  on  the  p wire.  In  figures  4.14  and  4.15 
the  coupling  coefficients  are  plotted  as  a function  of  v for  the 
anti-symmetric  pole  and  the  symmetric  pole,  respectively.  The 
results  shown  clearly  exhibit  the  coupling  of  the  incident  field 
to  the  corresponding  natural  mode  excited.  With  above  natural 
resonance  and  coupling  coefficient  results,  it  is  possible  to  con- 
struct the  time  domain  response  based  on  the  expression  (1.35), 
for  the  geometry  of  figure  4.16,  a finite  wire  parallel  to  a ground 
plane.  In  figure  4.17  is  shown  the  transient  response  of  the 
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Figure  4.17  Time  Domain  Solution  of  Wire  Over  Ground  Plane 
Based  on  SEM  with  Stop  Plane  Wave  Incident, 
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finite  wire  over  the  perfect  electric  ground  plane,  v = 180°.  The 
electric  current  induced  is  plotted  as  a function  of  time  at  dif- 

f h 

ferent  locations  on  the  p wire  for  a step  function  plane  wave 
incident  at  an  angle  of  30°  to  the  axis  of  the  wire.  The  delay  in 
the  initial  response  is  obvious  due  to  the  delay  of  the  step  wave 
front  excited  by  the  wire.  The  time  domain  response  gradually 
decays  for  large  values  of  the  time. 

(iii)  Finite  wire  scatterer  behind  a narrow-slot-perforated 
screen 

Let  us  now  return  to  the  original  problem  of  interaction 
with  the  finite  wire  behind  a narrow  slot  perforated  conducting 
screen,  figure  4.1.  The  transient  characterization  and  the  cor- 
responding natural  resonance  results  obtained  in  section  D-(i)  for 
isolated  narrow  slot  and  in  section  D-(ii)  for  wire  above  ground 
plane  are  quite  useful  to  understand  and  predict  the  results  of 
the  scatterer  and  narrow-slot  interaction  problem.  Based  on  the 
coupled  integro-dif f erential  equations  (4.13)  and  (4.14),  and 
further  matrix  formulation  using  the  moment  method,  a matrix  equa- 
tion similar  to  the  expression  (1.25)  is  first  derived.  Then  the 
various  natural  resonances  for  the  coupled  geometry  are  obtained 
by  numerically  solving  the  determinant  equation  (1.31).  For  this 
coupled  problem,  the  natural  resonances  can  be  separated  into  two 
parts.  One  set  of  natural  resonances  belongs  to  the  narrow  slot 
geometry  in  the  presence  of  the  wire  scatterer  and  the  other  set 
belongs  to  the  finite  wire  scatterer  over  the  ground  plane  in  the 
presence  of  the  narrow  slot.  The  first  set  of  the  natural  reso- 
nant frequencies  belonging  to  the  narrow  slot  are  similar  to  the 
ones  depicted  in  the  figure  4.6,  but  are  perturbed  from  their  loca- 
tions depending  on  the  orientation  of  the  wire  axis  with  respect  to 
the  slot  and  distance  of  the  wire  over  the  ground  plane.  The 
results  of  the  pole  plot  shown  in  figure  4.6  are  for  the  limiting 
uncoupled  case  of  cosB  = 0.0.  Similarly,  the  second  set  of 
natural  resonant  frequencies  belong  to  the  finite  wire  scatterer 
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parallel  and  above  the  ground  screen  in  the  presence  of  the  narrow 
slot  are  similar  to  the  ones  depicted  in  the  figure  4.12,  but  are 
perturbed  from  their  locations  depending  on  the  wire  distance  above 
the  ground  plane  and  the  orientation  of  the  wire  axis  with  respect 
to  the  slot.  The  results  of  the  figure  4.12  correspond  to  the 
uncoupled  case  cosB  = 0.0,  so  that  for  any  other  'cosB'  orientation 
of  the  wire  with  respect  to  the  slot  axis,  the  new  location  of  the 
poles  should  be  determined  by  solving  the  determinant  of  the  par- 
titioned matrix  equation  obtained  from  the  equations  (4.13)  and 
(4.14) 


In  figure  4.18  is  shown  the  natural  resonant  frequencies  of 
the  finite  wire  scatterer  and  narrow  slot  geometry,  figure  4.1, 
for  the  maximum  coupling  cosS  = 1.0.  Only  the  first  four  sets  of 
the  pole  locations  of  the  first  layer  close  to  jw-axis  are  indi- 
cated. The  pole  locations  are  indeed  perturbed  to  the  maximum 
extent  from  their  uncoupled  values.  The  trajectory  of  the  first 
set  of  poles  close  to  jio-axis  are  shown  in  figure  4.19  as  a function 
of  coupling  factor  cosB.  The  poles  of  the  finite  wire  over  the 
ground  plane  move  away  from  the  jw-axis  while  that  of  narrow  slot 
move  toward  the  joo-axis  as  the  coupling  between  the  wire  and  the 
slot  is  gradually  increased.  Figure  4.20  gives  the  trajectory 
results  for  the  second  set  of  poles  close  to  the  joo-axis.  Obviously 
the  path  of  the  trajectory  indirectly  explains  the  coupling  between 
the  wire  and  the  slot,  and  the  corresponding  radiation  characteris- 


tics involved. 


In  figures  4.21  through  4.24  are  shown  the  transient  response 
of  the  wire  scatterer  and  the  narrow  slot  interaction  problem  under 
discussion.  For  the  results  of  figures  4.21  and  4.22  a step  plane 
wave  is  assumed  to  excite  the  slot  normally  and  the  origin  of  the 
coordinate  system  is  taken  as  time  reference  t = 0.  The  same 
results  are  repeated  in  figures  4.23  and  4.24  but  with  the  follow- 
ing EMP  incident  normally  on  the  narrow  slot 
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Figure  4.19  Trajectory  of  the  First  Set  of  Poles  as 

Function  of  cos$ 
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Figure  4.20  Trajectory  of  the  Second  Set  of  Poles  s-j^  as 
Function  of  cosp 
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Figure  4.22  Time  Domain  Magnetic  Current  at  the  Center  of 

Narrow  Slot  in  the  Presence  of  Finite  Wire 
with  Step  Plane  Wave  Incident  on  Slot 
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Figure  4.23  Time  Domain  Electric  Current  at  the  Center  of 

Finite  Wire  in  the  Presence  of  Narrow  Slot  wi 
EMP  Incident  on  Slot 
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RROIUS  tO. 001  METER  HIOTH  (0.06  METER 
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ei(t)  = Eo[-e“at  + e"6t]  (4.24) 

where 

1/a  = 4.55  ns 
1/8  = 300  ns 

E.  Finite  Wire  Antenna  Illuminating  Narrow  Slot  Perforated  Screen 

This  particular  interaction  problem  is  basically  the  same  as 
the  wire  scatterer-slot  case  discussed  previously  except  the  slot 
is  not  excited  any  more  by  the  incident  field  in  the  region  z < 0, 
but  is  excited  by  the  wire  itself  which  is  in  turn  excited  by  an 
ideal  generator  connected  at  s = 0 as  shown  in  figure  4.25.  The 
coupled  integral  equations  (4.13)  and  (4.14)  still  hold  good  for 
this  problem  with  modification  in  the  excitation  terms.  The  right- 
hand  side  of  the  expression  (4.13)  is  equated  to  zero,  while  the 
zero  in  the  right-hand  side  of *(4.14)  is  rep  ced  by, 

V(s ) = -47ry2Vo/sy  (4.25) 

corresponding  to  the  excitation  of  the  ideal  delta-gap  generator 
at  the  center  on  the  finite  thin  wire  structure. 

The  natural  resonant  frequencies  discussed  previously  apply 
for  this  geometry  as  well  because  the  equations  characterizing  the 
coupling  are  the  same. 

In  figures  4.26  and  4.27  are  shown  the  frequency-domain 
response  of  the  antenna  current  and  the  slot  magnetic  current  dis- 
tribution as  a function  of  frequency.  These  results  were  obtained 
by  directly  solving  the  integral  equations  based  on  the  method  of 
moments  in  the  real  frequency  domain  with  the  substitution  s * ju> . 
Obviously,  we  observe  the  various  resonances  in  the  frequency 
response  corresponding  to  the  coupling. 

In  figures  4.28  and  4.29  are  shown  the  corresponding  tran- 
sient response  of  the  antenna  current  and  the  slot  magnetic  current 
respectively  for  a step  input  turned  on  at  t * 0 across  the  antenna 
gap  terminals. 
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.25  Finite  Wire  Antenna  Behind  Narrow  Slot  Conducting 


RNTENNR  LENGTH  <0.5>0  METER  SLOT  HEIGHT  <0.50  METER 

RROIUS  <0.001  HETER  HIOTH  <0.05  METER 


Axial  Magnetic  Current  in  Narrow  Slot  at  Its 
Center  in  the  Presence  of  Wire  Antenna  as  a 
Function  of  Frequency 


NNTENMR  LENGTH  tQ.50  METER  SLOT  HEIGHT  t0.50  METER 

RROIUS  tQ. 001  METER  MIOTH  tO.QS  METER 


Finite  Wire  Antenna  in  the  Presence  of 
Slot,  with  Step  Excitation  Turned  on  at 
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F.  Equivalent  Dipole  Illuminating  Narrow  Slot  in  a Conducting 
Screen 


This  case  is  slightly  different  from  the  previous  examples 
in  that  the  finite  wire  was  parallel  to  the  screen  containing  the 
narrow  slot.  In  the  present  problem  the  finite  wire  is  perpendicu- 
lar to  the  conducting  screen  and  the  excitation  is  by  a delta  gap 
generator  at  z = 0.  The  geometry  of  the  interaction  problem  is 
shown  in  figure  4.30.  The  integral  equations  (1.15)  and  (1.16) 
can  be  specialized  to  the  equivalent  dipole  slot  geometry  and  the 
interaction  is  characterized  by  the  following  integral  equations: 


fL/2 
■ z ' =0 


i(z'  ) 


[K(z-z 


a ) + K(z+z ' , a )]  dz ' 


+ 2se 


r l/2 

m(S')  [-y  cosa  + x cosS] 
■'S'=-Jl/2  c c 

= — 4ttse  Vq  6(z)  on  wire 


(4.26) 


su 

2 


rL/2 
• z ' =0 


i(z')[xc 


cosS 


y cosa]  / 3 + "ir\e~YR  dz' 

c \4  4 1 


+ 


\ \1'2 

I 5 '»-fc/2 


m(C'  ) 


KU-C  ,J) 


dc' 


0 on  slot  (4.27) 


where 

r2  = [z2  + (xc  + z, ' cosa)2  + (yQ  + Z, ' cosS)2]“  (4.28) 

R2  = [z'2  + (x£  + z,  cosa)2  + (yc  + z,  cosg)2]“  (4.29) 


The  above  equations  (4.26)  and  (4.27)  are  again  reduced  to 
matrix  form  and  solved  numerically.  In  figures  4.31  and  4.32  are 
shown  the  distribution  of  the  induced  electric  current  on  the  equiva- 
lent dipole  in  the  presence  of  the  narrow  slot  for  a delta  function 
excitation  at  z = 0.  The  distribution  is  similar  to  the  one  on  an 
isolated  equivalent  dipole  except  for  minor  variation  due  to  the 
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?igure  4.30  Equivalent  Dipole  Exciting  Narrow  Slot  Perforated 

Conducting  Screen 


352 


r 


i 


Figure  4.31  Real  Part  of  the  Electric  Current  on  Equivalent 

Dipole  in  the  Presence  of  Narrow  Slot  for  cos0= 
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presence  of  the  slot.  The  corresponding  slot  axial  magnetic  cur- 
rent distributions  are  shown  in  figures  4.33  and  4.34  in  the  pre- 
sence of  the  equivalent  dipole.  There  is  slight  asymmetry  in  the 
slot  distribution  due  to  its  orientation  with  respect  to  the  mono- 
pole. In  the  figures  4.35  and  4.36  are  shown  the  real  and 
imaginary  parts  of  the  equivalent  dipole  input  impedance  calculated 
for  the  different  locations  of  the  narrow  slot.  As  the  slot  is 
moved  away,  the  effect  on  the  impedance  of  the  equivalent  dipole 
is  negligible  for  the  resonant  equivalent  dipole. 

The  time-domain  responses  are  shown  in  figures  4.37  through 
4.40.  Figure  4.37  gives  the  monopole  current  at  the  feed  point  as 
a function  of  time  with  unit  step  input  turned  on  at  t = 0,  and 
the  corresponding  slot  magnetic  current  at  the  center  of  the  slot 
is  shown  in  figure  4.38.  As  the  slot  position  is  varied  the  time 
response  of  the  slot  changes,  but  there  is  little  effect  on  the 
monopole  time  domain  response. 


NONOPOLE  LLNOTil  sO.'CX  Ol.ur  HEIGHT  *0.50  X 

KhOl'J'j  *0.001  X H10TH  *0.05  X 
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Figure  4.33  Real  Part  of  the  Axial  Magnetic  Current  in  Slot 

in  the  Presence  of  Equivalent  Dipole  for  cos3=l 


MONOHJLE  LEMOrH  s0.2SX  SLOT  HEIGHT  :0.&0X 

RAG  I US  : O.OOl  X WIOTH  (Q.05X 


Figure  4.35  Real  Part  of  Input  Impedance  of  Equivalent  Dipole 

in  the  Presence  of  Narrow  Slot  for  cosfl=l 


MONOPOLE  LENGTH  *0.25 X SLOT  HEIGHT  *0.50  X 

RR01US  *0.001  X W10TH  *O.OSX 
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RHOIOS  *0.001  METER  UIOTH  :O.OS  METER 


Figure  4.37  Time  Domain  Electric  Current  on  Equivalent  Dipole 
at  the  Feed  Point  in  the  Presence  of  Narrow  Slot, 
Turned  on  at  t=0,  for  (xc , yc)=(0 • 5 , 0. 5) 
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Figure  4.40  Time  Domain  Axial  Magnetic  Current  at  the  Center 

of  Narrow  Slot  in  the  Presence  of  Equivalent 
Dipole,  Turned  on  at  t=0,  for  (x„ , y„ )=(0 . 5 , 1 .0) 
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SUMMARY 

In  this  note  there  is  reported  the  preliminary  investigation 
of  the  interaction  problem  of  the  conducting  bodies  behind  aper- 
ture screen  geometries  based  on  the  formulation  of  the  integral 
equation  approach  and  subsequent  numerical  analysis.  To  charac- 
terize the  complex  interaction  problem  step  by  step,  apertures  in 
the  form  of  a narrow  slot , and  rectangular  and  square  apertures 
are  analyzed  separately;  similarly  the  finite  and  infinite  wire 
geometries  above  conducting  ground  plane  are  treated  separately 
and  some  numerical  results  are  reported  in  the  frequency  domain. 
Further  simple  objects  in  the  form  of  finite  wire  antenna  and 
scatterer  geometries  are  characterized  in  the  presence  of  narrow 
finite  slot  geometry.  The  Singularity  Expansion  Method  is  applied 
for  transient  characterization  and  an  attempt  is  made  to  explain 
the  interaction  between  the  wire  and  the  aperture-screen.  Both 
the  narrow  slot  and  finite  wire  responses  are  reported  in  the  fre- 
quency and  the  time  domains. 

The  reader  may  refer  to  [30]  for  the  analysis  of  the  infinite 
wire  behind  a narrow  slot  in  a conducting  screen.  The  general 
analysis  of  infinitely  long  multiple  wires  behind  arbitrarily 
shaped  apertures  and  the  subsequent  characterization  of  such 
regions  in  terms  of  an  equivalent  circuit  including  aperture 
resonance  effects  will  be  reported  in  an  upcoming  separate  note. 
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ABSTRACT 

Scale-model  measurements  of  the  axial  skin  current  density  on  the  E-4 
and  EC-135  aircraft  are  compared  with  predictions  calculated  using  the  six- 
length  stick  model.  The  stick-model  predictions  tend  to  be  somewhat  smaller 
in  magnitude  than  the  scale-model  measurements  except  near  aircraft  reson- 
ances, but  are  otherwise  in  good  agreement  for  frequencies  less  than  or 
approximately  equal  to  the  second  aircraft  resonance  and  in  fairly  good 
agreement  for  frequencies  less  than  the  fourth  aircraft  resonance. 
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SECTION  I 
INTRODUCTION 


' 


i 


The  six-length  stick  model  of  an  aircraft  (refs.  1 and  2)  provides  a 
convenient  method  for  obtaining  the  complex  natural  resonance  frequencies 
and  the  natural  current  and  charge  modes  on  the  aircraft  surface,  from 
which  explicit  expressions  can  be  developed  to  predict  the  total  current 
and  total  linear  charge  density  at  any  position  on  the  important  aircraft 
sections,  in  either  the  frequency  or  time  domain.  In  order  to  do  this,  it 
is  necessary  to  ignore  the  detailed  geometry  of  the  aircraft  surface  and 
characterize  the  aircraft  by  its  global  length  parameters,  that  is  to  say 
the  lengths  of  the  important  aircraft  sections  and  an  overall  average  radius 
of  curvature  for  the  aircraft  surface.  Once  the  global  parameters  have  been 
estimated  for  a particular  aircraft,  it  is  then  a simple  matter  to  predict 
the  external  coupling.  The  stick-model  calculations  assume  that  a linearly- 
polarized  plane  wave  electromagnetic  pulse  (EMP) , with  the  magnetic  field 
along  the  wing  axis,  is  incident  on  the  aircraft  in  free  space  at  some  angle, 

0 , with  respect  to  the  fuselage.  For  this  reason,  comparisons  of  stick-model 
predictions  with  full  scale  measurements  made  at  ground-based  EMP  simulators 
are  inappropriate,  since  the  presence  of  a finitely-conducting  ground  and 
other  objects  will  change  the  electromagnetic  characteristics  of  the  aircraft 
surface.  However,  scale-model  measurements  made  in  the  University  of  Michigan 
anechoic  chamber  closely  simulate  the  same  conditions  that  the  stick-model 
calculations  assume  (refs.  3 and  4).  For  this  reason,  comparison  with  scale-model 
measurements  is  the  best  test  of  the  accuracy  of  the  six-length  stick  model. 

The  stick-model  predictions  do  not  give  directly  the  current  densities 
at  the  top  and  bottom  of  the  aircraft  sections,  quantities  which  are  measured 
In  the  scale-model  experiments.  On  the  other  hand,  the  scale-model  measure- 
ments do  not  give  directly  the  total  current,  which  is  the  quantity  predicted  * 
by  the  stick  model.  To  compare  the  results  it  is  therefore  necessary  to 
Invoke  assumptions  concerning  the  distribution  of  current  around  the 
circumference  of  an  aircraft  section,  based  on  the  magnetostatic  solution 
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' 


for  an  Infinite  cylinder.  The  validity  of  these  assumptions  can  be  tested 
using  the  scale-model  measurements. 

Because  of  time  limitations,  attention  has  been  restricted  to  the 
current  midway  along  the  forward  fuselage  on  the  EC-135  and  E-4  aircraft 
for  8 - 90°  (topside)  incidence.  It  will  be  seen  that  the  agreement 
between  calculation  and  measurement  is  good  for  frequencies  less  than  or 
approximately  equal  to  the  second  aircraft  resonance  frequency,  and  fairly 
good  for  frequencies  as  high  as  the  fourth  aircraft  resonance  frequency. 
Since  the  bulk  of  the  energy  in  a typical  EMP  is  contained  in  the  frequency 
region  below  the  second  aircraft  resonance,  it  is  to  be  expected  that  the 
time-domain  external  coupling  predictions  based  on  the  stick  model  will  be 
accurate  for  all  but  the  very  earliest  times.  These  concepts  will  be 
quantified  in  the  discussion  to  follow. 

( . / 
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i SECTION  II 

( i 

STICK  MODEL  PARAMETERS 

It  is  essential  to  choose  the  stick-model  length  parameters  carefully 

so  that  the  stick-model  external  coupling  predictions  will  be  as  accurate 

as  possible.  As  presented  in  references  1 and  2,  there  are  seven  length 

parameters  in  the  stick  model  of  an  aircraft.  The  first  six  are  the  lengths 

of  the  important  aircraft  sections:  the  forward  fuselage,  the  wings,  the 

aft  fuselage,  the  vertical  stabilizer  (bottom  segment) , the  horizontal 

stabilizers,  and  the  vertical  stabilizer  (top  segment).  On  many  aircraft, 

such  as  the  E-4  and  EC-135,  the  bottom  segment  of  the  vertical  stabilizer 

has  a length  of  zero,  which  simply  means  that  the  horizontal  stabilizers 

are  connected  to  the  fuselage  rather  than  to  the  vertical  stabilizer.  The 

seventh  parameter,  !t  , is  a dimensionless  quantity  which  is  a measure  of 

the  overall  radius  of  curvature  of  the  aircraft  surface.  Since  0 depends 

. 

| , logarithmically  on  the  radius,  it  is  not  a critical  parameter  in  the  stick 

model.  For  most  aircraft,  6 s il  s 7 . As  fi  •*  , the  stick  model  becomes 

more  accurate. 

The  forward  fuselage  length  (2^)  plus  the  aft  fuselage  length  (2^) 
should  be  approximately  the  distance  from  just  aft  of  the  nose  to  the  point 
where  the  vertical  stabilizer  joins  the  fuselage.  The  wing  length  (2^)  is 
the  distance  from  the  wing  root  to  the  end  of  the  wing,  minus  a few  meters 
in  case  the  wing  has  appreciable  tapering.  The  vertical  stabilizer  lengths 
(2^  and  2g)  and  the  horizontal  stabilizer  length  (2^)  are  measured 
from  the  fuselage  or  the  junction  of  the  vertical  and  horizontal  stabilizers 
to  the  end  of  the  stabilizer.  Finally,  the  wing  root  must  be  located  for 
the  stick  model,  which  is  to  say  that  2^  and  2^  must  be  chosen  with  the 

constraint  that  2,  + 2 should  remain  constant.  In  general.  Increasing  2. 

A j a 

will  Increase  the  (real)  fundamental  aircraft  resonance  frequency  and  decrease 
the  (real)  second  aircraft  resonance  frequency.  The  exact  choices  for  2^ 
through  2g  are  obviously  somewhat  arbitrary  because  a real  aircraft  is 
not  a conjunction  of  very  thin  sticks,  but  a complicated  structure  which  is 
only  very  approximately  represented  as  thin  sticks.  In  order  to  get  the 

• [fl 
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best  possible  agreement  between  the  stick-model  predictions  and  the  scale- 
model  measurements,  it  would  be  desirable  to  make  successive  adjustments 
of  through  ig  after  comparison  of  the  predictions  with  the  measured 

data,  although  that  was  not  done  here. 

Once  the  stick-model  parameters  are  fixed,  it  is  then  a straightforward 
procedure  to  find  the  (complex)  natural  frequencies  and  then  to  estimate 
the  total  current  at  the  same  position  on  the  forward  fuselage  that  was 
used  in  the  scale-model  measurements.  The  mathematical  details  of  this 
procedure  are  presented  in  references  1 and  2,  and  so  will  not  be  included 
here.  Table  1 summarizes  the  stick-model  parameters  for  the  E-4  and  EC-135 
aircraft. 

Table  1 

STICK  MODEL  PARAMETERS 


EC-135 


Forward  Fuselage, 

26  m 

21  m 

Wing,  *2 

29  m 

17.5  m 

Aft  Fuselage,  l ^ 

27  m 

14.5  m 

Vertical  Stabilizer  (Bottom) , 

0 m 

0 m 

Horizontal  Stabilizer,  l ^ 

11.5  m 

7 m 

Vertical  Stabilizer  (Top), 

14  m 

8.5  m 

n 

6.2 

6.5 

Fundamental  Resonance 

1.6  MHz 

2.7  MHz 

Second  Resonance 

2.8  MHz 

3.8  MHz 

Third  Resonance 

4.6  MHz 

7.5  MHz 

Fourth  Resonance 

5.7  MHz 

9.3  MHz 
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SECTION  III 
COMPARISON 

The  stick  model  predicts  the  total  axial  current,  I , while  the  scale- 
model  measurements  give  the  axial  current  density  J(<f>)  as  a function  of 
position  along  the  fuselage  circumference  </>  . The  point  $ = 0 corresponds 
to  the  top  of  the  fuselage,  $ = ir  to  the  bottom.  In  particular,  the  scale- 
model  measurements  give  J(0)  and  J(ir)  . It  is  therefore  necessary  to 
develop  relationships  between  I and  J(<p)  in  order  to  make  comparisons. 

Due  to  the  symmetries  of  the  aircraft  and  the  exciting  field,  it  is  to 
be  expected  that  the  following  series  representation  is  generally  valid: 


J(+) 


J + I 

a _ 


n«0 


J2n+lCOS 


[<2n  + l)*] 


(1) 


Assuming  that  the  fuselage  is  roughly  a circular  cylinder,  a good  estimate 
of  the  total  current  is  given  by 


I 


-j  J(<fr)a(*)d*  = 2r  aeffJQ  £ 1^ 


where  ae^  is  the  effective  fuselage  radius. 

Using  equation  (1), 

■ ’ *.££  [J<°>  + JW] 


(2) 


(3) 


In  this  way,  the  estimated  total  current,  I , as  measured  for  scale 

6S  t 

models  can  be  compared  with  the  total  current  predicted  by  the  stick  model. 

A more  restrictive  assumption  must  be  invoked  to  estimate  the  current 
density  predicted  by  the  stick  model.  If  the  magnetostatic  circular 
cylinder  solution  is  valid  for  the  aircraft  fuselage,  then  there  is  only 
one  term  in  the  infinite  series  of  equation  (1)  which  is  non-zero: 
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where  Hq  (Eq)  is  the  strength  of  the  incident  magnetic  (electric)  field. 
In  this  case. 


Equation  (5)  can  be  checked  against  the  scale-model  data  as  a test  of  the 
magnetostatic  assumption.  As  a direct  consequence  of  equations  (2)  and  (4), 


Jest<0)  =2Ho  + I/(2'Sf£)  C« 

JB«W-  2H,+  I/(2.  aeff)  (7) 


In  this  way,  the  estimated  top  and  bottom  current  densities,  J (0)  and 

est 

Jest(ir)  , as  predicted  by  the  stick  model  can  be  compared  with  the  measured 
top  and  bottom  current  densities,  J(0)  and  J(ir)  . 

Figures  1 through  5 use  E-4  scale-model  measurements  which  were  made 
at  the  University  of  Michigan  between  August  1975  and  March  1977  (ref.  3) . 

The  measurement  location  is  STA600,  roughly  midway  on  the  forward  fuselage. 
The  effective  radius  used  for  comparison  is  3.5  meters.  Figures  1 and  2 are 
tests  of  equation  (5)  in  magnitude  and  phase.  Figure  3 is  a comparison  of 
measured  and  predicted  total  current  using  equation  (3),  while  figures  4 
and  5 are  comparisons  of  measured  and  predicted  current  density  using 
equations  (6)  and  (7). 

Figures  6 through  10  are  analogous  to  figures  1 through  5,  using  EC-135 
scale-model  measurements  which  were  made  at  the  University  of  Michigan  in 
1977  (ref.  3).  The  measurement  location  is  STA550,  again  about  midway  on 
the  forward  fuselage.  The  effective  radius  is  2.1  meters.  The  EC-135  models 
were  equipped  with  model  high  frequency  (HF)  antennas,  which  appreciably 
affected  the  measurements  at  STA550  only  in  a narrow  frequency  band  near 
3.5  MHz  (full  scale).  The  resonance  region  of  the  model  HF  antennas  can  be 
clearly  seen  in  figures  6 through  10. 
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Figure  1.  Comparison  of  Measured  Data  for  E-4  with  Magnetostatic  Solution. 


Comparison  of  Measured  Data  for  E-4  with  Magnetostatic  Solution 


Figure  4.  Comparison  of  Current  Density  on  E-4  Forward  Fuselage  (Top). 


UNCLASSIFIED  AFWL-TR-79-401  SBIE  -AD-E200  329  NL 


5 of  6 

*8^3770 


■ 


MICROCOPY  RESOLUTION  TEST  CHART 


Comparison  of  Current  Density  on  E-4  Forward  Fuselage  (Bottom) 


Comparison  of  Measured  Data  for  EC-135  with  Magnetostatic  Solution 


Figure  7.  Comparison  of  Measured  Data  for  EC-135  with  Magnetostatic  Solution 


Figure  9.  Comparison  of  Current  Density  on  EC-135  Forward  Fuselage  (Top). 


Comparison  of  Current  Density  on  EC-135  Forward  Fuselage  (Bottom) 


SECTION  IV 


CONCLUSION 

< 

Several  features  of  interest  are  evident  in  figures  1 through  10.  The 
measured  data  for  the  E-4  deviates  appreciably  from  the  magnetostatic  pre- 
diction (figures  1 and  2) , while  the  data  for  the  EC-135  are  in  closer 
agreement  (figures  6 and  7).  Consequently,  the  stick-model  predictions 
for  the  E-4  (figures  3 through  5)  are  not  as  close  to  the  measured  data  as 
the  predictions  for  the  EC-135  (figures  8 through  10).  There  are  basically 
two  reasons  for  this.  The  E-4  forward  fuselage  is  not  as  nearly  a circular 
cylinder  as  is  the  EC-135  forward  fuselage.  In  addition,  the  E-4  data 
exhibit  wide  variation  for  different  sized  scale  models,  in  the  frequency 
regions  which  overlap.  The  differences  between  the  stick-model  predictions 
and  measured  data  for  the  E-4  are  not  very  much  greater  than  the  differences 
between  different  E-4  scale  models.  The  EC-135  data  show  greater  consistency 
between  different  frequency  regions  and  a closer  resemblance  to  stick-model 
predictions. 

There  are  also  common  points  of  difference  between  the  scale-model 
measurements  and  the  stick-model  predictions  for  both  aircraft.  The  values 
of  the  first  two  resonance  frequencies  agree  reasonably  well,  but  the 
predicted  values  of  the  peaks  are  higher  than  the  measured  values,  especially 
for  the  second  resonance,  while  the  results  between  resonance  frequencies 
are  lower  than  the  measured  values.  After  the  second  resonance,  both  the 
E-4  and  EC-135  predictions  become  less  similar  to  the  measured  values. 

Although  the  stick-model  predictions  are  obviously  not  identical  to 
the  scale-model  measurements,  it  is  encouraging  that  representing  the  aircraft 
by  only  seven  parameters  (£^  through  and  ft)  can  give  results  that  are 

generally  very  resonable.  The  stick-model  expressions  for  the  total  current 
(and  charge  density)  are  simple  enough  to  be  evaluated  on  a programmable 
desk  calculator  (which  was  done  to  obtain  the  stick-model  predictions  used 
here),  and  are  readily  transformed  analytically  to  the  time  domain  in  case 
time-domain  results  are  required.  Since  scale-model  results  are  not  available 
in  the  frequency  region  below  1 MHz,  which  constitutes  an  important  part  of 
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the  spectrum  of  a typical  EMP,  the  stick-model  predictions  provide  a valuable 
supplement  to  the  data.  As  long  as  the  spectrum  of  the  EMP  does  not  have 
important  components  beyond  the  second  aircraft  resonance,  which  is  the  case 
for  a typical  EMP  and  typical  aircraft,  the  time  domain  stick-model  prediction 
can  be  expected  to  be  a good  approximation  of  the  transient  response. 
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ABSTRACT 


In  this  work,  the  problem  of  determining  the  currents  excited  on  a 
wire  enclosed  within  a rectangular  cavity  is  considered.  The  wire  and 
cavity  interior  are  excited  by  electromagnetic  sources  exterior  to  the 
cavity  which  couple  to  the  cavity  interior  through  a small  aperture  in 
the  cavity  wall.  It  is  assumed  that  the  wire  is  thin,  straight  and 
oriented  perpendicular  to  one  of  the  cavity  walls. 

An  integral  equation  is  formulated  for  the  problem  in  the  frequency 
domain  using  imaged  dipole  moments  to  approximate  the  effects  of  the  aper- 
ture. This  integral  equation  is  then  solved  numerically  by  the  method  of 
moments.  The  dyadic  Green's  functions  for  this  problem  are  difficult  to 
compute  numerically;  consequently  extensive  numerical  analysis  is  necessary 
to  render  the  solution  tractable.  Sample  numerical  results  are  presented 
for  representative  configurations  of  cavity,  wire  and  aperture,  and 


suggestions  for  future  extensions  of  this  work  are  discussed. 
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INTRODUCTION 


An  investigation  has  been  undertaken  of  the  problem  of  a wire 
inside  a cavity  which  is  excited  by  an  external  source.  The  effects  of 
this  external  source  are  coupled  to  the  cavity  interior  and  wire  through 
an  aperture  in  the  cavity  wall.  The  currents  excited  upon  the  wire  and 
the  fields  within  the  cavity  are  to  be  determined.  This  boundary  value 
problem  is  an  idealization  of  a wire  in  some  metal  enclosure.  As 
examples,  the  wire  may  be  inside  the  shielding  or  housing  of  an  elec- 
tronic  or  mechanical  unit  on  an  aircraft,  or  it  might  simply  pass  from 
one  metal  partition  to  another  through  a region  which  is  essentially 
empty. 

This  paper  deals  primarily  with  the  problem  formulation  (Chapter 
2)  and  the  consideration  of  the  many  numerical  difficulties  which  are 
encountered  in  obtain  a solution  (Chapter  4) . In  addition,  an  analogous 
two-dimensional  problem  is  considered  (Chapter  3)  and  some  sample 
numerical  results  are  given  (Chapter  5) . In  Chapter  6,  in  addition  to  a 
summary  of  this  work,  several  possible  extensions  are  discussed.  The 
remainder  of  this  introductory  chapter  is  devoted  to  the  modeling  of  the 
problem  and  its  historical  background. 


In  order  to  model  the  system  of  interest,  a rectangular  box 
having  an  aperture  in  a side  wall  and  enclosing  a wire  is  considered. 
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The  appropriate  geometry  is  shovm  in  Figure  1.  The  problem  is  formu- 
lated in  the  frequency  domain.  It  should  be  noted,  however,  that  given 
the  frequency  domain  solution,  desired  time  domain  quantities  can  be 
obtained  by  numerical  inverse  Fourier  transform. 

As  is  usual  in  the  investigation  of  complex  problems,  simplifi- 
cations must  be  invoked  to  render  the  problem  tractable.  The  assump- 
tions and  conditions  of  the  cavity/wire  problem  are  summarized  as 
follows: 

1.  The  cavity  is  the  interior  region  of  a perfectly  conducting 
rectangular  box. 

2.  The  material  in  the  box  is  uniform,  linear  and  isotropic. 

3.  The  cavity  is  excited  through  a small  aperture  in  a cavity 
wall  such  that  aperture  dipole  approximations  may  be  used. 

4.  The  wire  is  straight,  circular  and  perfectly  conducting,  and 
is  oriented  perpendicular  to  a side  wall  of  the  cavity. 

5.  The  wire  ends  may  or  may  not  be  in  electrical  contact  with 
the  cavity  walls. 

6.  The  wire  is  thin  at  the  frequency  of  operation  and  thin-wire 
assumptions  can  be  utilized. 

Historical  Background 

In  recent  years,  a great  deal  of  work  has  been  done  on  the 
problem  of  scattering  from  wires  in  free  space  and  efficient  techniques 
have  been  developed  to  handle  them  (Butler  and  Wilton  1975,  Wilton  and 
Butler  1976).  More  recently  problems  for  which  a wire  couples  to  an 
aperture  in  an  infinite  planar  screen  have  been  considered  (Butler  and 
Umashankar  1976;  Seidel  and  Butler  1976). 

Historically,  the  work  done  on  the  rectangular  cavity  problem 
has  been  primarily  concerned  with  formulating  the  dyadic  Green's 
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functions  for  the  potentials  and  fields  for  a rectangular  cavity.  An 
expansion  foT  the  electric  field  dyad  was  found  by  Weyl  (1913,  1915) . 

It  was  pointed  out  by  Teichmann  (19S2)  that  the  expansion  was  incom- 
plete. This  was  later  corrected  by  the  addition  of  another  term 
(Teichmann  and  Wigner  1953) . Several  other  authors  have  also  shown  that 
that  the  additional  term  is  necessary  for  completeness  (Kurokawa  1958; 
Collin  1973;  Tai  1973;  Howard  1974). 

The  dyad  for  the  magnetic  vector  potential  for  the  rectangular 
cavity  is  formulated  in  Morse  and  Feshbach  (1953,  pp.  1849-1851). 

More  recently,  this  dyad  and  the  dyad  for  the  electric  field  were 
formulated  by  Tai  and  Rozenfeld  (1976)  using  the  vector  wave  functions 
L,  M and  N (Hansen  1935)  and  by  Rahmat-Samii  (1975)  who  also  derives 
the  dyad  for  the  electric  vector  potential.  Both  of  these  authors  took 
care  to  insure  completeness  of  the  expansions. 

Recently,  Cheng  and  Chen  (1975)  formulated  the  solution  for  the 
problem  of  a rectangular  cavity-backed  aperture  in  an  infinite  screen. 
However,  at  the  present  time,  no  numerical  data  has  been  presented 
using  this  formulation. 

It  should  be  noted  that  at  this  time  there  appears  to  have  been 
no  work  performed  on  the  cavity  containing  an  interior  scatterer.  This 
is  probably  due  to  the  present  uncertainty  of  computational  methods 
for  evaluating  the  dyadic  Green's  functions  in  the  cavity,  especially 
in  or  near  source  regions. 
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CHAPTER  2 

FORMULATION 

For  the  purposes  of  this  problem,  consider  a perfectly  conduct- 
ing rectangular  cavity.  One  corner  of  this  cavity  is  located  at  the 
origin  of  a cartesian  coordinate  system  (Figure  1) . The  dimensions  of 
the  cavity  are  denoted  by  a,  b and  c in  the  x,  y and  z directions, 
respectively.  Within  this  cavity,  there  is  a perfectly  conducting, 
round  thin  wire  of  radius  r(r«X)  which  is  parallel  to  the  z-axis. 

This  wire  may  or  may  not  be  attached  to  either  or  both  walls  of  the 
cavity. 

One  of  the  walls  of  the  cavity  is  perforated  by  a small  aper- 
ture whose  center  is  located  at  r&  * (xft,  y&,  z&) . The  exterior  region 
to  which  the  aperture  couples  the  cavity  interior  may  be  of  two  differ- 
ent types.  The  cavity  may  be  located  behind  an  infinite,  perfectly 
conducting,  planar  screen  such  that  the  cavity  wall  containing  the 
aperture  is  a portion  of  the  infinite  screen.  Alternatively,  the 
cavity  may  be  situated  in  a free  space  environment.  In  either  case, 


the  excitation  for  the  problem  is  provided  by  sources  in  the  exterior 
region. 

Finally,  it  is  assumed  that  the  medium  in  both  the  interior 
and  exterior  regions  is  homogeneous  and  isotropic  and  is  characterized 
by  (e,y)  where  £ can  be  complex  for  a lossy  medium.  It  is  assumed 
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that  the  problem  is  time  harmonic  with  angular  frequency  u>  and  the 
factor  e^0*  has  been  suppressed  throughout. 

Dyadic  Green's  Functions 

In  order  to  formulate  an  integral  equation  for  this  problem, 
it  is  necessary  to  know  the  Green's  functions  for  the  potentials  and 
the  fields  within  the  interior,  or  cavity,  region.  These  Green's 
functions  are  dyadic  in  nature  and,  as  one  would  expect,  are  singular 
in  the  source  region. 

One  can  define  the  dyadic  Green's  function  for  the  magnetic 
vector  potential  by 


(V2  ♦ k2)  8a (r.r')  - - ! 6 (r-r ') , 

(2.1a) 

n x (k2I  ♦ 77)  • §A  * 0 on  S 

(2.1b) 

where  k is  the  wavenumber  of  the  homogeneous,  isotropic  medium  of  the 
cavity  interior,  T is  the  identity  dyad,  fi  is  an  inward-directed  unit 
normal  vector  on  S where  S is  the  surface  of  the  cavity.  This  Green's 
dyad  has  been  derived  by  Tai  and  Rozenfeld  (1976)  in  terms  of  the 
vector  wave  functions  L,  M and  N and  is  shown  as  a matrix  in  Table  1. 

Once  8a  has  been  determined,  the  Green's  dyads  for  the  electric 
and  magnetic  fields  due  to  an  electric  current  source  can  be  found. 

They  are  defined  by 


8e  - (k2T  ♦ 77)  • 8a 


(2.2) 
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for  the  electric  field  and 


\ - V x 5a  (2.3) 

for  the  magnetic  field.  The  matrix  forms  of  2ft  and  2^  are  given  in 
Table  2.  They  were  obtained  by  simply  operating  upon  2A  as  prescribed 
by  (2.2)  and  (2.3). 

It  should  be  noted  that  this  result  for  2 agrees  with  that 

C 

derived  by  Tai  and  Rozenfeld  (1976)  directly  using  the  vector  wave 
functions.  It  also  would  agTee  with  a similar  result  obtained  by 
Rahmat-Samii  (1975)  if  an  obvious  sign  error  in  that  paper  were 
corrected.  Note  that  this  agreement  is  a most  important  point.  In 
these  two  papers,  the  authors  have  taken  great  care  to  insure  complete- 
ness of  the  expansion  functions  for  2fi  in  the  source  region  of  the 
cavity.  The  agreement  between  their  results  and  that  given  here 
demonstrates  the  fact  that  completeness  is  insured  when  the  problem 
is  formulated  through  use  of  the  potentials  and  the  fields  are  then 
derived  from  those  potentials  . 

It  now  remains  to  determine  the  dyadic  Green's  function  for 
the  electric  vector  potential  and  its  related  field  dyads.  Consider 
the  Green's  dyad  for  the  electric  vector  potential  defined  by 


(V2  +k2)  g_  (r.r1)  » - I <5(r-r') 


(2.4a) 


8 * 5F  ■ 0 

8 x 7 x jp  « 0 


, on  S. 


(2.4b) 


Table  2.  Dyadic  Green's  Functions  for  the  Electric  and  Magnetic  Fields  Due  to  an  Electric 
Current  Source. 
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Rahmat-Samii  (1975)  has  obtained  a solution  for  gp.  It  is  given  in 
matrix  form  in  Table  1.  Again  the  sign  error  has  been  corrected. 

Now  that  gp  is  determined,  the  dyads  for  the  electric  and 
magnetic  fields  due  to  a magnetic  current  source  can  be  defined  by 

Ie  * - 7 x IF  (2.5) 

and 


Ih  - (k2I  + W)  • gp  . 


(2.6) 


If  gg  is  written  in  matrix  form,  it  is  found  that 

Ie (?.*')  --  2h (?',?)  (2.7) 

where  the  tilde  denotes  the  transpose  of  the  dyad. 

As  a matter  of  notation,  an  upper  case  G denotes  a dyad  due 
to  an  electric  current  source;  similarly  a lower  case  g denotes  a 
dyad  due  to  a magnetic  current  source.  The  subscript  A,  F,  e or  h 
denotes  the  particular  potential  or  field  which  is  given  by  the  dyad. 

Before  proceeding  with  the  formulation  of  the  integral 
equation,  it  is  worthwhile  to  consider  a few  of  the  general  properties 
of  these  dyadic  Green's  functions.  Probably  the  most  apparent  property 
is  that  each  component  of  each  dyad  is  in  itself  a triply  infinite 
Fourier  sum.  It  can  be  seen,  however,  that  any  one  of  the  sums  can  be 
performed  analytically  using  one  of  the  following  relationships: 
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Jl  Sinkxx  sinkxx'  = fSikcta  »inhax<sinhtt(a-x>)  (2.8a) 

x^1 


Jo  W C0SkxX  C°SkxX’  “ coshax<cosho(a'x>;)  C2'8b) 

\ ‘ 

00  k 

J,  coskxx<sinkxx>  3 2 sinhoa  coshax<sinha(a-x>)  (2.8c) 

m=  i K +ct 

X 

" k 

1 sink2x<coskxx>  =■  2~?iiihoa  sinhax<cosha(a-x>)  (2.8d) 

m*  l k +<j 
x 

where 

t 

kx  = 21  , xK  =»  min(x,x')  , x>  =*  max(x.x')  , o ^ x , x'  ^ a . 

r 

Equations  (2.8)  are  easily  derived  by  considering  the  ordinary  differ- 
ential equation 

jj-j-  * k‘J  s(x.x')  . S(x-x') 

on  the  interval  (0,a)  with  various  combinations  of  unmixed  Dirichlet 
and  Neumann  boundary  conditions.  The  function  g is  then  obtained  by 
a closed  form  construction  to  obtain  the  right-hand  side  of  (2.8)  and 
also  by  a spectral  expansion  [to  produce  the  left-hand  side  of  (2.8)]  . 
An  alternative  technique  to  derive  these  equations  has  been  given  by 
Collin  C1960,  p.  581). 
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Another  important  property  of  these  triple  sums  can  be  seen  if 
one  remembers  that  both  sinh  x and  cosh  x approach  ♦ j ex  for  large  x. 
Thus,  if  |r-r' | 0,  any  one  of  the  triple  sums  can  be  reduced  to  a 

double  sum  which  is  exponentially  convergent.  This  demonstrates  that 
outside  the  source  region,  all  components  of  all  the  dyads  converge, 
and  in  fact,  converge  exponentially.  Therefore,  all  dyad  components 
are  uniformly  convergent  outside  the  source  region  (Titchmarsh  1939, 
p.  4). 

Since  it  is  valid  to  differentiate  a series  term  by  term  pro- 
vided the  resulting  series  is  uniformly  convergent  (Titchmarsh  1939, 
p.  37),  the  method  used  to  construct  the  Green's  dyads  for  the  fields 
using  (2.2),  (2.3),  (2.5)  and  (2.6)  is  valid  outside  the  source  region. 
This  leads  to  the  next  observation  regarding  relative  convergence  of 
the  sums.  Note  that  the  effect  of  a differential  operator  on  each  term 
of  any  one  of  the  sums  is  to  introduce  a multiplicative  factor  of  m,  n, 
or  l in  the  numerator.  This  will  slow  the  rate  of  convergence  of  the 
series.  Thus,  for  |r-r' | j*  0,  components  of  SA  and  gp  will  exhibit  the 
most  rapid  convergence,  whereas  and  gh,  which  are  constructed  using 
the  second  order  differential  operator  TV*,  will  exhibit  the  slowest 
convergence . 

Integral  Equation  Formulation 

To  formulate  the  problem,  one  first  uses  the  theories  advanced 
for  small  apertures  by  Bethe  (1944).  This  theory  allows  a small  aper- 
ture, whose  center  is  at  the  point  r , in  a perfectly  conducting  screen 
to  be  replaced  by  imaged  electric  and  magnetic  dipole  moments 


«*• 
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located  at  r . Figure  2 (a  and  b)  depicts  this  equivalence.  The 

electric  dipole  moment  P is  normal  to  the  cavity  wall,  and  the  mag- 

netic  dipole  moment  Pn  is  tangential  to  the  cavity  wall.  Note  that 

now  the  aperture  has  been  shorted,  and  thus  one  has  in  this  equivalent 

problem  a wire  scatterer  in  a rectangular  cavity  excited  by  the  dipole 

sources  Pft  and  P . (A  more  precise  definition  of  these  dipole  moments 

will  be  considered  later  in  this  chapter.) 

It  is  useful  to  make  use  of  yet  another  equivalent  problem.  By 

using  the  equivalence  principle  (Harrington  1961)  one  can  replace  the 

wire  scattereT  in  the  cavity  by  unknown  surface  currents  J which  are 

s 

located  upon  a mathematical  cylindrical  surface  which  coincides  with 
the  surface  of  the  wire  in  the  original  problem.  This  equivalence  is 
shown  in  Figure  2 (b  and  c) . Now  one  must  force  the  boundary  condition 
that  the  tangential  electric  field  must  vanish  on  the  cylindrical  sur- 
face. When  this  is  accomplished  the  two  problems  are  equivalent  and 
the  surface  currents  in  the  equivalent  problem  will  be  equal  to  the 
surface  currents  induced  upon  the  wire  in  the  original  problem. 

Note  that  in  this  second  equivalent  problem  one  has  a cavity 
whose  interior  is  entirely  homogeneous  and  isotropic,  and  is  driven 

by  the  unknown  sources  3 , P and  P . Thus  the  fields  in  the  cavity 

s e in 

may  be  obtained  by  simply  taking  the  scalar  products  of  the  appropriate 
dyadic  Green's  functions  and  these  sources  and  integrating  over  the 
volume  of  the  cavity. 

The  total  electric  field  at  the  point  r in  the  cavity  can  be 
broken  into  two  parts  in  the  following  manner: 
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£(?)  - g*(?)  ♦ g4 S * * *(?)  (2.9) 

where  g1  is  the  field  produced  by  the  aperture  dipole  moments  P and 
and  gs  is  the  field  produced  by  the  surface  current  density  Js* 

Thus 

- £ B#Cr,*a)  • Pe  * jkn  ge(f,?a)  • PB  (2.10) 

and 

ES(*)  » - I11  (k2T  ♦ 77).  | | 8A(r,f)  • Js(r')ds'  (2.11) 

wire 

where  n - v'u/z  is  the  characteristic  impedance  of  the  medium  interior 
to  the  cavity. 

Since  the  wire  scatterer  is  assumed  to  be  thin  (r«A) , one  can 
use  the  traditional  thin  wire  approximations  to  simplify  (2.11).  These 
approximations  have  been  used  extensively  and  are  summarized  as  follows: 

1.  The  circumferential  component  of  current  on  the  wire  is 
negligible  and  may  be  assumed  to  vanish. 

2.  The  remaining  axial  component  of  current  has  no  circumferen- 
tial variation. 

3.  There  is  no  current  on  the  end  caps  of  the  wire  and  the  axial 
current  must  go  to  zero  at  unattached  ends  of  the  wire. 

4.  It  is  sufficient  to  require  only  the  axial  component  of  the 

electric  field  to  vanish  on  the  wire  surface. 

If  these  approximations  are  incorporated  into  (2.11),  and  the 

axial  component  of  (2.9)  is  forced  to  vanish  on  the  wire  surface,  one 

obtains  the  following  integral  equation: 
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w * ^ O'2*  ♦ W)'  j } 8a (?,*')  • «Jw(i')ds' 

wire 

♦ li(r)j  - 0 (2.12) 

where  r is  on  the  wire  surface  and  w is  a unit  vector  parallel  to  the 
axis  of  the  wire. 

It  is  seen  that  (2.12)  is  an  integro-differential  equation  in 
which  all  three  components  of  the  dyadic  kernel  and  all  nine  components 
of  the  dyadic  operator  TV  will,  in  general,  couple.  As  will  be  seen 
in  Chapter  4,  the  Green's  functions  are  extremely  difficult  to  calcu- 
late numerically  in  or  near  the  source  region.  Because  of  this  problem, 
the  feasibility  of  solving  (2.12)  for  the  most  general  case  of  arbi- 
trary wire  orientation  is  questionable.  However,  if  one  considers  the 
case  where  w is  equal  to  one  of  the  three  cartesian  unit  vectors  (let 
that  unit  vector  be  z by  convention)  then  (2.12)  reduces  to  a scalar 
integro-differential  equation  as  follows: 


— ♦ k2 

» 

,dz2 

. 

wire 


CA  (r.r*)  J (z')ds'  ♦ i • Ex(f)  * 0 
zz 

(2.13) 


for  r on  the  wire  surface. 

Note  that  if  (2.13)  can  be  inverted,  a solution  for  J.  will  be 

obtained.  However  it  should  be  remembered  that  E1  contains  P and  P , 

e m 

which  as  of  yet  are  unknown.  Thus  it  remains  to  obtain  additional 
constraints  which  will  uniquely  specify  the  values  of  these  dipole 
moments . 
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Aperture  Imaged  Dipole  Moments 

Before  attempting  to  determine  the  dipole  moments  P and  P , 
it  is  necessary  to  review  the  basis  of  small  aperture  theory.  This 
summary  is  patterned  after  that  in  a recent  paper  by  Butler  (1976)  and 
the  work  of  Collin  (1960) . Consider  an  infinite  perfectly  conducting 
screen  at  z « 0 which  separates  two  half  spaces  of  the  same  properties 
(y,e).  This  screen  is  perforated  by  a small  aperture  centered  about 
the  point  (0,0,0).  If  the  aperture  is  sufficiently  small  and  r is 
sufficiently  far  from  the  aperture,  then  the  fields  at  r due  to  the 
aperture  can  be  approximated  by  the  radiation  from  an  electric  dipole 
with  moment  and  a magnetic  dipole  with  moment  Pm  located  at  (0,0,0) 
which  radiate  in  the  presence  of  the  unperforated  screen.  This  equiva- 
lence is  illustrated  in  Figure  3. 

The  moments  of  the  electric  and  magnetic  dipoles  for  the  right 
half-space  (z>0),  which  are  located  at  (0,0,0+)  are  given  by 


?e  " eVEzC’CQ)  " eSC*(0))2 


(2.14a) 


Pm  " ‘ 5m  * CfiSC’(0)  " 


(2.14b) 


where  (£  , fi3C*)  are  the  short  circuit  fields  in  the  left  half-space, 
that  is,  the  fields  in  left  half-space  in  the  presence  of  the  unperfor- 
ated screen.  Similarly,  (£sc+,  ftsc+)  are  the  short  circuit  fields  in 
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the  right  half-space.  The  electric  polarizability  and  the  nagnetic 
polarizability  relate  the  specific  excitation  to  the  moments  for  a 
given  aperture.  Polarizabilities  are  available  in  the  literature 
(Bouwkamp  1954;  DeMeulenaere  and  Van  Bladel  1977;  Collin  1960,  pp.  285- 
302;  Cohn  19S1,  1952)  for  several  small  apertures.  Specifically,  for 
an  elliptical  aperture  defined  by  (x2/*2)  ♦ (y2/w2)  ■ 1 for  l > w. 


3ETIT  * 

(2.15a) 

1 tt*3£ 

3 r(5)  - ECO  * 

(2.15b) 

_ 1 iri*E 

(2.15c) 

E(C)  - K(5) 


and  all  other  components  of  are  zero.  The  square  of  the  eccentricity 
(£)  is  defined  by 

v 2 

* ■ 1 - $ 

and  K and  E are  the  complete  elliptic  integrals  of  the  first  and  second 
kind,  respectively,  as  defined  by  Abramowitz  and  Stegun  (1965,  p.  590) t 
where  5 is  the  parameter  of  the  modulus. 

It  should  be  noted  that,  where  the  small  aperture  theory  is 
based  upon  an  aperture  coupling  two  half-spaces,  in  the  actual  problem 
of  interest  the  interior  region  is  a rectangular  cavity  and  the  exte- 
rior region  may  or  may  not  be  a half-space. 
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First,  consider  the  exterior  region.  Suppose  the  cavity  is 
behind  an  infinite  screen,  such  that  the  exterior  region  is  actually  a 
half-space.  Then  the  short  circuit  exterior  fields  are  easily  deter- 
mined from  a knowledge  of  the  incident  field  by  application  of  physical 
optics. 

However,  if  the  cavity  is  not  behind  a perfectly  conducting 
screen,  the  problem  becomes  more  difficult.  It  now  becomes  necessary 
to  determine  the  short  circuit  fields  on  the  exterior  surface  of  a 
rectangular  box  scatterer.  This  problem  has  been  solved  numerically 
by  Tsai,  Dudley  and  Wilton  (1974).  Since  the  short  circuit  fields  are 
related  to  the  surface  current  and  charge  by 

J - n x Hsc” 
s 

and 

qs  - e fi  • HSC”  , 

these  values  could  also  be  provided  by  experimental  measurements  of 
surface  charge  and  current  densities.  Note  that  (£SC~,  Hsc")  and 
(£sc+,  fisc+)  have  been  defined  for  the  problem  of  interest  to  be  the 
short  circuit  fields  in  the  exterior  and  interior  regions,  respective- 
ly. For  the  remainder  of  this  paper  it  will  be  assumed  that  (Esc", 
fisc")  are  known. 

Now  consider  the  interior  region  of  the  problem  as  illustrated 
in  Figure  2c.  It  is  readily  seen  that  (Esc+,  flsc+)  will  be  driven  by 
the  surface  currents  on  the  wire.  However,  this  region  is  a cavity, 
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and  the  use  of  yet  another  equivalent  problem  is  necessary  in  order  to 
account  for  this  problem  properly.  If  the  method  of  images  (Collin 
1960)  is  applied  to  the  equivalent  problem  depicted  by  Figure  2c,  a new 
equivalent  problem  can  be  obtained  in  which  tho  aperture  dipoles  and 
the  wire  currents  have  been  imaged  in  such  a way  that  there  is  a three- 
dimensional  infinite  array  of  image  sources  in  a half-space.  A two- 
dimensional  cross-section  of  that  array  is  given  in  Figure  4.  This 
means  that  (£sc+,  Hsc+)  are  produced  by  all  of  the  sources  in  that  half- 
space except  for  the  original  aperture  dipoles  P and  P located  at  r . 

6 m ft 

Now  if  it  is  realized  that  these  arrays  of  image  sources  in  the 
half-space  are  equivalent  to  the  original  sources  in  the  cavity  (the 
problem  of  Figure  2c),  one  obtains  the  following  relations  for  the  short 
circuit  fields  in  the  cavity  region: 

EnC+(^  * G«  (?’?a)Pe  * jknfi  * ^e^a3  * K 
nn  n 


and 


-Nf 

wire 


G.  (r.r'V.Cr'lds1 


(2.16a) 


H SC+(?) 


fi  Pe  + *h(f’*aJ 


P 

m 


* \ \ * 2 Jz(*')ds'  (2.16b) 

wire 


where  fi  is  the  unit  vector  in  the  wall  of  the  aperture  and  the  symbol 
(A)  over  the  dyads  indicates  that  the  original  or  self  tern  of  the 
image  series  (Green's  function  for  half-space)  has  been  deleted.  Thus 


417 


Figure  4.  Equivalent  Interior  Problem  Which  Accounts  for  Effects  of 
Wall  Reflections  and  Wire  Currents  on  Aperture  Dipoles. 
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(2.17a) 


(2.17b) 

where  R ■ |r-ra|.  Now  the  desired  dyads  may  be  obtained  using  the 
following  relations: 


(k2f  + TV)  • 8a  , 

(2.18a) 

A 

'■1 

(2.18b) 

/S 

m 

2 * 
6e 

- v x |F , 

(2.18c) 

and 

< 

■ A 

8h  " * IF  * (2. 18d) 

The  functions  defined  by  (2.17)  and  (2.18)  will  be  referred  to  as 
deleted  Green's  functions  in  an  effort  to  indicate  the  deletion  of 
the  singular,  free  space  Green's  function. 

One  now  defines  a^  and  a2  to  be  the  two  cartesian  unit  vectors 
which  are  tangential  to  the  wall  of  the  aperture  in  such  a fashion 
that  x *2  * ^or  if  the  aperture  were  in  the  y » 0 wall 

of  the  cavity,  then  ij  wou^d  >e  2,  S2  would  be  x and  n would  be  ?. 
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a - - > . . . .-JkR 

2A(r*ra>  - 5A(r'V  ' 1 TiiT 


and 


S - - jkR 

8p (?,?»)  - gp(r.ra)  - ! 
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Note  that  since  P has  only  a normal  component  and  P has  only  a 
e m 


tangential  component,  there  are  only  three  non-vanishing  unknowns: 


P , P and  P . If  new  unknowns  E_  and  H_  are  introduced  such  that 
en  nl  m2  Tn  T 


^ 

n 


(2.19a) 


«T  * fiSC*(?a)  * «SC+^a) 


(2.19b) 


then  by  (2.14) 


ae  *T_ 


(2.20a) 


Pm  - - o H- 

ml  mll  T1 


(2.20b) 


P.  - - o H- 
m2  m22  T2 


(2.20c) 


Now,  if  (2.20)  is  substituted  into  (2.16),  which  in  turn  is  substituted 


into  (2.19)  one  obtains  the  following  equations: 


J 


345-30 


EMP  3-38 


“ * “•V*.'5.)1V  ^‘V'bi'^A  * 


- I1  f f Ge  Cia.f')Jj(r’)ds'  • E“'(fa)  , (2.21a) 


%2 

* | | Cj,  tra.r')  Jjlf'Jds'  • HjC'(fa)  , (2.21b) 

wire  lz 

' \l  V^A  * » • “.22 


V <**»*' )J,tf')ds'  » H*c-(£a) 


h2z  a 2 


(2.21c) 


It  should  be  noted  that  the  unknowns  E_  , H_  and  H_  are 

Tn  T1  T2 

related  to  the  unknown  dipole  moments  by  the  aperture  polarizabilities. 
Thus  if  (2.20)  is  substituted  into  (2.10)  one  obtains 


i ■ E^r)  - a,  6 (i,i  )E-  - jkna  ge  Cr,r  )H, 
zn  1 11  zl  1 


- jkna  g (r.r  )H- 

m22  ez2  a T2 


(2.22) 


This  means  that  (2.13)  contains  the  unknowns  , H_  and  H_  in 

*n  T1  T2 

addition  to  The  three  additional  constraints  provided  by  (2.21) 


when  solved  simultaneously  with  (2.13)  will  provide  a unique  solution 

for  the  currents  on  the  wire  and  the  quantities  E_  , H-.  and  H_  . 

n T1  T2 


It  is  helpful  at  this  point  to  attempt  to  describe  physically 
the  various  terms  in  (2.21).  First,  it  is  noted  that  the  terms  con- 
taining the  deleted  Green's  functions  account  for  the  fact  that  the 
aperture  dipoles  will  be  affected  by  the  fields  reflected  back  from  the 
cavity  walls.  This  is  apparent  if  it  is  remembered  that  these  terms 
are  the  fields  in  the  aperture  due  to  the  array  of  the  images  of  the 
aperture  dipole.  These  virtual  sources  account  for  all  of  the  reflec- 
tions and  multiple  reflections  from  the  cavity  walls. 

It  can  also  be  noted  that  the  integral  term  in  (2.21)  repre- 
sents the  field  scattered  back  into  the  aperture  by  the  wire  and  thus 
accounts  for  the  coupling  between  the  currents  on  the  wire  and  the 
aperture  dipoles.  If  all  of  these  coupling  effects  are  assumed  to  be 

negligible,  (2.21)  reduces  to  (ET  , ftp)  - (E*c_ , HSC').  If  on  the 

n 

other  hand  these  effects  are  not  neglected,  the  difference  between 

(E.j,  , ftp)  and  (E^c~,  Hsc")  will  in  some  way  reflect  the  degree  of  to 
n 

which  the  cavity  walls  and  the  wire  scatterer  couple  to  the  aperture. 


( 
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CHAPTER  3 

A PRELIMINARY  TWO-DIMENSIONAL  PROBLEM 

In  an  effort  to  gain  insight  for  the  three-dimensional  cavity 
problem,  it  is  helpful  to  consider  an  approximately  analogous  two- 
dimensional  problem.  For  this  case,  the  kernel  functions  would  also 
be  singular  Fourier  series,  although  of  lower  dimensionality.  Thus 
where  in  the  original  problem  the  sums  were  doubly  and  triply- infinite, 
they  are  one-  and  two-dimensional  in  this  two-dimensional  analog.  In 
addition  to  any  insights  which  this  effort  might  provide  toward  the 
solution  of  the  three-dimensional  cavity,  the  solution  to  this  analo- 
gous problem  may  provide  data  pertinent  to  the  physical  problem  being 
modeled.  For  example,  in  this  simpler  model,  it  is  feasible  to  account 
for  the  actual  coupling  through  a large  aperture  rather  than  use  the 
aperture  dipoles  for  small  apertures. 

Formulation 

The  geometry  of  the  analogous  problem  is  shown  in  Figure  S.  It 
consists  of  an  incident  plane  wave  impinging  upon  a perfectly  conduct- 
ing infinite  planar  screen  perforated  by  an  infinite  z-directed  slot  of 
width  d.  The  slot  is  backed  by  a rectangular  cylindrical  cavity  of 
depth  a and  width  b.  Within  the  cavity  are  L z-directed  thin  wires  of 
various  radii.  The  incident  plane  wave  is  polarized  such  that  £ is 

parallel  to  the  slot.  Thus  only  the  E , H and  H field  components  are 

z x y 

excited. 
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One  now  formulates  the  problem,  using  the  thin  wire  approxi- 
mations described  previously  in  Chapter  2,  by  expressing  Ez  and  Hy  in 
terms  of  the  unknown  aperture  electric  field  and  the  unknown  surface 
currents  on  the  wires.  Then  by  forcing  the  boundary  conditions  that 
Ez  and  Hy  be  continuous  through  the  aperture  and  Ez  vanish  on  the  wire 
surfaces,  two  coupled  integral  equations  are  obtained.  They  are 


■h+d 

Ez  Cy')  [H<l)  (k|y-y'|)  ♦ jS^y.y'Dldy' 
h 


♦ 


J 

fcth  wire 


S2(x',y,y')dc' 


- - 2 Hy  (o,y)  , h<y<h+d 


(3.1a) 


and 


h+d 


E*  (/')  S2(x,y,y»)dy' 


jkn  l JA 

U 1 


S3(x,x',y,y')dc' 


ith  wire 


0 , (x,y)  on  surface  of  the  sth  wire,  for  s » 1,2 L 
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where  E is  the  unknown  aperture  electric  field,  J.  is  the  surface 


current  density  on  the  ith  wire,  H^nc  is  the  y-coraponent  of  the 


incident  magnetic  field  and  n ■ i/y/ e is  the  characteristic  impedance 
of  the  space.  The  functions  Sj,  S2,  and  Sj  are  defined  by 


V^'>  - If  l 


m,n»o  K2  -k2 
mn 


sink ^y  sink^y' 


(3.2a) 


s2(x,y,y')  - ^ l 


m,n-l  K2  -k2 
mn 


sink^x  sink^y  sink^y'  (3.2b) 


and 


4 * 

S_(x,x' ,y,y')  * re-  £ — sink  x sink  x'  sink  y sink  y' 

m,n-l  K2  -k2  x x r * 


mn 


(3.2c) 


^ + * kx  * ? “d  V - ir  • 


Note  that  any  of  the  double  sums  in  (3.2)  can  be  reduced  to  a single 
sum  by  use  of  (2.8)  and  will  thus  converge  exponentially  as  long  as 
r # r'  [that  is,  when  (x,y)  t (x'.y')]. 

Now  assume  that  no  two  wires  touch  one  another  and  that  no 
wire  is  in  the  aperture  region.  This  means  then  that  with  the  exception 
of  the  first  sum  all  of  the  infinite  sums  in  (3.1a)  are  uniformly  con- 
vergent. Indeed  this  first  sum  is  uniformly  convergent  everywhere 
except  when  y • y'  in  which  case  it  diverges  like  ^ . Similarly,  all 


1 


1 


J 
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sums  in  (3.1b)  are  uniformly  convergent,  with  the  exception  of  the 
term  where  £»s,  in  which  case  one  point  on  the  surface  of  integration 
will  coincide  with  the  point  (x,y). 

It  is  now  useful  to  make  the  approximation  that  the  wire  cur- 
rent resides  at  the  center  of  the  wire  and  that  field  boundary  condi- 
tions are  still  enforced  at  the  wire  surface.  This  approximation  is 
commonly  known  as  the  reduced  kernel  approximation.  For  this  problem 
it  can  be  stated  by 

S3(x,x',y,y')dc'  ^ 2irr  S3(x,xc,y,yc)  (3.3) 

■'wire 

where  (xc,y£)  is  the  center  point  of  the  wire  and  r is  the  wire  radius. 
This  can  be  justified  by  noting  that  S3,  the  Green's  function  for  the 
magnetic  vector  potential  in  the  cavity,  must  contain  the  free  space 
two-dimensional  Green's  function,  which  goes  as  ta|r-r'|.  Note  that 
£n|f-r'|  can  be  integrated  analytically  over  the  wire  surface,  where 
r is  also  on  the  wire  surface,  to  give  the  desired  result  that 

-IT 

£n(2rsin  ' ■ 2Trri.n  r . 

-ir 

Since  the  wire  is  thin  and  the  remaining  portion  of  S3  is  a smooth, 
homogeneous  solution  to  the  wave  equation,  it  too  can  be  validly  approx- 
imated by  this  technique.  It  should  be  noted  that  given  the  wire  radii 
small  but  finite,  the  application  of  the  reduced  kernel  approximation 
makes  all  of  the  infinite  sums  in  (3.1b)  uniformly  convergent. 
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Reduction  to  Matrix  Equation  by  Method  of  Moments 
An  effective  technique  for  the  numerical  solution  of  integral 
equations  in  electromagnetics  is  the  method  of  moments  (Harrington 
1968).  Consider  the  operator  equation 

Lu  ■ f (3.4) 

where  L is  a linear  operator,  i is  a known  vector,  and  u is  an  unknown 

vector  for  which  the  solution  is  desired.  Using  the  method  of  moments, 

one  approximates  u by  a finite  linear  combination  of  expansion  vectors 

u . Thus  let 
n 

N 

* - l V„  • (3-5) 

q«l  4 4 

Now  take  the  inner  product  of  (3.4)  with  N testing  vectors  w^.  If 
(3.5)  is  substituted  into  this  result,  and  it  is  noted  that  L is 
linear,  one  arrives  at  the  matrix  equation 

N 

l <w , Lu >a  - <w ,f>  , p » 1,2,3, . . .N  . (3.6) 

q«l  r H H P 

Note  that  (3.1a)  is  a linear  operator  equation  with  an  integro- 
differential  operator  and  unknown  function  E*(y)  and  the  unknowns  (J^L 
Further,  one  has  the  boundary  condition  that  E*  must  vanish  at  each 
edge  of  the  aperture  because  the  tangential  electric  field  (E?)  must 
vanish  at  these  two  points.  If  the  inner  product  for  this  space  is 
defined  to  be 
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fh+d 

u( 

K 


<u,v>  • u(y)v(y)dy 
Jh 


the  method  of  moments  may  be  applied  to  approximate  (3.1a)  by  a matrix 
equation. 

The  optimum  choice  of  expansion  functions  (up)  and  testing 
functions  (wp)  for  this  integro-differential  operator  and  these  bound- 
ary conditions  has  been  the  subject  of  many  examinations  (Butler  and 
Wilton  1975;  Wilton  and  Butler  1976).  It  has  been  shown  that  one  effi- 
cient choice  (Wilton  and  Butler  1976)  is  that  of  pulse,  or  piecewise- 
constant,  expansion  functions  and  piecewise-sinusoidal  testing 
functions,  denoted  p^  and  A*  respectively  and  defined  in  the  coordinate 
system  of  this  problem  by 


pq(y) 


i . ly-yj  < 


q '7 


(°  * l/-yql  >f 


ApM 


sink(A-|y-yp|)  , |y-yp|  < A 

o . |y-ypl  > ^ 


(3.8) 


where  A ■ d/ (N+l)  and  y^  ■ h+qA.  Thus  the  unknown  aperture  field  is 
approximated  by 


Efty)  • l i p (r)  . 

q»l  ^ n 


(3.9) 


429 


Figure  6 shows  a plot  of  such  an  approximation  as  well  as  the 

testing  functions  Aa(y).  It  should  be  noted  that  a half-pulse  of  zero 

amplitude  has  been  placed  at  each  end  of  the  aperture.  This  is  done 

because  of  the  boundary  condition  that  Ea  vanish  at  each  end  of  the 

z 

aperture. 

In  order  to  perform  the  inner  product  one  takes  advantage  of 

the  piecewise-sinusoidal  testing  functions  and  the  differential  portion 

of  the  operator,  - — ♦ k2 , and  integrates  by  parts  twice.  The  integral 
dy2 

portion  of  the  result  vanishes,  leaving  only  three  boundary  terms. 

If  these  expansion  and  test  functions  are  applied  to  (3.1a)  and 
the  same  expansion  functions  are  substituted  into  (3.1b),  the  following 
equations  are  obtained 
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Vy) 


HC2)(k|y-y|)dy'  + j 


Sjfy.y'Jdy'  . (3.11) 


Aq 


J 

Aq 


In  (3.10),  » 2i rr^  is  the  current  due  to  the  uniform  surface  cur- 

rent density  on  the  fcth  wire  and  Aq  is  the  interval  (y  -■  j,y  ♦£). 

point  r^  - (x^.y^)  is  the  centerpoint  of  the  Jlth  wire  and  r * (x  ,y  ) 

s s s 

is  a point  on  the  surface  of  the  sth  wire.  However,  for  thin  wires, 
this  distinction  is  important  only  when  JUs.  The  constant 


yA 


A*(y)dy  ■ 2(l-coskA) 


yp'A 


results  from  assuming  that  both  the  incident  magnetic  field  at  the 
aperture  and  the  magnetic  field  in  the  aperture  excited  by  the  currents 
on  the  wires  can  be  approximated  over  the  range  of  pth  testing  function 
by  their  respective  values  at  y . 

It  is  now  observed  that  (3.10)  represents  two  coupled  matrix 
equations  for  the  unknowns  (Eq}  and  (i^}.  These  equations  can  be 
solved  simultaneously  by  standard  matrix  techniques,  such  as  Gauss 
elimination,  to  find  the  solution  for  the  unknown  aperture  field  and 
the  currents  excited  on  the  interior  wires. 

Numerical  Considerations 

Although  the  problem  has  been  formulated  and  the  integral 
equations  have  been  approximated  by  matrix  equation  (3.10),  it  is  noted 


l 
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Chat  one  must  be  able  to  calculate  the  infinite  sums  S2  and  S^,  possibly 
near  the  source  where  convergence  is  poor.  The  sums  and  S2  must  be 
integrated,  S1  over  the  source  region  (3.11).  Consequently,  it  becomes 
necessary  to  develop  techniques  for  handling  these  situations. 

First  it  should  be  noted  that  in  (3.10b)  it  is  valid  to  inte- 
grate S2  term  by  term  since  S2  will  always  be  uniformly  convergent 
over  the  range  of  the  integration  (Titchmarsh  1939,  p.  36).  It  can  be 
shown  that  in  (3.11)  can  also  be  integrated  term  by  term,  even 
though  at  y«y'»  Sj^  diverges.  Because  Sj  is  uniformly  convergent  at 
every  other  point  in  the  range  of  integration,  and  because  the  series 
that  results  if  Sj  is  integrated  term  by  term  is  absolutely  convergent, 
it  is  valid  to  integrate  term  by  term  (Titchmarsh  1939,  pp.  44-45). 
This  is  an  important  result  since  as  a general  rule  it  is  numerically 
more  efficient  to  integrate  the  series  term  by  term. 

It  remains  to  develop  a technique  for  efficiently  summing  these 


series,  even  when  |r-r ' | is  small.  It  is  expected  that  the  convergence 


will  be  poor  from  a numerical  standpoint.  To  demonstrate  the  method 


which  is  used  to  make  this  improvement,  consider  the  special  case  of 
(3.2c).  By  applying  (2.8a)  to  (3.2c)  one  finds  that 


2 

S,  ■ r l sinM  sink„ 


sinhy.  y<sinhYb (b-y>) 

r * — 


(3.12) 


where  Y*  » k2  - k*. 
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Note  that  just  as  easily  the  double  sum  could  have  been  reduced 
by  eliminating  the  sum  over  m.  Thus,  there'  is  always  a choice  of  which 
sum  to  remove  analytically  by  (2.8).  Let  S^^'  be  defined  as  the  asymp- 
|<  j totic  series  of  such  that  its  terms  are  the  limit  of  the  terms  in 

(3.12)  for  large  m.  Thus 


,asy 


7 — sinmir^-  sin 
* m-1  m 


mux1  -mu 
~ e 


\y.-y' 


(3.13) 


Series  S3  has  exponential  convergence,  the  rapidity  of  which  increases 
as  | y-y * |/a  increases.  It  can  easily  be  seen  that  if  the  sum  over  m 
were  removed  analytically,  would  converge  exponentially  like 
|x-x' |/b.  It  is  reasonable  to  assume  from  this  that  as  a general  rule 
|y-y’ |/a  should  be  compared  to  |x-x' |/b  and  (3.2)  should  be  reduced  to 
a single  sum  in  that  way  which  maximizes  this  exponential  convergence. 
For  example,  if  |y-y* |/a  > | x-x*  j/b,  then  (3.2c)  should  be  reduced  to 
(3.12).  Indeed,  the  validity  of  this  general  rule  can  be  substantiated 
by  the  results  of  numerical  testing. 

Now  return  to  (3.12).  Suppose,  however,  that  although  | y-y  * |/a 
is  larger  than  |x-x'|/b,  it  too  is  small,  and  (3.12)  remains  poorly 
convergent.  Convergence  of  such  a series  can  often  be  gTeatly  improved 
if  a closed  form  expression  can  be  found  for  the  corresponding  asymp- 
totic series  (Lewin  1975).  This  means  that  if  S < I s , s -►s'  as 

n n n n 

n «,  and  S'  ■ £ j ' ■ h where  h is  a closed  form  expression,  then 
D * £ (sn  - sn')  will  converge  more  rapidly  than  S.  Consequently,  S 
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can  be  evaluated  by  S » h ♦ D.  Thus  if  (3.13)  can  be  evaluated  in 
closed  form,  the  convergence  of  (3.12)  could  be  improved. 

For  this  particular  sum,  S 3>  one  rewrites  (3.13)  as 

S3S/  a Jn  l Ccosm6i  - cosm82)  (3.14) 

m*l 

where 


„ , iltziL , » , ibad  „d  . 

Ala  2 a 

But  it  is  known  that  (Jolley  1961,  pp.  110-111) 

r e"nx  1 

l — r—  cosnX  » j - ~ in(coshx  - cosX)  - £n2  . (3.15) 

n»l  * *• 

With  the  use  of  (3.14)  and  (3. IS),  (3.12)  becomes 


1 7 


L 

m«*l 


sinkxx 


sink^x' 


'sinhYby<sinhYb(b-y>) 


’si 


Yb  sinhybb 


1 e‘roal  1 /cosha  - cosS-X 

2 kx  J * 4 it  2,0  ycosha  - cosSj/  * (3.16) 

It  should  be  noted  that  numerically  the  sum  in  (3.16)  is 
rapidly  convergent  regardless  of  how  small  | r-r ' | is,  so  long  as  it 
is  not  zero.  Indeed  at  jr-r' | * 0,  o and  6^  go  to  zero  and  from  (3 
it  is  seen  that  possesses  the  expected  logarithmic  singularity. 


16) 
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Although  this  procedure  is  demonstrated  here  only  for  S^,  it 
can  also  be  successfully  applied  to  any  sum  or  term-by-term  integration 
of  a sum  which  is  needed  in  this  problem.  One  will,  however,  need  the 
following  asymptotic  series  in  closed  form: 


a 

I 

n*l 


sinnA  ■ tan 


(3.17a) 


l e sinnA  * sinA 


n*l 


2 (cosfcix  - cos  A)  * 


l o'™  cosnA  - cosX  * e 


n*l 


-x 

2(coshx  - cosA) 


(3.17b) 


(3.17c) 


and 


2n+l 


n»l  n n=l 


2n 


(3.17d) 


where  Bi  is  the  ith  Bernoulli  number  as  defined  by  Abramowitz  and 
Stegun  (1965,  p.  804).  In  the  literature,  (3.17a)  can  be  found  in 
Jolley  (1961,  p.  110-111),  (3.17b)  and  (3.17c)  are  found  in  Wheelon 
(1968,  p.  38),  and  finally,  (3.17d)  is  found  in  Lewin  (1958,  p.  246) 
or  Lindelof  (1947,  p.  140).  In  (3.17d),  the  left  side  converges  well 
for  large  x and  the  right  side  converges  well  for  small  x. 


Sample  Calculations 

Now  that  the  matrix  equation  has  been  formulated  and  methods 
of  computing  its  elements  have  been  devised,  solutions  for  various 
cavity  and  wire  configurations  can  be  obtain  via  numerical  solution 
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on  a digital  computer.  In  this  section,  a few  representative  solutions 
are  presented. 

It  should  be  noted  that  a similar  problem  in  which  the  infinite 
screen  is  omitted  can  be  solved  using  a formulation  and  computer  code 
previously  developed  (Seidel  1974)  to  calculate  the  currents  on  an 
array  of  cylindrical  scatters  in  free  space.  From  these  currents,  one 
can  easily  calculate  the  electric  field  in  the  aperture.  Therefore, 
in  addition  to  solutions  of  the  problem  at  hand,  solutions  to  the 
similar  problem  are  presented.  These  problems  are  referred  to  as  the 
flanged  and  unflanged  solutions,  respectively,  flange  meaning  the 
infinite  planar  screen  of  the  initial  problem. 

First  consider  the  case  of  a cavity  with  a depth  (a)  of  .6X 
and  a width  (b)  of  .8X.  This  cavity  has  an  aperture  width  of  .6X  which 
is  centered  in  the  cavity  wall  (d  * .6X,  h - .IX).  The  cavity  is 
excited  by  a plane  wave  with  unit  magnitude  electric  field  which 
impinges  on  the  cavity  from  the  negative  x direction.  Figure  7 shows 
a plot  of  aperture  field  for  this  cavity  for  the  case  of  no  internal 
wires.  It  is  seen  that  the  difference  between  the  flanged  solution 
and  the  unflanged  solution  is  relatively  small.  Since  the  interior 
fields  are  uniquely  determined  by  the  aperture  fields,  this  indicates 
that  the  presence  of  the  flanges  has  little  effect  upon  these  interior 
fields.  Note  also  that  the  aperture  fields  go  to  zero  at  the  edges  of 
the  aperture  and  that  they  have  a maximum  magnitude  of  slightly  less 
than  unity.  The  fields  are  symmetric  about  the  center  of  the  aperture 
because  of  the  symmetry  of  the  cavity  itself  and  the  symmetry  of  the 
incident  field. 
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Consider  now  the  same  cavity  and  excitation,  but  with  a wire 
of  radius  .001A  located  at  the  geometric  center  of  the  cavity,  (.3A, 
.4A).  Figure  8 shows  the  aperture  field  for  this  case.  Again  the 
difference  between  unflanged  and  flanged  solutions  is  relatively  small. 
Note  that  this  is  also  true  for  the  currents  excited  on  the  wire,  which 
are  (-1.00  - j 1.48)ma  for  the  unflanged  case  and  (-.94  - j 1.38)ma  for 
the  flanged  case.  The  one  significant  difference  between  this  solution 
and  that  for  the  case  of  no  wires  is  that  the  maximum  magnitude  of  the 
aperture  field  is  approximately  three  times  larger  with  the  wire  than 
without. 

Again  consider  the  same  cavity  and  excitation,  but  now  with 
two  wires  of  equal  radii  (r  >■  . 001A)  which  are  symmetrically  located 
about  the  center  of  the  cavity  at  (.3A,  . 2SA)  and  (.3A,  .55A) . 

Figure  9 gives  the  aperture  field  for  this  case.  The  currents  on  the 
two  wires  are  equal  due  to  the  symmetry  and  are  (-.42  - j 1.19)ma  and 
(-.42  - j 1.25)ma  for  the  unflanged  and  flanged  cases,  respectively. 

The  same  observations  that  were  made  for  the  case  of  one  wire  are  also 
applicable  here,  except  that  the  peak  magnitude  of  the  aperture  field 
is  for  this  case  slightly  larger. 

Finally  consider  the  same  cavity  and  excitation  for  one 
centrally  located  wire  (r  ■ .001),  but  with  a centered  aperture  of 
width  .4A.  The  aperture  fields  for  this  case  are  shown  in  Figure  10. 
The  wire  currents  are  (.82  - j 1.71)ma  and  (.98  - j 1.48)ma  for  the 
unflanged  and  flanged  cases  respectively.  By  comparison  to  Figure  8, 
it  is  seen  that  as  a result  of  shortening  the  aperture,  the  magnitudes 


439 


EMP 


3-38 


345-51 


Figure  10.  Aperture  Field  for  Cavity  with  One  Interior  Wire  and 
.4A  Aperture  Width. 
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of  the  aperture  field  and  current  have  slightly  increased  and  the 
phase  has  changed  considerably.  Again  note  that  the  difference  between 
unflanged  and  flanged  solutions  is  relatively  small. 

Final  Observations 

At  this  point  a summary  of  the  portions  of  this  two-dimensional 
problem  which  will  provide  insight  toward  the  three-dimensional  cavity 
problem  is  in  order.  Such  items  can  be  divided  into  two  categories: 
those  which  provide  insight  toward  efficient  computational  methods  and 
those  which  lead  to  a better  physical  understanding  of  the  problem. 

First  consider  those  items  in  the  computational  category.  If 
the  improvement  of  convergence  of  the  two-dimensional  sums  is  necessary 
in  this  problem,  then  surely  it  is  necessary  for  the  triple  sums  of  the 
three-dimensional  problem.  Such  techniques  as  removal  of  the  asymp- 
totic series  should  be  considered,  although  the  amount  of  work  done  in 
the  literature  on  double  sums  is  very  small  in  comparison  to  that  done 
on  single  series.  Another  numerical  technique  which  should  be  consid- 
ered  is  the  use  of  the  reduced  kernel  approximation  for  the  thin  wire 
scatterer.  Remember  that  this  approximation  removed  the  necessity  of 
performing  an  integration  of  a diverging  series. 

Secondly,  physical  insight  into  the  effects  of  modeling 
approximations  can  be  gained  by  noting  the  one  overwhelming  result  of 
the  data  presented.  Except  for  electrically  small  cross-section  or 
grazing  incidence,  the  interior  cavity  fields  and  the  wire  currents 
are  relatively  insensitive  to  the  presence  of  the  infinite  screen  in 
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this  two-dimensional  analog.  It  is  quite  reasonable  to  assume  that 
this  will  also  be  true  for  the  three-dimensional  problem,  and  thus 
provides  valuable  information  relating  to  modeling  the  three- 
dimensional  cavity  problem  with  or  without  the  infinite  screen.  This 
finding  is  important  because  it  is  much  easier  to  consider  the  problem 
with  an  infinite  screen  than  without  a screen. 
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CHAPTER  4 


NUMERICAL  METHODS  FOR  CAVITY  PROBLEM 


Approximation  by  Matrix  Equation 
In  order  to  obtain  a solution  to  the  integral  equation  (2.13) 
for  the  three-dimensional  cavity  (with  the  coupled  constraints  in 
(2.21)),  it  is  possible  to  approximate  the  integral  equation  numeri- 
cally by  a matrix  equation.  This  is  generally  accomplished  by  the 
application  of  the  method  of  moments,  which  was  outlined  in  Chapter  3. 

Consider  the  integro-differential  equation  (2.13)  for  the 
unknown  current  Jz(z).  It  is  seen  that  the  differential  portion  of 

the  operator  is  the  harmonic  operator  (- — + k2),  which  was  encountered 

dz2 

in  (3.1a).  Since  by  thin  wire  approximations  one  also  knows  that  the 

current  must  vanish  at  z and  z9  (the  z-coordinates  of  the  wire  end- 

u * 

points,  with  z > z»),  the  use  of  piecewise  sinusoidal  testing  func- 
tions  and  pulse  expansion  functions  is  indicated  (Wilton  and  Butler 
1976),  as  was  the  case  in  the  two-dimensional  problem.  For  this 
problem,  these  functions  are  defined  by 


PqC*) 
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A^(z) 


sink (A- 1 z-Zp  | ) 
0 


|z-zp|  < A 

I z-zp I > A 


(4.2) 


where  A - (z^-Zj)/ (N*l)  and  zq  * z^  qA. 

Figure  11  illustrates  these  expansion  and  test  functions.  It 
is  important  to  note  that  if  the  wire  is  attached  to  the  cavity  at  one 
or  both  ends,  this  choice  must  be  slightly  modified  because  the  wire 
current  does  not  necessarily  vanish  at  the  attached  end.  To  rectify 
this  problem,  the  zero  half-pulse  at  an  attached  end  is  replaced  by  a 
half-pulse  of  unknown  amplitude.  Consequently,  a new  testing  function, 
which  is  a half-piecewise  sinusoidal  function,  must  be  introduced. 

These  are  shown  in  Figure  11  by  dashed  lines.  In  the  subsequent 
development  of  the  matrix  equation,  it  is  assumed  that  the  wire  is 
unattached.  However,  the  extension  to  attached  wires  is  straightfor- 
ward. 

Since  J is  assumed  to  be  uniform  about  the  circumference  of 
the  wire  it  is  helpful  to  define  the  current  to  be  the  integral  of 
the  current  density  about  circumference  of  the  wire.  By  this  assump- 
tion 


Iz(z)  ■ 2irr  Jz(z)  . 


(4.3) 


Now  approximate  I.  by 


iz(*) 


N 

l Yq(Z)  • 

q*l  ^ H 


(4.4) 
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If  this  is  substituted  into  (2.13)  and  (2.21)  and  the  inner  product 
defined  by 


<u,v> 


u(z)v(z)dz 


is  taken  of  (2.13)  with  the  functions  A^,  the  following  coupled  matrix 
equations  are  obtained: 


(4.5a) 


p * 1,2, ... ,N,  and 


(4.5b) 


p * 1,2,3.  these  functions  provide  the  solution  for  the  unknown 
current  amplitudes  {1^}  and  the  unknown  aperture  fields  (t^tj.tj)  » 
(Ej.  ,Hj.  ,Rj.  ) driven  by  the  exterior  short  circuit  fields  (E^Ej.Ej)  - 

(E*C  (ra)  ,H^c"(ra)) . The  matrices  in  (4.S)  are  defined  by 


ii 

& 


-wWi1  ■ 2cosk4VV  * Wi,] 

cvvvf.> ' 


-jOtno  g (f  ,r  ) . 
mll  zl  p a 


(4.6) 


(4.7a) 


(4.7b) 
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is- 

- jCkno  g 

m22  et2 

(V^  • 

(4.7c) 

■V 

V * 

(4.8a) 

V 

- 

(4.8b) 

“h^'VV  • 

(4.8c) 

“ /\ 
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nn 

jkna  2 

i e , 

11  nl 

■4 

- jkna  g _ 
m22*en2 
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n ”ln 

a g, 
mll  hll 

- a g. 
n22  h12 

(4.9) 

« «),  1 
“ll  h21 

- a g. 

“22  h22 

where  the  deleted  Green's  functions  in  (4.9)  are  evaluated  at  (r,r') 
* (ra.ra).  Define 


VV 


. K(s?,2')i2' 

Aq 


(4.10) 


where  Aq  is  the  interval  (z^  - j » z^  j)  and 


K(2p,2') 


1_ 

2ir 


ga  (Vr')d<t’  • 
Azz  p 


-it 


(4.11) 
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where  is  the  angular  coordinate  of  a cylindrical  coordinate  system 
about  the  wire  axis  (Figure  1).  Also,  C * 2(l-coskA)  and  r and  r' 
are  on  the  wire  stir face.  Note  that  to  obtain  (4.8),  the  integral  over 
the  qth  tubular  surface  segment  on  the  wire  has  been  approximated  by 
the  product  of  the  surface  area  of  the  segment  and  the  integrand 
evaluated  at  a point  on  the  center  of  the  segment. 

In  order  to  solve  the  coupled  matrix  equations  (4.5),  one  need 


only  obtain  a numerical  solution  to  the  partitioned  matrix  equation 


Note  that  if  the  effects  upon  the  aperture  field  of  the  fields  scat- 
tered by  the  wires  are  ignored,  §C  ■ 3.  On  the  other  hand,  if  the 
effects  of  the  cavity  wall  reflections  upon  the  aperture  field  are 
ignored  “ f,  the  identity  matrix. 

However,  as  in  the  two-dimensional  problem,  difficulty  arises 
in  attempting  to  compute  the  elements  of  the  matrix,  each  of  which 
contains  one  of  the  triply-infinite  sums  defined  in  Tables  1 and  2. 

The  computations  which  exhibit  this  difficulty  can  be  categorized  into 
three  basic  types,  the  first  of  which  is  computation  of  any  one  of  the 
sums  outside  the  source  region.  The  second  category  is  that  of  the 

integral  of  G.  over  the  surface  of  the  wire,  for  which  at  one  point 
Azz 

of  the  integration  G,  will  be  divergent.  Finally,  the  deleted 
Azz 

Green's  functions  must  be  computed  at  the  aperture.  The  remainder  of 
this  chapter  attempts  to  deal  with  precisely  these  difficulties. 
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An  Efficient  Method  of  Computing  the  Sums 
" butside  the  Source  Region 

As  was  noted  in  Chapter  2,  each  of  the  Green's  functions 
(Tables  1 and  2)  can  be  reduced  from  a triple  sum  to  a double  sum 
which  is  exponentially  convergent  for  | r-r ' | + 0 using  (2.8).  Indeed, 
it  is  easily  shown  that  the  asymptotic  series  associated  with  any  one 
of  these  exponentally  convergent  series  is  of  the  form 


s“r  - [ «.,»> 


(4.13) 


m,n 


where  = (22)  * (iii!.)  , a « 0,1,2  and  f(m,n)  is  a non-exponential 
function  of  m and  n. 

As  was  found  in  Chapter  3,  it  is  a good  general  rule  to  reduce 
the  triple  sum  in  such  a way  as  to  produce  the  double  sum  with  the  most 
rapid  exponential  convergence.  For  example,  if 


,nir. 


(~  ♦ “0  (z-r1)2 


■2  b2 


is  greater  th£n  both 


(~  ♦ i-)  Cx-x' ) 2 and  (i-  ♦ ±-)  (y-y ' ) 2 


.2  ,.2 

a c 


then  the  sum  over  l should  be  reduced. 

Following  the  lead  from  the  two-dimensional  problem  in 
Chapter  3,  one  would  now  attempt  to  find  the  closed  forms  of  (4.13) 
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I ^ 

K| 

for  the  various  f(m,n)  and  a.  It  turns  out,  however,  that  the  list 
of  double  sums  for  which  a closed  form  is  known  is  painfully  short, 
and  does  not  seem  to  include  (4.13)  for  any  a and  f(m,n)  of  interest 

h 

in  this  problem. 

Another  method  which  has  been  suggested  is  to  remove  the 

; . 

known  singularity  from  the  series  by  expanding  the  singularity  in  the 
same  expansion  functions  as  the  series  itself.  Both  Tai  and  Rozenfeld 
(1976)  and  Rahmat-Samii  (1975)  have  removed  a delta  function  singular- 
ity from  their  series  for  2.  in  this  way.  However,  this  serves  little 

purpose  because  the  known  singularity  of  2 is  not  the  delta  function. 

© 

In  fact,  as  shown  by  Howard  (1974),  the  singularity  of  2g  is  actually 
the  longitudinal  portion  of  l6(r-r'). 

The  third  alternative,  and  the  one  that  is  used  for  this  work, 
is  to  simply  sum  the  double  series  in  an  efficient  manner.  Note  that 
because  of  the  exponential  convergence,  as  one  attempts  to  make  this 
computation  nearer  and  nearer  the  source,  the  series  will  become  more 
and  more  poorly  convergent.  Thus  one  should  expect  to  reach  a point 
such  that  for  |r-r ' j less  than  some  minimum  value,  numerical  computa- 
tion of  the  sum  in  this  fashion  becomes  unfeasible. 

However,  some  things  can  be  done  which  make  this  method  more 
efficient.  Because  of  the  exponential  convergence  in  the  asymptotic 
series  (4.13),  one  would  expect  an  efficient  ordering  of  terms  to  be 
in  order  of  increasing  kc>  This  takes  advantage  of  the  exponential 
convergence  as  well  as  the  k®  in  the  denominator.  At  this  point,  it 
is  useful  to  partition  the  m-n  plane  with  successive  curves 
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(Bromwich,  1926,  p.83).  If  the  sum  of  all  terms  lying  between  two 
successive  curves  is  called  s , then  the  double  series  can  be  converted 

H 

into  the  single  series  of  the  form 

H 

s - 

q-l  n 

By  the  proper  selection  of  these  curves,  the  most  efficient  ordering 
of  terms  can  be  determined. 

For  this  problem  such  a choice  would  be  that  of  ellipses  with 
semi-axes  in  m of  a a and  semi-axes  in  n of  a b,  where  a is  a monoton- 

<i  q q 

ically  increasing  sequence  of  constants.  Such  a partitioning  is  shown 
in  Figure  12.  Note  that  for  such  a choice,  each  successive  partition 
contains  terms  for  which  is  larger  than  in  the  preceding  partition. 
Also  note  that  since  the  sum  of  terms  in  the  qth  partition  is  the  qth 
term  of  a single  infinite  series,  methods  used  for  determining  the 
convergence  of  single  series  can  be  applied. 

To  test  this  method,  the  sums  were  numerically  computed  via 
digital  computer.  Figure  13  shows  the  notation  used  for  the  sum. 

Note  that  it  is  assumed  without  loss  of  generality  that  a ^ b. 
Numerically  the  series  was  truncated  to  include  only  those  terms  with- 
in C^.  The  maximum  value  of  m was  M.  Note  that  the  total  number  of 
terms  is  approximately  the  area  within  CM  or  NT  - — M2 . Let  Sp  » 

as 

s and  R ■ £ s . Then  RM  is  the  error  resulting  from  trunca- 

q*l  q **  q»p+l  ** 

tion.  can  be  crudely  bounded  from  above  with  an  integral  bound. 
However,  for  actual  computation,  convergence  was  defined  to  have  been 
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reached  when  ratio  (s  /S  ) was  less  than  some  small  constant  C for 

P P s 

consecutive  values  of  p. 

Note  that  any  one  of  the  Green's  functions  can  be  reduced  to 
three  entirely  different  double  sums.  For  the  purpose  of  testing,  the 
Green's  functions  were  computed  by  all  three  double  sums,  and  then 
these  results  were  compared.  Indeed,  the  effectiveness  of  this  test 
is  attested  to  by  the  several  programming  errors  which  it  detected. 
However,  once  these  errors  were  corrected,  extensive  testing  demon- 
strated that  the  three  values  always  agreed  to  approximately  the 
accuracy  specified  by  the  constant  Cs>  This  test  also  showed  that  the 
general  rule  of  reducing  the  sum  so  as  to  give  the  most  rapid  exponen- 
tial convergence  did,  in  fact,  produce  the  particular  one  of  the  three 
possible  double  sums  which  required  the  fewest  number  of  terms. 

Finally,  extensive  testing  demonstrated  that  for  cavity  sires 
in  the  vicinity  of  the  first  resonance,  the  Green's  functions  could  be 
easily  obtained  for  values  of  |r-r'|  greater  than  X/20  (for  larger 
cavities,  this  minimum  distance  increases;  for  smaller  cavities,  it 
decreases).  Computations  at  even  smaller  values  of  |r-r' | are  not 
impossible,  but  rather  more  and  more  time  consuming. 

Numerical  Evaluation  of  the  Integral 
oi  the  Singular  Sum 

Consider  now  that  evaluation  of  , defined  by  (4.10)  and 

(4.11).  As  earlier  noted,  when  p ■ q,  the  integrand  G,  of  the 

zz 

integral  over  the  tubular  wire  surface  segment  diverges  at  r * r ' . 

Even  for  p + q,  if  p is  near  q then  the  integrand  will  converge  poorly. 
These  two  difficulties  must  be  overcome. 
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In  order  to  sidestep  the  first  problem,  it  would  be  helpful 
to  apply  the  reduced  kernel  approximation  (assume  all  current  resides 
at  center  of  wire).  With  this  approximation,  when  p - q the  integrand 
would  never  diverge  and,  in  fact,  would  be  uniformly  convergent  every- 
where on  the  surface  of  integration  because  |r  -r' | r.  However,  one 
very  important  consideration  is  the  validity  of  using  the  reduced 
kernel  approximation  for  the  kernel  (4.11).  This  kernel  is  known  to 
include  the  singularity  of  the  free  space  kernel  plus  a remaining 
smooth  homogeneous  solution.  If  r « A,  it  is  justifiable  to  assume 
that  the  smooth  part  of  K is  essentially  the  same  at  the  center  of 
the  wire  and  at  points  on  the  wire  surface.  Thus  one  needs  a like 
comparison  for  the  singular  portion. 

Define  Kq  and  Kr  to  be  the  free  space  exact  and  reduced 
kernels,  respectively,  given  by 


Ko«) 


[£2  ♦ 4r2  sin2  d$ 


(4.14a) 


and 


Kr(5)  - [£2  ♦ r2f1/2 


(4.14b) 


Since  ultimately  integrals  of  the  kernels  over  £ are  needed,  such 
integrals  will  be  compared.  Let 


Z " lo 

0 


(4.15a) 
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and 


4<r(2) 


2 Kr(««  - ln[i  ♦ {(£)2  ♦ 1}1/2] 
• o 


(4.15b) 


where  IQ  has  been  defined  by  Butler  (1975).  Figure  14  shows  a compari- 
son of  these  two  functions.  It  is  readily  apparent  that  such  an 
approximation  is  valid  for  the  singular  part  of  the  kernel  and  thus 
valid  for  the  kernel  (4.11). 

Using  the  equation  for  G,  from  Table  1 (reducing  it  to  a 

sZ 

double  sum  by  (2.8b))  and  applying  the  reduced  kernel  approximation  to 
(4.11),  one  obtains 


a ® coshy  z coshy. (c-z. ) 

vi-V F(v>'=)  t4'16) 


where  y2  * k2  ♦ k2  - k2  , 
c x y 


F(xc.yc)  * sinkxxCsinkXxPsinkyycsinkyyp  » (4.17) 

(x  »y  ) is  the  location  of  the  center  of  the  wire  and  r ■ (x  ♦ rcos$, 

w V»  pc 

yc  * rsin$,  zp)  is  a point  on  the  wire  surface.  By  using  a hyperbolic 
trigonometric  identity,  one  can  express  (4.16)  as  the  sum  of  two  terms 
by 

K(zp,z')  « S( | zp-z’ I)  ♦ S(zp+z')  (4.18) 

where 
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• cosh  Y fc-8) 
r c 


ab  j;  . y sinh  Y_c  F^xc’yc^ 
m,n»l  'c  c 


(4.19) 


To  evaluate  Aq(2p)  defined  by  (4.10),  one  needs  to  calculate  the 
integral  with  respect  to  s'  of  the  kernel  (4,18)  and  thus  of  (4.19), 
If  this  integration  is  performed  on  (4.19)  term  by  term,  and  sub- 
stituted into  (4.18)  and  (4.10),  one  finds  that 


W " Q(,VZq!)  + Q(y  V 


(4.20) 


where 


a ♦ | A 

p(B)  a * a if 

B - a - | 


A A 

2 * a 2 • “ 

P(B)  ♦ P(B) 


(4.21) 


and  where  P(8)  is  the  indefinite  integral  of  S(B)  given  by 


, « sinh  Yr(c-B) 

PW  - - If  l -2 — 2 n*c.yc)  • 

m,n*l  y*  sinh  y c 


(4.22) 


Thus,  if  P(8)  can  be  evaluated  for  6 ^ 0,  then  Aq(zp)  can  evaluated 
on  the  wire  using  the  reduced  kernel. 

Consider  the  case  where  8*0.  Note  that  the  hyperbolic  sine 
functions  in  (4.22)  cancel,  leaving 
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It  is  now  recognized  that 


!, 

P(0)  - - £ S3Cxc,xp,yc,yp)  (4.24) 

where  is  defined  by  (3.2c).  Thus  P(0)  can  be  readily  evaluated 
numerically  using  (3.16)  for  r > o.  Note  that  in  (4.22),  because  the 
hyperbolic  sine  is  an  odd  function, 

P(2c  - 8)  - -P(8)  . (4.25) 
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homogeneous  function.  By  (4.18),  S(S)  must  also  contain  that 
singularity.  If  a function  t|>(z)  is  defined  similar  to  (4.15b)  by 


♦ (x) 


S(8)dB  - P(z)  - P(0) 


(4.27a) 


and  'J'g(z)  is  defined  by 


^s(2)  * <Kz)  - ^(z) 


(4.27b) 
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then  is  the  integral  of  a smooth  function  and  thus  itself  is  smooth. 

Since  P(0)  is  readily  computed,  ij/(z)  can  be  computed  numeri- 
cally for  z greater  than  some  minimum  value  z . Note  that  the  function 
\ 1)  (z)  can  be  calculated  by  using  (4.15b)  for  any  z.  Thus  (z)  can  be 
numerically  evaluated  for  z > zq.  Note  that  if  i|»s  is  smooth  and  zq  is 
sufficiently  small,  ^s(z)  can  be  interpolated  for  o < z < zq.  Then  if 
i^r(z)  is  added  to  these  interpolated  values  of  ^g(z),  ip(z)  can  be 

found  for  o < z < z . 

0 

To  demonstrate  the  practicality  of  this  technique,  consider  the 


curves  of  Figure  15.  They  show  the  functions  t|/(z),  i|>r(z)  and  <J*s(z)  for 
o <_  z <_  .5X.  The  cavity  dimensions  are  a * .7X,  b « .8X  and  c » .8X 
with  a wire  of  radius  4 ■ .001X  located  at  xc  * .3SX  and  yc  * .4X. 

Note  that  for  z < .2X,  i<»s  is  almost  linear  and  could  be  interpolated 
quite  accurately.  The  utility  of  this  method  is  appreciated  if  it  is 
noted  that  for  this  example  the  calculation  of  P(z)  took  98  terms  at 
z ■ .2X,  242  terms  at  z * .IX  and  2189  terms  at  z ■ .025X.  In  ®ach 
case,  the  convergence  criteria  was  Cg  ■ 10" 5 and  £.s  = 3. 
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Before  leaving  this  section,  one  important  observation  should 

be  made.  By  examination  of  (4.20),  it  is  seen  that  A (z  ) is  a func- 

<1  P 

tion  of  two  terms,  one  of  which  depends  only  upon  |p-q|  and  the  other  of 
which  depends  only  upon  (p+q).  This  means  that  A^(Zp)can  be  calculated 
for  all  values  of  q and  p by  3N  + 1 computations  rather  than  N2  + 2N 
calculations.  Thus  for  N ^ 2,  the  computing  time  required  can  be 
significantly  decreased. 

Numerical  Evaluation  of  the  Deleted  G-een's  Functions 
In  the  previous  sections  of  this  chapter  all  of  the  computation- 
al difficulties  in  filling  the  matrix  in  (4.12)  have  been  resolved  in  a 
workable  fashion  except  for  evaluation  of  the  deleted  Green's  functions 
in  (4.9).  These  functions,  defined  by  (2.17)  and  (2.18),  must  be 
evaluated  at  the  aperture  (?-r  ) . Note  that  although  these  deleted 
functions  are  bounded  solutions  to  the  homogeneous  wave  equation  at  the 
point  r , they  cannot  be  calculated  directly  from  (2.17)  because  both 
2,  (?,?_)  and  g (r,r  ) are  divergent  at  r«*r  . 

Ideally,  one  would  like  to  have  expansions  for  the  various 
free-space  dyadic  Green's  functions  so  that  the  singularities  could  be 
removed  from  the  cavity  dyads  term  by  term,  as  was  discussed  earlier 
in  this  chapter.  The  resulting  convergent  sums  would  be  precisely  the 
deleted  Green's  functions  of  (2.17)  and  (2.18).  However,  at  the  pre- 
sent time,  practical  techniques  of  employing  this  method  are  not 
available. 
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In  this  work,  a different  approach  was  taken  that  relies  upon 
some  of  the  earlier  observations  of  this  chapter.  Since  the  deleted 
Green's  functions  are  homogeneous  solutions  to  the  wave  equation,  it 
is  logical  to  expect  that  they  could  be  found  by  using  an  interpola- 
tion method  similar  to  that  employed  in  the  previous  section  to 

evaluate  A (z  ). 

<T  PJ 

Note  that  such  an  interpolation  scheme  would  require  the 
evaluation  of  several  different  components  of  the  various  cavity  dyads 
at  points  near  the  source.  If  it  is  assumed  that  the  accuracy  of  the 
interpolations  would  improve  as  the  points  move  nearer  the  source, 
increased  accuracy  would  require  increased  computation  time. 

Since  the  double  sums  in  the  dyads  for  the  vector  potentials 
converge  more  rapidly  than  those  for  the  fields,  it  is  advantageous  to 
compute  only  the  components  of  5^  and  gp  at  several  points  near  the 
source.  Then  by  (2.17),  the  associated  deleted  Green's  functions  for 
the  vector  potentials  could  be  subsequently  computed.  To  find  the 

A A 

values  of  §A  and  gp  in  the  aperture,  an  interpolation  scheme  was  em- 
ployed. To  find  the  values  of  the  other  deleted  Green's  dyads,  the 
differential  operators  in  (2.18)  were  approximated  by  finite  difference 
techniques.  Note  that  the  points  at  which  the  dyads  are  computed 
should  be  chosen  carefully  so  that  they  provide  the  proper  information 
for  the  interpolation  and  finite  difference  techniques. 

A crucial  criterion  for  the  success  of  this  method  is  the 
smoothness  of  the  deleted  Green's  functions.  Figure  16  shows  plots  of 

A 

G^  and  Re(GA  ) as  a function  of  distance  from  the  aperture.  Note 
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that  the  deleted  function  is  indeed  smooth  and  could  be  approximated 

near  the  source  by  interpolation  techniques.  Figure  17  shows  similar 

plots  of  gp  and  Re(gp  ) and  the  same  observations  can  be  made, 

yy  hyy 

This  method  has  been  tested  numerically  for  several  aperture 
location/ cavity  size  configurations.  For  each  configuration,  the 
computations  were  made  with  the  distances  between  the  aperture  and  the 
points  at  which  the  computations  were  made  becoming  successively 
smaller.  The  calculated  values  of  the  deleted  Green's  functions  for 
the  successively  smaller  distances  were  then  compared  in  order  to 
determine  if  the  process  was  convergent.  In  all  cases  tested,  it  was 
indeed  convergent.  Although  error  bounds  are  not  available,  based 
upon  the  numerical  testing,  accuracy  to  within  10  to  15  percent  is 
estimated  for  distances  from  aperture  .to  computation  points  being 
approximately  .05X  to  .IX. 

It  should  be  noted  that  these  values  for  the  deleted  Green's 
functions  are  computed  with  less  accuracy  than  any  other  terms  in  the 
matrix  of  (4.12).  Nonetheless,  their  computation  requires  far  more 
computer  time  than  any  of  the  other  terms  in  the  matrix.  In  addition, 
because  these  functions  are  always  multiplied  by  the  aperture  polar- 
izabilities (which  are  small  for  small  apertures)  in  (4.9),  they 
manifest  themselves  primarily  as  perturbations  and  have  only  a slight 
effect  upon  the  solution,  as  will  be  seen  in  the  following  chapter. 
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CHAPTER  S 

NUMERICAL  RESULTS  FOR  SAMPLE  CASES 


A computer  code  has  been  vrritten  which  implements  the 
numerical  formulation  presented  in  the  previous  chapter.  In  this 
chapter,  selected  numerical  results  are  presented  which  demonstrate 
the  capabilities  of  this  numerical  code.  The  program  allows  for  an 


f 1 

! 1 


o 


elliptic  aperture  in  any  one  of  the  three  walls  defined  by  x = 0, 
y = 0 or  z * 0,  and  assumes  that  the  wall  containing  the  aperture  is 
an  infinite  planar  screen.  For  all  cases  presented  here,  the  aper- 
ture was  chosen  to  perforate  the  x * 0 wall  of  the  cavity.  Also 
note  that  all  lengths  are  in  units  of  wavelength  X. 

As  a first  example,  consider  a relatively  small  cavity 
whose  dimensions  are  defined  by  a • .2,  b » .25  and  c * .3  which 
encloses  a wire  of  length  .2  and  radius  .001.  The  wire  is  exactly 

centered  in  the  cavity  (zfl  « .05,  z - .25,  x ■ .1,  y » .125). 

X»  l>l  c c 

The  aperture  is  circular  with  a radius  of  .01  and  has  its  center  at 
* (0.,  .125,  .15).  The  exterior  excitation  is  a plane  wave 
which  impinges  from  the  ^z  direction  and  is  polarized  such  that  the 
electric  field  is  in  the  ^x  direction. 

Figure  18  shows  the  current  excited  upon  the  wire  fcr  this 
configuration.  Since  both  aperture  and  wire  are  symmetric  about  the 
plane  z * j,  one  would  expect  to  observe  symmetric  properties  in  the 
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wire  currents.  This  is  indeed  the  case.  The  real  part  of  the 

current,  which  is  excited  by  the  magnetic  aperture  dipole  moment, 

possesses  even  symmetry,  where  the  imaginary  part,  which  is  excited 

by  P , has  odd  symmetry  about  z * .15.  This  relationship  between 
c 

the  real  and  imaginary  parts  of  the  current  and  P and  P respec- 
ts e 

tively  can  be  seen  by  examination  of  (4.5a),  (4.6)  and  (4.7).  Also 
note  the  magnitude  of  the  current  which  peaks  at  approximately  .04  ua. 
One  would  expect  currents  on  the  order  of  1 ma  for  the  same  wire  in 
a free  space  environment.  Thus  the  shielding  of  the  cavity  reduces 
currents  by  approximately  five  orders  of  magnitude. 

Next  consider  the  case  of  a much  larger  cavity  containing  a 
longer  wire.  For  this  case,  a * .4,  b * .6  and  c * 1.3,  which  is 
larger  than  the  first  several  cavity  resonances.  Again  the  wire  is 
centered  in  the  cavity  (z  *.15,  z * 1.15,  x * .2,  y = .3)  and  is 
one  wavelength  long  with  radius  r » .001.  The  elliptic  aperture  has 
sesiiaxes  of  .05  and  .01  in  the  y and  z directions,  respectively  and 
is  located  at  r&  * (0,  .2,  .4).  Again,  the  incident  plane  wave 
impinges  from  the  -£  direction  with  a -x  directed  electric  field. 

Since  the  wire  is  of  resonant  length,  one  would  expect  to 
excite  resonant  currents.  Indeed,  as  shown  in  Figure  19,  this  is  the 
case.  Also,  note  that  the  current  magnitude  now  peaks  at  approxi- 
mately 10  pa.  This  increase  over  the  previous  case  can  be  attrib- 
uted to  three  causes.  First,  the  aperture  is  larger  and  thus  more 
energy  is  coupled.  Second,  the  wire  is  of  resonant  length.  Finally, 
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the  smaller  cavity  is  considerably  below  the  lowest  cavity  resonance, 
whereas  the  larger  cavity  is  near  several  resonances. 

Note  that  if  one  semiaxis  of  the  aperture  is  much  larger  than 
the  other,  the  aperture  begins  to  look  like  a short  slot.  One  would 
expect  that  the  strongest  coupling  would  occur  when  the  slot  is  per- 
pendicular to  the  wire  and  the  incident  electric  field  is  perpendicular 
to  the  slot.  To  test  this,  consider  a cavity  with  dimensions  .7  x .7 
x .8  (a,  b and  c respectively)  with  a one-half  wavelength  wire  of 
radius  r » .001  which  is  located  in  the  cavity  at  z^-  .15,  zu  * .65, 
x ■ .35,  y * .4.  The  aperture  is  located  in  the  x =>  0 wall  [r  - 
C 0 .,  .4,  .4)],  and  has  semiaxes  of  .07  and  .01.  The  plane  wave  is 
incident  from  the  direction  (normal  to  wall  of  aperture)  and  has  a 
z_  directed  electric  field. 

Consider  two  cases:  that  where  the  slot  is  perpendicular  to 
the  incident  electric  field,  and  that  where  the  slot  is  parallel  to 
the  incident  electric  field;  that  is,  where  che  major  semiaxis  of  the 
aperture  is  in  the  y or  z direction,  respectively.  Figure  20  shows 
the  current  excited  upon  the  wire  for  these  two  case*.  It  is  readily 
seen  that  the  current  excited  when  the  slot  is  perpendicular  to  Elnc 
is  approximately  twenty  times  larger  than  that  excited  when  the  slot 
and  £inc  are  parallel.  Thus  the  expected  effects  are  observed. 

Now  consider  the  same  case  except  change  the  polarization  of 
the  incident  plane  wave  such  that  the  electric  field  is  in  the 
direction.  Whereas  in  the  previous  case  the  incident  electric  field 
was  perpendicular  to  the  slot,  it  is  now  parallel  to  the  slot,  and 

I III  ■■III  ^ m 
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consequently  one  would  expect  the  excited  currents  to  be  much  smaller. 
As  shown  in  Figure  21  this  is  the  case.  Again  the  currents  are  shown 
for  both  the  slot  perpendicular  and  parallel  to  the  incident  electric 
field.  Note  that  the  currents  are  again  related  by  a factor  of  ap- 
proximately twenty,  but  are  over  five  orders  of  magnitude  less  than  the 
currents  shown  in  Figure  20.  However,  for  the  same  wire  and  excitation 
in  free  space,  if  thin  wire  approximations  are  used,  there  will  be  no 
current  excited  upon  the  wire. 

An  examination  of  (4.5)  shows  the  small,  but  nonetheless 
nonzero  current  in  Figure  21  is  due  to  the  depolarizing  effects  of 
the  cavity  wall  reflections.  Indeed,  if  one  lets  * I in  (4.5), 
this  polarization  will  not  excite  the  wire  in  the  cavity.  Since  for 
small  apertures,  these  effects  manifest  themselves  as  perturbations, 
one  does  expect  the  currents  excited  by  this  depolarizing  effect  to 
be  small. 


Another  effect  of  the  cavity  wall  reflections  is  seen  by 

noting  that  for  the  case  in  Figure  20,  since  the  excitation  is  nor- 

mally  incident,  E (r  ) is  zero,  and  thus  if  the  wall  reflections 
n cL 

are  neglected,  P would  be  zero.  However,  the  wall  reflections 
produce  a small  but  nonzero  P and  thus  a small  imaginary  current. 
Although  not  shown  in  Figures  20  or  21,  there  was  actually  an  imagi- 
nary part  of  the  current,  which  in  all  cases  was  more  than  two  orders 
of  magnitude  less  than  the  corresponding  real  portion. 

At  this  point  it  is  helpful  to  ascertain  the  size  of  this 
perturbation  effect.  In  order  to  accomplish  this,  solutions  were 
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obtained  in  two  additional  manners.  In  the  first,  the  cavity  wall 
reflections  were  neglected  = I) . In  the  second,  the  wire  scatter 
ing  effects  at  the  aperture  were  also  ignored  (Qc  =5,  Qd  * f) . 

These  solutions  were  then  compared  for  several  cases,  including 
those  presented  in  this  chapter.  It  was  found  that  the  difference 
between  solutions  increased  as  the  aperture  size  increased.  This  is 
expected  as  the  perturbation  is  on  the  order  of  the  aperture  polariz- 
abilities, which  increase  as  the  size  of  the  aperture  increases. 
However,  in  no  case  did  the  difference  between  the  original  solution 
and  the  first  additional  solution  exceed  one  percent  (largest  aper- 
ture considered  was  circular  with  radius  .05)  and  the  difference 
was  much  less  for  smaller  apertures.  The  difference  between  the  two 
additional  solutions  was  even  smaller. 

It  is  apparent  that  for  these  small  apertures,  a solution 
closely  approximating  the  exact  one  can  be  obtained  by  simply 
neglecting  these  perturbation  effects . Since  for  apertures  much 
larger  than  those  considered,  the  applicability  of  small  aperture 
theory  becomes  increasingly  questionable  anyway,  this  result  is 
quite  significant.  Since  the  computation  of  these  perturbations  are 
very  time-consuming,  their  omission  would  substantially  decrease 
computing  time. 

Finally,  consider  the  case  of  wires  connected  to  the  cavity 

at  one  or  both  ends.  Figures  22  and  23  show  the  wire  currents  for 

these  two  cases  respectively.  The  cavity  size  is  .7  x .8  x .8  and 

the  wire  axis  is  at  (x  , y ) » (.15,  .5)  with  a wire  radius  r * .001. 

c c 
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The  aperture  is  located  at  rg  * (0.,  .3,  .6)  and  its  semiaxes  in  the 
y and  z directions  are  .07  and  .01  respectively.  The  plane  wave  is 
normally  incident  upon  the  aperture  from  the  -x  direction  and  the 
electric  field  is  z directed. 

In  Figure  22  the  wire  is  connected  at  z > .8  and  as  expected, 
the  axial  (z)  derivative  of  the  current  goes  to  zero  at  the  wall. 
Also,  as  expected,  the  current  at  the  free  end  of  the  wire  vanishes. 
Similarly  in  Figure  23,  where  the  wire  is  connected  at  both  ends  of 
the  cavity,  the  axial  derivative  of  the  current  vanishes  at  both 
z ■ 0 and  z * .8.  In  both  cases,  the  current  magnitudes  are  on 
the  order  of  10  ua.  For  a similar  cavity  and  excitation,  but  hav- 
ing a free  wire  (Figure  20,  perpendicular  slot)  the  current  magni- 
tude is  also  of  this  order. 

Thus  it  has  been  shown  that  physically  reasonable  numerical 
solutions  can  be  obtained  for  a variety  of  cavity/aperture/wire  con- 
figurations. It  should  be  noted  however  that  important  comparisons 
between  theory  and  experiment  must  await  the  publishing  of  experimen- 
tal results  applicable  to  this  problem.  Such  comparisons  would 
demonstrate  the  applicability  of  the  modeling  and  the  accuracy  of  the 
solution. 
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CHAPTER  6 

CONCLUSION 

In  this  paper,  the  task  was  undertaken  to  formulate  and  numeri- 
cally solve  the  problem  of  an  aperture  excited  wire  scatterer  in  a 
rectangular  cavity.  The  formulation  in  Chapter  2,  although  tedious, 
was  relatively  straightforward.  It  was  found  that  the  major  difficul- 
ties of  the  problem  lay  in  the  numerical  evaluation  of  the  infinite 
double  sum  Green's  functions  for  the  cavity  interior. 

By  considering  the  preliminary  two-dimensional  problem  in 
Chapter  3,  valuable  insight  was  obtained  toward  resolving  the  numerical 
difficulties  of  the  three-dimensional  problem.  It  is  important  to 
realize  that  the  two-dimensional  problem  is  also  a significant  problem 
in  and  of  itself.  Two-dimensional  problems  in  many  cases  provide 
adequate  models  for  more  complex  three-dimensional  structures.  In 
addition,  solutions  to  this  problem  have  the  advantage  of  being  appli- 
cable to  large  apertures  whereas  the  major  solution  herein  is  restricted 
to  small  apertures  only. 

The  real  significance  of  this  work  is  contained  in  Chapter  4. 
Here  it  was  demonstrated  that  the  dyadic  Green's  functions  for  the 
cavity  problem  can  be  calculated  (although  in  some  cases,  only  with 
considerable  effort).  This  finding  is  particularly  essential  in  or 
near  the  source  region.  This  is  because  the  treatment  of  the  singular 
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kernel  of  an  integral  equation  in  the  source  region  is  crucial  to  its 
numerical  solution.  Thus  the  ability  to  numerically  solve  the  integral 
equation  for  a scatterer  in  a cavity  is  demonstrated,  and  indeed, 
numerical  results  can  be  provided  as  found  in  Chapter  S. 


Suggested  Extensions  of  this  Work 
Perhaps  more  important  than  what  this  work  has  accomplished  is 
rather  what  extensions  and  applications  can  be  found  for  it.  In 
general,  the  most  immediate  extensions  of  this  work  would  be  to  elimi- 
nate some  of  the  restrictions  caused  by  the  initial  assumptions  of  the 
problem.  The  relevance  of  an  extension  can  thus  be  measured  by  asking 
how  restrictive  is  the  assumption  which  the  extension  eliminates. 

A very  important  extension  would  be  to  allow  a large  aperture 
in  the  cavity  wall.  It  should  be  noted  that  in  order  to  do  this  an 
aperture  field  integral  equation  must  be  formulated  and  solved  simul- 
taneously with  the  integral  equation  for  the  wire  (2.13).  In  general, 
the  aperture  fields  must  be  divided  into  a two-dimensional  array  of 
surface  patches,  requiring  large  amounts  of  computer  storage  and  time. 
However  if  the  aperture  is  small  in  one  dimension  (a  slot),  it  need 
only  be  divided  into  a one-dimensional  array  of  surface  patches. 

A second  extension  of  the  present  work  would  be  to  account  for 
more  complex  scattering  geometries.  This  might  include  uniformly  or 
lumped  loaded  wires,  more  than  one  wire,  or  wires  which  are  not  paral- 
lel to  one  of  the  coordinate  axes.  The  first  two  of  these  suggestions 
would  be  relatively  straightforward  (but  only  if  each  wire  remains 
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parallel  to  one  of  the  coordinate  axes)  and  would  primarily  require 
extensive  logic  for  their  numerical  implementation. 

It  should  be  noted,  however,  that  the  consideration  of  a wire 
which  is  not  parallel  to  one  of  the  coordinate  axes  would  require 
considerable  effort.  First  of  all,  integral  equation  (2.12)  would 
have  to  be  used,  and  thus  all  nine  components  of  the  dyads  would  be 
needed.  In  addition,  the  benefits  of  piecewise-sinusoidal  testing 
(namely,  the  removal  of  the  differential  operator)  are  no  longer  appli- 
cable. Probably  the  most  important  problem  this  extension  would  cause 
is  that  the  methods  outlined  in  Chapter  4 for  evaluating  the  integral 
of  the  kernel  could  no  longer  be  applied.  Careful  examination  reveals 
that  this  technique  is  crucially  dependent  upon  the  fact  that  the  wire 
is  z-directed. 

Finally,  consider  the  application  of  this  work  to  the  case  of 
a time  dependent  excitation  (such  as  EMP) . 1»ie  corresponding  time- 
dependent  solution  can  be  obtained  by  inverse  Fourier  transformation. 
Note  that  this  would  involve  the  use  of  the  time-harmo.:ic  solution  at 
many  angular  frequencies  u>  over  the  spectrum  of  the  excitation.  It 
should  be  noted  that  for  many  transient  excitations  (including  EMP) 
the  low  frequency  portion  of  the  spectrum  is  dominant.  Thus  for  such 
excitations,  a quasi-static  solution  for  the  problem  is  needed  for 
small  ai  in  order  to  perform  the  inverse  Fourier  transform  numerically. 
Alternatively,  transient  results  could  be  obtained  by  finding  the  poles 
of  the  system  in  the  complex  s-plane  (s>ioj)  using  the  singularity 
expansion  method  (Baum  1976) . 
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